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PREFACE. 

rilHE opportunity of a new edition has enabled the author 
to make numerous additions to both the volumes of this 
treatise. To make room for these some less important matter 
has been omitted. Many of these additions have already appeared 
in the German translation of this work and this is particularly 
the case with the additions made to the second volume. In the 
seven or eight years which have elapsed since the translation was 
published the progress of the science has not been slow. Much 
new matter therefore has been introduced into both the volumes 
and this has been arranged either as new theorems or as examples 
according to their importance. 

The dynamical principles of the subject are given in this volume 
together with the more elementary applications, while the more 
difficult theories and problems appear in the second. Sometimes 
one case of a problem supplies an example sufficiently elementary 
to appear in this volume while the general theory is given in the 
next. For example, the small oscillations of a vertical top and 
the motion of a sphere on a rough plane are partly discussed 
here, but they are more fully treated of in the second volume. 
In order that the plan of the book may be understood, a short 
summary of the next volume has been added to the table of 
contents. 

Each chapter has been made as far as possible complete in 
itself. This arrangement is convenient for those who are already 
acquainted with dynamics, as it enables them to direct their 
attention to those parts in which they may feel most interested. 
It also enables the student to select his own order of reading. 

M577CR9 



Vlll PREFACE. 

The student who is just beginning djmamics may not wish to be 
delayed by a chapter of preliminary analysis before he enters 
on the real subject of the book. He may therefore begin with 
D'Alembert's Principle and read only those parts of chapter I. 
to which reference is made. Others may wish to pass on as 
soon as possible to the principles of Angular Momentum and 
Vis Viva. Though a different order may be found advisable for 
some readers, I have ventured to indicate a list of Articles to 
which those who are beginning dynamics should first turn their 
attention. 

As in the previous editions a chapter has been devoted to the 
discussion of Motion in Two Dimensions. This course has been 
adopted because it seemed expedient to separate the difficulties 
of dynamics from those of solid geometry. 

Throughout each chapter there will be found numerous ex- 
amples, many being very easy, while others are intended for the 
more advanced student. In order to obtain as great a variety 
of problems as possible, a collection has been added at the end 
of each chapter, taken from the Examination Papers which have 
been set in the University and in the Colleges. As these problems 
have been constructed by many different examiners, it is hoped 
that this selection will enable the student to acquire facility in 
solving all kinds of dynamical problems. 

There are many useful instruments and important experimental 
researches whose theories require only a knowledge of dynamics 
and which can be easily understood without any long or intricate 
description. It will be seen that many of these have been selected 
as useful examples. 

Historical sketches have been attempted whenever they could 
be briefly given. Such notices, if not carried too far, add greatly 
to the interest of the subject. It is chiefly with the memoirs 
written since the early part of the last century that we are here 
concerned, and the number of these is so great that anything more 
than a slight notice of some of them is impossible. 



PREFACE. IX 

A useful theorem is many times discovered and probably each 
time with variations. It is thus often diflBcult to ascertain who is 
the real author. It has therefore been found necessary to correct 
some of the references given in the former editions and to add 
references where there were none before. 

The use of dots and accents for differential coeflBcients with 
regard to the time has been continued whenever a short notation 
was desirable. One objection to this notation is that the mean- 
ing of the symbol may be greatly changed by a slight error in the 
number of the dots or accents. As this might increase the 
difficulties of the subject to a beginner, the use of dots in the 
earlier chapters has been restricted chiefly to the working of 
examples, and care has been taken that the results should be 
clearly stated. 

EDWARD J. ROUTH. 

Petekhousb, 
August 1905. 
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The following subjeots will be treated of in the second volume. 

Theory of moving axes, Clairant's theorem, motion relative to the earth, and 
gyroscopes. 

Theory of small oscillations with several degrees of freedom both about a 
position of equilibrium and about a state of steady motion. 

Motion of a body about a fixed point under no forces. 

Motion of a body under any forces, top, sphere, solid of revolution, any solid. 

Linear equations, conditions (1) for the absence of powers' of the time, and 
(2) for stability. 

Theory of free and forced oscillations. 

Methods of Isolation and of Multipliers. 

Applications of the calculus of finite differences, chain and network of particles 

Applications of the calculus of variations, Hamilton, Jacobi, Lagrange, &o. 

Precession and Nutation. 

Motion of the Moon about its centre. 

Motion of a string or chain, (1) loose, (2) tight. 

Impact and Vibrations of elastic rods. 

Motion of a membrane (1) homogeneous, (2) heterogeneous. 

Conjugate functions applied to vortex motion. 

The student, to whom the subject is entirely new, is advised to read first the 
following articles: Chap. I. 1—25, S3— 36, 47—52. Chap. II. 66—87. Chap. III. 
88—93, 98—104, 110, 112—118. Chap. IV. 130—164, 168—174, 179—186, 199. 
Chap. V. 214—246, 248—266, 261—269. Chap. VI. 282—285, 287—296, 299—304, 
306—309. Chap. VII. 332—373. Chap. Vni. 395—409. Chap. IX. 432—463, 
467—476. Chap. X. 483, 488—499. 



ERRATUM IN VOL. IL 

Page 458, line 23. For **To these oscillations we add the complementary 
function " read " with these oscillations we compare those of the unloaded 
membrane." 
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MOMENTS OF INERTIA. 



1. In the subsequent pages of this work it will be found 
that certain integrals continually recur. It is therefore convenient 
to collect these into a preliminary chapter for reference. Though 
their bearing on dynamics may not be obvious beforehand, yet 
the student may be assured that it is as useful to be able to 
write down moments of inertia with facility as it is to be able 
to quote the centres of gravity of the elementary bodies. 

In addition however to these necessary propositions there are 
many others which are useful as giving a more complete view of 
the arrangement of the axes of inertia in a body. These also 
have been included in this chapter though they are not of the 
same importance as the former. 

2. All the integrals used in dynamics as well as those used 
in statics and some other branches of mixed mathematics are 
included in the one form 

where (a, fi, 7) have particular values. In statics two of these 
three exponents are usually zero, and the third is either unit^ 
or zero, according as we wish to find the numerator or denomi- 
nator of a coordinate of the centre of gi*avity. In dynamics 
of the three exponents one is zero, and the sum of the other two 
is usually equal to 2. The integral in all its generality has not 
yet been fully discussed, probably because only certain cases have 
any real utility. In the case in which the body considered is 
a homogeneous ellipsoid the value of the general integral has 
been found in gamma functions by Lejeune Dirichlet in Vol. iv. 
of Liauvilles Journal. His results were afterwards extended by 
Liouville in the same volume to the case of a heterogeneous 
ellipsoid in which the strata of uniform density are similar 
ellipsoids. 

In this treatise, it is intended chiefly to restrict ourselves to 
the consideration of moments and products of inertia, as being the 
only cases of the integral which are useful in dynamics. 

5rv B. D. 1 



2 MOMENTS OF INERTIA. [CHAP. I. 

3. Definitions. If the mass of every particle of a material 
system is multiplied by the square of its distance from a straight 
line, the sum of the products so formed is called the moment of 
inertia of the system about that line. 

If jlf be the mass of a system and k be such a quantity that 
Mk^ is its moment of inertia about a given straight line, then k 
is called the radius of gyration of the system about that line. 

The term " moment of inertia " was introduced by Euler, and 
has now come into general use wherever Rigid Dynamics is studied. 
It will be convenient for us to use the following additional terms. 

If the mass of every particle of a material system is multi- 
plied by the square of its distance from a given plane or from 
a given point, the sum of the products so formed is called the 
moment of inertia of the system with reference to that plane or 
that point. 

If two straight lines Ow, Oy be taken as axes, and if the mass 
of every particle of the system be multiplied bv its two co- 
ordinates X, y, the sum of the products so formed is called the 
product of inertia of the system about those two axes. 

This might, perhaps more conveniently, be called the product 
of inertia of the system with reference to the two coordinate 
planes xz, yz. 

The term moment of inertia with regard to a plane seems to have been first ased 
by M. Binet in the Journal Poly technique , ISIS. 

4. Let a body be referred to any rectangular axes Ox, Oy, Oz 
meeting in a point 0, and let x, y, z h^ the coordinates of any 
particle m, then according to these definitions the moments of 
inertia about the axes of x, y, z respectively will be 

The moments of inertia with regard to the planes yz, zx, xy^ 
respectively, will be 

A' = 2ma;», B' = Xmy\ C = 2wwr«. 

The products of inertia with regard to the axes yz, zx, xy, will be 
D = ^myz, E = ^mjix, F= Xmxy. 

Lastly, the moment of inertia with regard to the origin will be 

-ff = 2m (a:* -f y« + 5«) = 2mr», 
where r is the distance of the particle m from the origin. 

5. Elementary Propositions. The following propositions 
may be established without difficulty, and will sei*ve as illustrations 
of the preceding definitions. 



ABT. 6.] BY INTEGRATION. 3 

(1) The three moments of inertia A, B, about three 
rectangular axes are such that the sum of any two of them is 

greater than the third. For A+B-C=2Zm^ and is positive. 

(2) The sum of the moments of inertia about any three 
rectangular axes meeting at a given point is always the same; 
and is equal to twice the moment of inertia with respect to that 

point. For 2(+J5 + C=2Sj»(ar«+y»+2«)=22TOr», and is therefore independent 
of the directions of the axes. 

(3) The sum of the moments of inertia of a sjrstem with 

reference to any plane through a given point and its normal at 

that point is constant and equal to the moment of inertia of the 

svstem with reference to that point. Take the given point as origm and 
the plane as the plane of xy, then €'-{-€=^1x1^, which is independent of the 
directions of the axes. 

Hence we infer that 
A'=^^{B + C-Al R^^^iC + A-B), and C'^HA + B-C). 

(4) Any product of inertia as D cannot numerically be so 
great as ^A, 

(5) If A, B, F are the moments and product of inertia of a 
lamina about two rectangular axes in its plane, then AB is greater 

than F^. If t be any quantity we have Afi+2Ft+B=^m{yt-\-x)^=a, positive 
quantity. Hence the roots of the quadratic Afi+2Ft-\-B=0 are imaginary, and 
therefore AB>F^. 

(6) Prove that for any body 

{A+B-C){B + C''A)>^E\ 
{A+B-C)(B-\-C-A)(C + A-B)>8DEF. 

(7) The moment of inertia of the surface of a sphere of 
radius a and mass M about any diameter is M^a^ Since every element 

is eqoaUy distant from the centre its moment of inertia about the centre is Ma^, 
Hence by (2) the result follows. 

(8) The moment of inertia of the surface of a hemisphere 
of radius a and mass M about every diameter is Mla\ Xhis follows 

immediately firom (7) by completing the sphere, writing 2M for M and halving the 
result. 

6. It is clear that the process of finding moments and products 
of inertia is merely that of integration. We may illustrate this 
by the following example. 

To find the moment of inertia of a imiform triangular plate 
about an axis in iU plane passing through one angular point. 

Let ABC be the triangle, Ay the axis about which the moment 
is required. Draw Ax perpendicular to Ay and produce BC to 
meet Ay in D. The given triangle ABC may be regarded as the 

1—2 
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difference of the triangles ABD, AGD, Let us then first find the 

moment of inertia of ABD, Let 
PQP'Q be an elementary area whose 
sides PQ, P'Q' are parallel to the 
base AD, and let PQ cut Ax in M, 
Let fi be the distance of the angular 
point B from the axis Ay, AM^x 
and AD — I. 

Then the elementary area PQP'Q 

B ^ X 
is clearly I ^—^ — dx, and its moment 

Q — x 
of inertia about Ay is /jlI ^ dx . «*, 

where /a is the mass per unit of 
area. Hence the moment of inertia 
of the triangle ABD 

Similarly if y be the distance of the an^lar point C from the 
axis Ay, the moment of inertia of the tnangle ACD is -}^fd^* 
Hence the moment of inertia of the given triangle ABC is 
■^fd (fi* — 7"). Now ^lj3 and ^^7 are the areas of the triangles 
ABD, ACD. Hence if M be the mass of the triangle ABC, the 
moment of inertia of the triangle about the axis Ay is 

iMifi' + fiy + ff). 

Ex. If each element of the mass of the triangle be multiplied by the nth power 
of its distance from the straight line through the angle A, then it maj be proved in 

2Af /3"+i - y»-»-* 




the same way that the sum of the products is 



(n + l)(n + 2) fi-y 



7. When the body is a lamina the moment of inertia about an 
axis perpendicular to its plane is equal to the sum of the moments 
0/ inertia about any two rectangular axes in its plane drawn jfrom 
the point where the former axis meets the plane. 

For let the axis of z be taken normal to the plane, then, if 
A, B, C are the moments of inertia about the axes, we have, 

A = lmy\ B = Imx", C = 2m («» + y^), 

and therefore (7 = 4 + -B. 

We may apply this theorem to the case of the triangle. Let 
fi', y be the distances of the points B, C from the axis Ax. Then 
the moment of inertia of the triangle about a normal to the plane 
of the triangle through the point A is 

i Jf (/8» + )87 -h 7« + /3'« + /g'y -h 7' »). 
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Ex. Prove that the moment of inertia of the perimeter of a oirole of radius 
a and mass M about any diameter is ^Ma*. 

Since every element is equally distant from the axis of the circle, the moment of 
inertia about that axis is C=Ma\ Since A=B, the result follows at once. 

8. Reference Table. The following moments of inertia 
occur so frequently that they have been collected together for 
reference. The reader is advised to commit to menlory the follow- 
ing table : 

The moment of inertia of 

(1) A rectangle whose sides are 2a and 26 

about an axis through its centre in its plane per-) ^ a^ 

pendicular to the side 2a j ~ ™*^ 3^ ' 

about an axis through its centre perpendicu-1 a* + 6* 

lar to its plane | " ^^^ ~~3~ ' 

(2) An ellipse semi-axes a and b 

ft* 
about the major axis a = mass -r , 

about the minor axis h — mass -r , 

about an axis perpendicular to its plane) _ a" + 6* 

through the centre j "" °^^®^ 4 • 

In the particular case of a circle of radius a, the moment of 



a« 



inertia about a diameter = mass -^ , and that about a perpen- 



a« 



dicular to its plane through the centre = mass -^ • 

(3) An ellipsoid semi-axes a, b, c 

about the axis a = mass — = — . 

o 

In the particular case of a sphere of radius a the moment of 

2 
inertia about a diameter = mass -=■ a\ 

5 

(4) A right solid whose sides are 2a, 26, 2c 

about an axis through its centre perpendicular) __ ft' + c* 

to the plane containing the sides 6 and c j "" 3 ' 

These results may be all included in one rule, which the author 
has long used as an assistance to the memory. 

Moment of inertia) (sum of squares of perpendicular 

about an axis 



of symmetry 



semi-axes) 
= mass 



3, 4 or 5 

The denominator is to be 3, 4 or 5, according as the body is 
rectangular, elliptical or ellipsoidal. 



6 
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ThuB, if we require the moment of inertia of a circle of radius 
a about a diameter, we notice that the perpendicular semi-axis in 
its plane is the radius a, and that the semi>azis perpendicular to its 



plane is zero, the moment of inertia required is therefore M -j- , 

if if be the, mass. If we require the moment about a per- 
pendicular to its plane through the centre, we notice that the 
perpendicular semi-axes are each equal to a and the moment 

/t1 ■4' q!^ q' 

required is therefore M — -j — ^M-^, 

9. Ab the prooesB for determining these moments of inertia is very nearly the 
same for all these cases, it will be sufficient to consider only two instances. 

To determine the moment of inertia of an ellipse about the minor axU, 

Let the equation of the ellipse be 




y=i- iJc^-xK Take any elementary area 

PQ parallel to the axis of y, then dearly 
the moment of inertia is 

4;i I ar^ydx=4fjL- I «■ ^Ja* - as^dx, 

where m is the mass of a unit of area. 
To integrate this, put x=a sin 0, and the integral becomes 

. f^ « . • ^ ^ /■«l-cos4^^^ ira* 
a^ j eos^4>mn^4fd4>=a^ j - q'^^'P^j^* 

.*. the moment of inertia s^**^ t = mass -j- • 

In the same way we may show that the product of inertia of an elliptic quadrant 

ab 
about its axis = mass ^r- . 

To determine the moment of inertia of an ellipsoid about a principal diameter. 

Let the equation of the eUipeoid 

J*S yi gi 

^ ~4 + l« + -9=l' Take any ele- 
a* o* c' " 

mentaiy area PNQ parallel to the 

plane of yz. Its area is evidently 

tPN.QN. Now PN is the value 

of z when y=0, .and QN the value 

of y when i =0, as obtained from 

the equation of the ellipsoid ; 

a ^ 
QN^^Ja^~^:^\ 




wbe 
.'. the area of the element s — =- (a* - «*). 
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Let II be the mass of the unit of volume, then the whole moment of inertia 

=:/t-raoc - - — =ma88 — = — . 
So 5 

In the same way we may show that the prodnot of inertia of the octant of an 
ellipsoid abont the axes of (x^ y)=:ma88 ?— . 

Ex. 1. The moment of inertia of an are of a oirole whose radius is a and which 
subtends an angle 2a at the centre about an axis 

(a) through its centre perpendicular to its plane =ilfa', 

(6) through its middle point perpendicular to its plane = 2M (1 j a', 

(e) about the diameter which bisects the arc = 3f ( 1 ^ — j ^ . 

£x. 2. The moment of inertia of the part of the area of a parabola cut off by 
any ordinate at a distance x from the vertex is f Mx* about the tangent at the 
vertex, aud \My^ about the principal diameter, where y is the ordinate corre- 
sponding to X. 

Ex. 3. The moment of inertia of the area of the lemniscate r^^a'cos 26 about 
a line through the origin in its plane and perpendicular to its axis is Jlfa'(3ir +B)/48. 

Ex. 4. A lamina is bounded by four rectangular hyperbolas, two of them have 
the axes of coordinates for asymptotes, and the other two have the axes for 
principal diameters. Prove that the sum of the moments of inertia of the lamina 
about the coordinate axes is } (a* - a'') (^ - /3^), where a, of \ j9, /S' are the semi- 
major axes of the hyperbolas. 

Take the equations xy=u, x^-y^^v, then the two moments of inertia are 
B=jjj^Jdudv and A=jjy*JdudVy where ijJ is the Jacobian of (u, v) with regard 
to {Xf y). This gives at once A-\-B=ijjdudVy where the limits are clearly us^a* 
to tt=la'», v=p^ to v=p^, 

Ex. 5. A lamina is bounded on two sides by two similar ellipses, the ratio of 

the axes in each being m, and on the other two sides by two similar hyperbolas, the 

ratio of the axes in each being n. These four curves have their principal diameters 

along the coordinate axes. Prove that the product of inertia about the coordinate 

(o* - a'*) (i3» - fl^ 
axes is 5 — f^ «^ / where a^a* : B, B^ are the semi-major axes of the curves. 

Ex. 6. If do' is an element of the surface of a sphere referred to any rect- 

f 4r 
angular axes meeting at the centre, prove that j a*»d<r=s ? r***^, where r is the 

ladius of the sphere and n is integral. 

Ex. 7. Taking the same axes as in the last example, prove that 



/ 



^J,V.«d, = „<' ,*H^(/)^(*)^W 



211+1 L{n) 

where n=f+g + h and L (/) stands for the quotient of the product of all the natural 
numbers up to 2/ by the product of the same numbers up to/, both included. 

To prove this, we notice that by the last example we have 



/' 
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Expand both sides and equate the coefficients of X^/A^r^. 

If we multiply the result by Bdr we have the value of the integral for any 
homogeneous shell of density D and thickness dr, Regarding D as a function of r, 
and integrating with regard to r, we can find the value of the integral for any 
heterogeneous sphere in which the strata of equal density are concentric spheres. 

Ex. 8. If dff is an element of the surface of an ellipsoid referred to its principal 
diameters, and if p is the perpendicular from the centre on the tangent plane, prove 

[a^y^z^pdc = ^ LJf)L{g)L{h) ^^,^,^^, 
J ^ ^ 2n + l L{n) 

where a, 6, c are the semi-axes and the rest of the notation is the same as before. 

This result follows at once from the corresponding one for a spherical shell by 
the method of prqjeetions. The corresponding integral when the indices of x, y, z 
are any quantities and the integration extends over an octant of the surface is given 
by Diriohlet's theorem in gamma functions. 

Ex. 9. Show that the volume V, the surface S, and the moment of inertia I 
with regard to the plane perpendicular to the coordinate arj, of the sphere in space 
of n dimensions, whose equation is ari*+a:j'+ ... +«^'=r*, are given by 

F=f- (ri)"/r (in+ 1), s=^ F, 1= r^. 

These results follow easily from Dirichlet's theorem. See also Art. 5 (2). 

10. Method of Differentiation. Many moments of inertia 
may be deduced from those given in Art. 8 by the method of differen- 
tiation. Thus the moment of inertia of a solid ellipsoid of uniform 

density p about the axis of a is known to be ^ vabcp — = — . Let 

V o 

the ellipsoid increase indefinitely little in size, then the moment of 

inertia of the enclosed shell is di-^ irahcp -= — }■ . 

This differentiation can be effected as soon as the law according 
to which the ellipsoid alters is given. Suppose the bounding 
ellipsoids to be similar, and let the ratio of the axes in each be 
given by b=pa, c = qa. Then 

moment of inertia of solid ellipsoid = i'rrppq -—^- <*' ; 

,', moment of inertia of shell = ^''rppq (p* + 5*) a^da. 

In the same way the mass of solid ellipsoid == ^irppqa^ ; 

.-. mass of shell = ^ppqa^da. 

Hence the moment of inertia of an indefinitely thin ellipsoidal 
shell of mass M bounded by similar ellipsoids is ^M (6* + c"). 

By reference to Art. 8, it will be seen that this is the same as 
the moment of inertia of the circumscribing right solid of equal 
mass. These two bodies therefore have equal moments of inertia 
about their aa>es of symmetry at the centre of gravity. 



ART. 13.] OTHER METHODS. 9 

11. The moments of inertia of a heterogeneous body whose 
boundary is a surface of uniform density may sometimes be found 
by the method of differentiation. Suppose the moment of inertia 
of a homogeneous body of density D, bounded by any surface of 
uniform density, to be known. Let this when expressed in terms 
of some parameter a be ^ (a) D, Then the moment of inertia of a 
stratum of density D will be <f> (a) Dda. Replacing D by the 
variable density p, the moment of inertia required will hejp(f/(a) da, 

Ex. 1. Show that the moment of inertia of a heterogeneous ellipsoid ahont the 
major axis, the strata of uniform density being simUar concentric ellipsoids, and 
the density along the major axis varying as the distance from the centre, is 

Ex. 2. The moment of inertia of a heterogeneoas ellipse about the minor axis, 

the strata of uniform density being oonfocal ellipses and the density along the 

33f 4a^ + c^ - 5a' c' 
minor axis varying as the distance from the centre, is -^r^ 77^ — = — 5 — =-. 
' * 20 2a' + c*-3ac* 

12. Other method! of finding momentB of inertia. ' The 

moments of inertia given in the table in Art. 8 are only a few of 
those in continual use. I'he moments of inertia of an ellipse, for 
example, about its principal axes are there given, but we shall 
also frequently want its moments of inertia about other axes. It 
is of course possible to find these in each separate case by integra- 
tion. But this is a tedious process, and it may be often avoided 
by the use of the two following propositions. 

The moments of inertia of a body about certain axes through 
its centre of gravity, which we may take as axes of reference, are 
regarded as given in the table. In order to find the moment of 
inertia of that body about any other axift we shall investigate: 

(1) A method of comparing the required moment of inertia 
¥dth that about a parallel axis through the centre of gravity. This 
is the theorem of parallel axes. 

(2) A method of determining the moment of inertia about 
this parallel axis in terms of the given moments of inertia about 
the axes of reference. This is the theorem of the six constants of 
a body. 

13. Theorem of Parallel Axes. Given the moments and 
products 0/ inertia about all axes through the centre of gravity of a 
body, to dedvrce the mmnents and products about all parallel axes. 

The moment of inertia of a system of bodies about any axis is 
equal to the moment of inertia about a parallel axis through the 
centre of gravity plus the moment of inertia of the whole mass 
collected at the centre of gravity about the original axis. 

The product of inertia about any two axes is equal to the 
product of inertia about two parallel axes through the centre of 
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gravity plus the product of inertia of the whole mass collected at 
the centre of gravity about the original axes. 

Firstly y take the axis about which the moment of inertia is 
required as the axis of z. Let m be the mass of any particle of 
the body, which generally will be any small element. Let x, y, z 
be the coordinates of m, x, y, z those of the centre of gravity 
G of the whole system of bodies, x\ y', af those of m referred to 
a system of parallel axes through the centre of gravity. 

Then since -= — , ^ ^ , -= — are the coordinates of the 

Zm Xm z,vi 

centre of cavity of the system referred to the centre of gravity 

as the origin, it follows that Smar' = 0, %mj/ == 0, Stw/ = 0. 

The moment of inertia of the system about the axis of z is 

= 2m (a:« + j/*) 4- 2m {x^ + y'") + 2jc . l,mx' + 2y . l,my\ 

Now %m{x^'\-y^) is the moment of inertia of a mass 2m 
collected at the centre of gravity, and 2m (a?'* + y'*) is the moment 
of inertia of the system about an axis through &, also 2ma?' =s 0, 
2my' = ; whence the proposition is proved. 

It follows from this theorem, that, of all axes parallel to a 
given straight line that one has the least moment of inertia which 
passes through the centre of gravity. 

Secondly, take the axes of a;, y as the axes about which the 
product of inertia is required. The product required is 

= 2m xy = 2m (x + x*) {y + y'), 

= xy . 2r?i -f Im^'y' + xXmy' + yXmx\ 

= ^2m + ^7nxy\ 

Now Qcy . 2m is the product of inertia of a mass 2m collected 
at and ^mxy' is the product of the whole system about axes 
through Q \ whence the proposition is proved. 

Let there be two parallel axes A and B at distances a and h 
from the centre of gravity of the body. Then, if Jlf be the mass 
of the material system, 

moment of inertia) »f a _ fnioment of inertia ,-., ^ 
about A ) "" ( about B " 

Hence when the moment of inertia of a body about one axis 
is known, that about any other parallel axis may be found. It is 
obvious that a similar proposition holds with regard to the pro- 
ducts of inertia. 
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14. The preceding proposition may he generalized as follows. 
Let any system be in motion, ai^d let x, y, js, be the coordinates at 
the time t of any particle of mass m. Let also x, y, z; x, y^ )t be 
the resolved velocities and accelerations of the same particle, 
where the dots repi:esent as usual differentiations with regard to 
the time. Suppose 

F= Sm^ (a?, X, X, y, y, y, z, i, z) 

to be a given function depending on the structure and motion of 
the system, the summation extending throughout the system. 
Also let ^ be an algebraic function of the first or second order. 
Thus ^ may consist of such terms as 

cw^' + ftary + ci*+ey-^+/ic+ 

where a, 6, c, &a are some constants. Then the following 
general principle will hold. 

The value of V for any system of coordinates is equal to the 
value of V obtained for a parallel system of coordinates with the 
<^ntre of gravity for origin plus the value of V for the whole mass 
coUected at the centre of gravity with reference to the first system of 
coordinates. 

For let X, y, z be the coordinates of the centre of gravity, and 
let x=x-^x\ &c., .'. x = x-\-x\ &c. 

Now since (f> is an algebraic Unction of the second order of 
X, X, x\ y, &c. it is evident that on making the above sub- 
stitution and expanding, the process of squaring &c. will lead to 
three sets of terms, those containing only S, x, x, &c., those 
containing the products of x, x\ &c., and lastly those containing 
only Xy x\ &c. The first of these will on the whole make up 
(x, X, &c.), and the last ^ {x , x\ &c.). 

Hence F= 2m^ (^, S. . .) + %m^ (x\ i?' + . . .) 

+ ^m (Axx' + Bxx' + Cxy' - ...), 
where A, B, C, &c. are some constants. 

Now the term Xm{xx') is the same as xZmx\ and this 
vanishes. For since Sww?' = 0, it follows that l^mx' = 0. Simi- 
larly all the other terms in the second line vanish. 

Hence the value of V is reduced to two terms. But the first 
of these is the value of V for the whole mass collected at the 
centre of gravity, and the second of these the value of V for 
the whole system referred to the centre of gravity as origin. 
Hence the proposition is proved. 

The proposition would obviously be true if x, y, z, or any 
higher differential coefficients were also present in the func- 
tion F. 
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15. Theorem of the six conitants of a body. Given the 
moments and products of inertia about three straight lines at right 
angles meeting in a point, to deduce the moments and products of 
inertia about all other axes meeting in that point 

Take these three straight lines as the axes of coordinates. 
Let A, Bj G he the moments of inertia about the axes of x, y, z; 
D, Ey F the products of inertia about the axes of yz, zx, xy. Let 
Oy 13, 7 be the direction-cosines of any straight line through the 
origin, then the moment of inertia / of the body about that line 
will be given by the equation 

/ = ^ a» + £y8» + Cy - 2 Dl3y -2Eya- iFafi. 

Let P be any point of the body at which a mass m is situated, 

and let x, y, z be the coordinates of P. 
Let ON be the line whose direction- 
cosines are a, /S, 7, draw PN perpendicular 
loON, 

Since ON is the projection of OP, it is 
clearly = a?a + y/S -H zy, also 

OP» = ic» + y«-h-e', and l=a» + )8'-f 

The moment of inertia / about ON = XmPN^ 

^Imlx^ + y^' + z^-iax+fiy+yzY] \^ 

= 2m {(a;* + y« + -?») (a» + i8« + 7«)^(eu? + /3y + 7^)«} "^ 

= 2m(y* + ^*)a*-h2m(^+a;»)/3* + 2m(a^ + y*)7» ^ 

- 2^myz . I3y — 2l,mzx . 7a — 2l^mxy . a/3 

= Aa^ + J5/8» + Oy- 2Dl3y - 2Eya - 2Fafi. iT 

It may be shown in exactly the same manner that if A* , B\ C 
be the moments of inertia with regard to the planes yz, zx, xy, 
that the moment of inertia with regard to the plane whose 
direction-cosines are a, 13, 7 is 

/' = 4 V -h R/S" + (77" -h 2Dfiy + 2Eya + 2Fafi. 

It should be remarked that this formula differs from that 
giving the moment of inertia about a straight line in the signs 
of the three last terms. 

16. When three straight lines at right angles and meeting in 
a given point are such that if they be taken as axes of coordinates 
all the products Xm^n/, 'S.^nyz, Xmzx vanish, these are said to be 
Principal Axes at the given point. 

The three planes which pass each through two principal axes 
are called the Principal Planes at the given point. 

The moments of inertia about the principal axes at any point 
are called the Principal moments of inertia at that point. 
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The fundamental formula in Art. 15 may be much simplified 
if the axes of coordinates can be chosen so as to be principal 
axes at the origin. In this case the expression takes the simple 
form /=ila* + 5y8» + Cy. 

A method will presently be given by which we can always 
find these axes, but in some simpler cases we may determine 
their position by inspection. Let the body be symmetrical about, 
the plane of xy. Then for every element m on one side of the 
plane whose coordinates are (x, y, z) there is another element of 
equal mass on the other side whose coordinates are (a?, y, — z). 
Hence for such a body Imxz = and 'Zmyz = 0. If the body be 
a lamina in the plane of xy^ then the z of every element is zero, 
and we have again ^mxz = 0, Xmyz — 0. 

Recurring to the table in Art. 8, we see that in every case the 
axes, about which the moments of inertia are given, are principal 
axes. Thus in the case of the ellipsoid, the three principal 
sections are all planes of symmetry, and therefore, by what has 
jast been said, the principal diameters are principal axes of 
inertia. In applying the fundamental formula of Art. 15 to any 
body mentioned in the table, we may therefore always use the 
modified form given in this article. 

17. BsEamtfles. Let us now consider how the two importatU propositions of 
Arts. 13 and 15 are to be applied in practice. 

Ex. 1. Sappose we want the moment of inertia of an elliptic area of mass M 
and semi-axes a and b aboot a diameter making an angle 6 with the major axis. The 
moments of inertia about the axes of a and b respectively are ^Mb^ and ^Ma*. 
By Art. 16 the moment of inertia aboat the diameter is iMb^eoB^d + ^Ma^Bin^d, 
If r be the length of the diameter this is known from the equation of the ellipse to 

be the same as -j —^ , which is a very convenient form in practice. 

Ex. 2. Suppose we want the moment of inertia of the same ellipse about. 

a tangent. Let p be the perpendicular from the centre on the tangent, then by 

Art. 13, the required moment is equal to the moment of inertia about a parallel 

M a^b^ 5M 

axis through the centre together with Mp'^= -r — j- +Mp^=.-^p\ since j7r=a&. 

Ex. 3. As an example of a different kind, let us find the moment of inertia of 
an ellipsoid of mass M and semi-axes (a, 6, c) with regard to a diametral plane whose 
direction-cosines referred to the principal planes are (a, /3, 7). By Art. 8, the moments . 
of inertia with regard to the principal axes are ^Af (fr^ + c^), ^If (c^+ a'), \M{a^-\-l^), 
Hence by Art. 5, the moments of inertia with regard to the principal planes are 
\Ma\ ilf6«, \MeK Hence the required moment of inertia is ^Jf (a«a«+6'i8« + cV)• 
If p be the perpendicular on the parallel tangent plane, we know by solid geometry 
that this is the same as \Mp^. 

Ex. 4. The moment of inertia of a rectangle whose sides are 2a, 26 about 

,. , . 23f a«6« 

a diagonal 18 -3- ^rj;^ • 
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Ex. 5. If ^y ik, be the radii of gyration of an elliptio lamina about two 
conjugate diameters, then ri + r8 = *(-j + n)« 

Ex. 6. The sum of the moments of inertia of an elliptic area about any two 
tangents at right angles is always the same. 

Ex. 7. If If be the mass of a right cone, a its altitude and b the radius of the 
base, then the moment of inertia about the axis is M^b*; that about a straight 
line through the vertex perpendicular to the axis is iff (a^+ib*), that about a slant 

side M ^ ~T~ht * ^^^ about a perpendicular to the axis through the centre of 

gravity is M^(a*+4ll^. 

Ex. 8. If a be the altitude of a right cylinder, b the radius of the base, then 
the moment of inertia about the axis is ^Mb^ and that about a straight line through 
the centre of gravity perpendicular to the axis is }Jf (ia^+b^). 

Ex. 9. The moment of inertia of a body of mass M about a straight line whose 

equation is —j^ ^ - — - = referred to. any rectangular axes meeting at the 

centre of gravity is 

where (I, m, n) are the direction-cosines of the straight line. 

Ex. 10. The moment of inertia of an elliptic disc whose equation is 

about a diameter parallel to the axis of ae, is — . , -,-», where M is the mass and 

4 (oc - o'y 

H is the determinant ac - b''+2bed -ae*- ecP, usuaUy called the discriminant. 

Ex. 11. The moment of inertia of the elliptic disc whose equation in areal 
coordinates is 0(j;, y, x)=0 about a diameter parallel to the side a is 

where A is the area, H the discriminant and K the bordered discriminant. 



18. Method or tranafbraiatioii oT ases. The method used in Art. 15 to 
find the moment of inertia about the straight line ON is really equivalent to a 
change of coordinate axes in which this straight line is taken as a new axis, say, 
of {, those of 17 and ^ not being required. We may now generalize this into a 
method which is often of great practical use. 

Let as suppose that ((, 17, f) is any quadratic function, say 

and that it is required to find Znup ((, 17, i) the summation extending throughout 
any body. 

> w Select some convenient set of axes which we may call x, y, z 

having the same origin such that the six eorutanu of the body, 
viz. ZfTkr', Ilmy\ Zmz^, Smxy, Zmyz, Zmzx, are all known or can 
be easily found. Let the direction-cosines of these axes be given 
by the diagram in the margin. 

We then have f =aa?-f-tt'y + a"«i ly^/Sx+Z^y +/3"jr, f=7«+yy +7"«. Substitut- 
ing these values and expanding we obtain an expression for Xm^ (^, 17, ^ in terms 
of the six known constants of the body. 
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The result may appear at first sight to be rather complicated, but if the new 
axes be properly chosen it reduces in most cases to a few terms. Thus if the axei 
9f (^» y» 2) A^ principal axei all the terms ILmxyf Itnyz, l^rmx are zero. Supposing 
this choice to be made, the formula reduces to the convenient form 

2m^U, 17, «=0(«. i3, 7) Siiia» + 0(a', /S', y)2my« + 0(a", /3", y") 2»Le«...(l). 

In using this formula, the coefficient of 2mx* is obtained by substituting for 
(1, 17, ^) in ({, Tit t) the direction-cosines of the new axis of x, i.e. the cosines in 
the row of the diagram marked x. The coefficient of Zmy^ may be obtained by 
substituting the direction-cosines of the new axis of y, i.e. the cosines in the row 
marked y, and so on. 

If it be required to change the origin of coordinates also, this may be done by 
an application of the theorem in Art. 14. 

If the body is a triangular area or a tetrahedral volume, the value of the integral 
2iB0 may be written down at sight when the coordinates of the corners of the body 
are given. We have merely to replace the body by any convenient system of equi- 
fMfm^ntal points t see Art. 36. 

Ex. 1. The coordinates of the centre of an elliptic area are (/, g, h) and the 
direotion-oosines of its axes are (a, /3, 7) (a', /3', V), prove that 

Ex. 2. Let OXf Oy, Oz be the principal axes at the origin, prove that the 
product of inertia F'=Ziit^ about two rectangular axes 0^, O17 whose directions 
are (a, a', a") {p, pf, /9") is given by either of the formulae 

2m^ = a/SSnu?* + a'/S'2i;^« + a"^' 2»wr« 

The first result is seen at once to be true by substituting the values of 
(, 11 given above; and the second result follows immediately from the first since 
fl^+o'/S'+a"/3"=0. These are very simple formulae to find products of ijiertia, 

Ex. 3. Let (7, y, V) be the direction-cosines of a fixed axis 0^ Then as 
0^ Oil turn round oi; prove that both ly^+E'^ and A'B'-F^&re constant where 
A\ B\ C\ jy, E\ F* are the moments and products of inertia of the body referred 
to these moving axes. 

For by Ex. 2, - IT = ^/37 + B^y' + CjS'V', - jB' = Aay + Ba'y' + Co' V ; 
.-. ly^ + £?'»= .4 V («' + /5*) + 24Pr/ (ao' + p^) + Ac. ; 
smee o*+/3»=l-7'=y*+y' and oa'+/3/S'= -tY we have 

jy»+£'»=(4-£)«(7y)' + (B-C)»(y7")a + (C-4)«(7"7)«. 
Similarly A'B' - F'^=BCy*+CAy'^+ABy"^, 

19. The EIlipBoids of Inertia. The expression which has 
been found in Art. 15 for the moment of inertia / about a straight 
line whose direction-cosines are (a, /3, 7), 

/ = ^a' + J5/S« + oy - 22)/37 - 2AVa - 2i^a^, 

admits of a very useful geometrical interpretation. 

Let a radius vector OQ move in any manner about the given 
point 0, and be of such length that the moment of inertia about 
OQ may be proportional to the inverse square of the length. Then 
if R represent the length of the radius vector whose direction- 
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cosines are (a, /3, 7), we have / = M^jB^y where e is some constant 
introduced to keep the dimensions correct, and M is the mass. 
We shall sometimes abbreviate M^ into the single symbol K. 
Hence the polar equation of the locus of Q is 

^ = 4a" + i5/3" + C7» - 2D/37 - 2jF7a- 2FoLp, 
Transforming to Cartesian coordinates, we have 

which is the equation of a quadric. Thus to every point of 
a material body there is a corresponding quadric which possesses 
the property that the moment of inertia about any radius vector 
is represented by the inverse square of that radius vector. The 
convenience of this construction is, that the relations which exist 
between the moments of inertia about straight lines meeting at 
any given point may be discovered by help of the known pix)pertie8 
of a quadric. 

Since a moment of inertia is essentially positive, being by 
definition the sum of a number of squares, it is clear that every 
radius vector R must be real. Hence the quadric is always an 
ellipsoid. It is called the momentcU ellipsoid, and was first used 
by Cauchy, Exercices de Math. Vol. ii. 

So much has been written on the ellipsoids of inertia that it is difficult to deter- 
mine what is really due to each of the yarions authors. The reader will find much 
information on these points in Prof. Cayley's report to the British Association on 
the Special Problems of Dynamict, 1862. 

20. The Invariants. The momental ellipsoid is defined by 
a geometrical property, viz. that any radius vector is equal to some 
constant divided by the square root of the moment of inertia 
about that radius vector. Hence whatever coordinate axes are 
taken, we must always arrive at the same ellipsoid. If therefore 
the momental ellipsoid be referred to any set of rectangular axes, 
the coefficients of X\ Y\ Z', - 2FZ, - 2ZZ, -2ZF in its equa- 
tion will still represent the moments and products of inertia about 
these axes. 

Since the discriminating cubic determines the lengths of the 
axes of the ellipsoid, it follows that its coefficients are unaltered 
by a transformation of axes. But these coefficients are 

4+5 + C, 

ABC - 2DEF "AD*- BE* - CF*. 

Hence for ail rectangular axes having the sa/me origin, these are 
invariable and aU are greater than zero. 
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21. It should be noticed that the coDBtant 6 is arbitrary, 
thoug^ when once chosen it cannot be altered. Thus we have 
a series of similar and similarly situated ellipsoids, any one of 
which may be used as a momental ellipsoid. 

When the body is a plane lamina, a section of the ellipsoid 
corresponding to any point in the lamina by the plane of the 
lamina, is called a momental ellipse at that point. 

If principal axes at any point of a body be taken as axes of 
coordinates, the equation of the momental ellipsoid takes the 
simple form JZ* + BF« + (7Z* = Jfe*, where M is the mass and c^ 
any constant. Let us now apply this to some simple cases. 

Ex. 1. To find the momental ellipsoid at the centre of a material elliptic disc. 
Taking the same notation aa before, we have A = iMly^, B = iMa^, C=iM(a'^-hh^), 
Hence the eUipsoid ia iMf^X^ + iMa^Y^-^iM (a^-i-b^) Z^^M^. 

Since e ia any conatant, this may be written , + tt +.( , + r; ) -^=6'. 

When Z=0, thia becomea an ellipse similar to the boundary of given disc. Hence 
we infer that the momental ellipse at the centre of an elliptic area is any similar 
and similarly situated ellipse. This also follows from Art. 17, Ex. 1. 

Ex. 2. To find the momental ellipsoid at any point of a material straight rod 
AB of mass M and length 2a. Let the straight line OAB he the axis of x, O the 
origin, G the middle point of AB, 00=:c, If the material line can be regarded 
as indefinitely thin, ^ = 0, B=M{id^ + c*) = C, hence the momental ellipsoid is 
Y^+Z^^e*^, where c' is any constant. The momental ellipsoid is therefore an 
elongated spheroid, which becomes a right cylinder having the straight line for 
axis, when the rod becomea indefinitely thin. 

Ex. 3. The momental ellipsoid at the centre of a material ellipsoid is 

where e is any constant. It should be noticed that the longest and shortest axes of 
the momental ellipsoid coincide in direction with the longest and shortest axes 
respectively of the material ellipsoid. 

22. Conversely, we may show that any ellipsoid being given, a real material 
body can be found of which it is the jnomental ellipsoid provided the sum of the 
squares of the reciprocals of any two of its axes is greater tlian the square of 
the reciprocal of the third. 

For let the moments of inertia about the principal diameters be A=Kla*, 
B=Klh^, C^K/c*, then by Art. 5 it is necessary that the sum of any two of the 
three A, B, C should be greater than the third. Again, this condition is sufficient, 
for if we place two particles on each principal diameter, at such distances from the 
origin, ^p, ^q, ^r, and of such masses, m, m\ m'\ that 

these six particles will have the principal diameters for principal axes, and the 
given quantities, A, B, C for their principal moments of inertia. 

23. Elementary PropertieB of Principal Axes. By a 

consideration of some simple properties of ellipsoids, the following 
propositions are evident : 

R. D. 2 
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I. Of the rnoments of inertia of a body about axes meeting at 
a given pointy the moment of inertia aboxit one of the principal axes 
is greatest and about another least 

For, in the momental ellipsoid, the moment of inertia about 
a radius vector from the centre is least when that radius vector 
is greatest and vice versd. And it is evident that the greatest and 
least radii vectores are two of the principal diameters. 

It follows by Art. 5 that of the moments of inertia with regard 
to all planes passing through a riven point, that with regard to 
one pnncipal plane is greatest and with regard to another is least. 

II. If the three principal moments at any point are equal 
to each other, the ellipsoid become a sphere. Every diameter is 
then a principal diameter, and the radii vectores are all equal. 
Hence every straight line through is a principal axis at 0, and 
the moments of inertia about them are all equal. 

For example, the perpendiculars from the centre of gravity of 
a cube on the three faces are principal axes ; for, the body being 
referred to them as axes, we clearly have '^mxy = 0, '2myz = 0, 
^mzx = 0. Also the three moments of inertia about them are by 
symmetry equal. Hence every axis through the centre of gravity 
of a cube is a principal axis, and the moments of inertia about 
them are all equal. 

Next suppose the body to be a regular solid. Consider two 
planes drawn through the centre of gravity each parallel to a face 
of the solid. The relations of these two planes to the solid are 
in all respects the same. Hence also the momental ellipsoid at 
the centre of gravity must be similarly situated with regard to 
each of these planes, and the same is true for planes parallel to all 
the faces. Hence the ellipsoid must be a sphere and the moment 
of inertia will be the same about every axis. 

Ex. 1. Three eqaal particles Ay By C are placed at the comers of an equilateral 
triangle ; prove that the momental ellipse at tiieir centre of gravity G is a circle. 

By symmetry the diameters GA, GB, GO of the momental ellipse at G mast be 
equal. The ellipse is therefore a circle. 

Ex. 2. Four equal particles are placed at the comers of a tetrahedron; If the 
momental ellipsoid at their centre of gravity is a sphere, prove that the tetrahedron 
is regular. 

Ex. 8. Any point in a body being given and any plane drawn through it, 
prove that two straight lines at ri^t angles can be drawn in this plane through O 
such that the product of Inertia about them is zero. 

These are the axes of the section of the momental ellipsoid at the point O 
formed by the given plane. 

24. At every point of a material system there are always three 
principal axes at right angles to each otiier. 

Construct the momental ellipsoid at the given point. Then it 
has been shown that the products of inertia about the axes are 
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half the coefficients of — XF, — FZ, — ZX in the equation of 
the momental ellipsoid referred to these straight lines as axes of 
coordiDates. Now if an ellipsoid be referred to its principal 
diameters as axes, these coefficients vanish. Hence the principal 
diameters of the ellipsoid are the principal axes of the system. 
But every ellipsoid has at least three principal diameters, hence 
every material system has at least three principal axe& 

25. Ex. 1. The principal axes at the centre of gravity being the axes of 
reference, prove that the momental ellipsoid at the point (p, <7, r) is 

(^ + ^ + A -2P+ (§ +r»+j>«^ F» + ^^+^8 + 5^ Z^ - 2qrYZ - 2rfZX'-2pqXV^€*, 
when referred to its centre as origin. 

Ex. 2. Show that the cubic equation to find the three principal moments of 
inertia at any point (p, q^ r) may be written in the form of a determinant 

_ gj _ fa 'pq rp 



M 

pq ^j. -r^-pt^ qr 



= 0. 



m=0,\ 
n=0.) 



M 

li (U fRt n) be proportional to the direction-cosines of the axes corresponding to 
any one of the values of J, their values may be found from the equations 

{I-{A-{-Mq^ + Mi^)}l + Mpqm-^Mrpn=0,\ 
Mpql+{I-{B + Mi^+Mjf^)}m-{-Mqm 
.V;pZ + Mgm + {I - (C + Jfpa + MgS) } 

Thus (I, m, n) are proportional to the minors of the constituents of any row of the 
determinant. 

Ex. 3. If 5=0 be the equation to the momental ellipsoid at the centre of 
gravity O referred to any rectangular axes written in the form given in Art. 19, 
then the momental ellipsoid at the point P whose coordinates are (p, q^ r) is 

S+M(p^ + q^ + r^)(X^+Y^-[-Z^)-M{pX + qY+rZ)^=Q. 

Hence show (1) that the conjugate planes of the straight line OP in the momental 
ellipfloids at O and P are parallel and (2) that the sections perpendicular to OP 
have their axes parallel. 

26. Ellipsoid of Oyration. The reciprocal surface of the 
momental ellipsoid is another ellipsoid, which has also been em- 
ployed to represent, geometrically, the positions of the principal 
axes and the moment of inertia about any line. 

We shall require the foUowing elementary proposition. The reciprocal surface 
of the ellipsoid -^ + |j+^ = listhe ellipsoid a^j^+ b^y^ +c^z^=e*. 

Let ON be the perpendicular from the origin on the tangent plane at any 
point P of the first ellipsoid, and let {, m, n be the direction-cosines of ON, then 
OX«=a*P+62m«+can«. Produce ON to Q so that OQ=^ION, then g is a point 
on the reciprocal surface. Let OQ=R\ :. ^-(a^P'^V^m^^c^n^)B^, Changing 
this to rectangular coordinates, we get €*=.a^x^-^h'^ij^-{'C^:^. 

2—2 
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To each point of a material body there corresponds a series 
of similai' momental ellipsoids. If we reciprocate these we get 
another series of similar ellipsoids coaxial with the first, and such 
that the moments of inertia of the body about the perpendiculars 
on the tangent planes to any one ellipsoid are proportional to 
the squares of those perpendiculars. It is, however, convenient 
to call that particular ellipsoid the ellipsoid of gyration which 
makes the moment of inertia ahout a perpendicular on a tangent 
plane eqttal to the product of the mass into the square of that 
perpendicular. If M be the mass of the body and A, B, C the 
principal moments, the equation of the ellipsoid of gyration is 

It is clear that the constant on the right-hand side must be 
1/if, for when Y and Z are put equal to zero, MX^ must by 
definition be A. 

27. Conversely, the series of momental ellipsoids at any point 
of a body may be regarded as the reciprocals, with different con- 
stants, of the ellipsoid of gyration at that point. They are all of 
an opposite shape to the ellipsoid of gyration, having their longest 
axes m the direction of the shortest axis and their shortest axes 
in the direction of the longest axis of the ellipsoid of gyration. 
The momental ellipsoids however resemble the general shape of 
the body more nearly than the ellipsoid of gyration. They are 
protuberant where the body is protuberant and compressed where 
the body is compressed. The exact reverse of this is the case in 
the ellipsoid of gyration. See Art. 22, Ex. 3. 

2S. Ex. 1. To find the ellipsoid of gyration at the centre of a material elliptic 
disc. Taking the values of A, B, C given in Art. 22, Ex. 1, we see that the 

eUipsoid of gyration is -^ +-, +^^, = ^. 

Ex. 2. The ellipsoid of gyration at any point of a material rod AB is 

'—■ + 7— « —i + , -„ -=1, taking the notation of Art. 21, Ex. 2. It is thus a very 
^a'+c^ Ja*+c" 

flat spheroid which, when the r od is ind efinitely thin, heoomes a circular area, whose 
centre is at O, whose radius is ijia* + c* and whose plane is perpendicular to the rod. 

Ex. 8. It may he shown that the general equation of the ellipsoid of gyration 
referred to any set of rectangular axes meeting at the given point of the body is 

A -F -E MX i=0, 
-F B -D MY 

-E -D C MZ 

MX MY MZ M 

or, when expanded, 
{BC-D^)X*+(CA^E^)Y^ + {AB-F^)Z^ + 2{AD + EF)YZ + 2{BE + FD)ZX 

-^2{CF + DE)XY=z~(ABC-AD^-BE^-CF^-2DEF). 

The right-hand side, when multiplied by M, is the discriminant obtained by- 
leaving out the last row and the last column, and the coefficients of X>, Y^, Z\ 
2ZXy 2XYi 2YZ are the minors of this discriminant. 
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29. The use of the ellipsoid whose equation referred to the 
principal axes at the centre of gravity is 

Z» 72 Z» _ 5 

has been suggested by Legendre in his Fonctions Blliptiques. 
This ellipsoid is to be regarded as a homogeneous solid of such 
density that its mass is equal to that of the body. By Art. 8, 
Ex. 3, it possesses the property that its moments of inertia with 
regard to its principal axes^ and therefore by Art. 15 its moments 
of inertia with regard to all planes and axes, are the same as 
those of the body. We may call this ellipsoid the equimomental 
ellipsoid or Legendre' 8 ellipsoid. 

Ex. If a plane move so that the moment of inertia with regard to it is always 
proportional to the square of the perpendicalar from the centre of gravity on the 
plane, then this plane envelopes an elUpsoid similar to Legendre's ellipsoid. 

30. There is another ellipsoid which is sometimes used. By Art. 15 the 
moment of inertia with reference to a plane whose direction-cosines are (a, /3, 7) is 
J' = Zjim:* . a* + Smy* . /J* + Smz* . 7* + 2S)»yz . /37 + 2Smjra: . 70 + 2Swury . a/3. 
Henoe, as in Art. 19, we may construct the ellipsoid 
2nu^ . X^+2my* .Y^-^Zmz^ . Z^+2:2myz . YZ-^VZmzx.ZX^^^mxy . XY=K, 

Then the moment of .inertia with regard to any plane through the centre is repre- 
sented by the inverse square of the radius vector perpendicular to that plane. 

If we compare the equation of the momental ellipsoid with that of this ellipsoid, 
we see that one may be obtained from the other by subtracting the same quantity 
from each of the coefficients of X>, F', Z^, Hence the two ellipsoids have their 
circular sections coincident in direction. 

This ellipsoid may also be used to find the moments of inertia about any 
straight line through the origin. For we may deduce from Art. 15 that the moment 
of inertia about any radius vector is represented by the difference between the 
inverse square of that radius vector and the sum of the inverse squares of the 
aemi-axes. This ellipsoid is a reciprocal of Legendre*s ellipsoid. All these ellipsoids 
have their principal diameters coincident in direction, and any one of them may be 
used to determine the directions of the principal axes at any point. 

81. When the body considered is a lamina, the section of the ellipsoid of 
gyration at any point of the lamina by the plane of the lamina is called the ellipse 
0/ syfatUm, If the plane of the lamina be the plane of xy^ we have 'Lmz^=Q, 
The section of the fourth ellipsoid is then clearly the same as an ellipse of gyration 
at the point. If any momental ellipse be turned round its centre through a right 
angle it evidently becomes similar and similarly situated to the ellipse of gyration. 
Thns, in the case of a lamina, any one of these ellipses may be easily changed 
into the others. 

32. BquliBomemtal Oone. A straight line passes through a fixed point and 
wwes about it in such a manner that the moment of inertia about the liru is always 
the same and equal to a given quantity J. To find the equation of the cone generated 
hy the straight line. 

Let the principal axes at O be taken as the axes of coordinates, and let (a, /3, 7) 
l)e the direction-cosines of the straight line in any position. Then by Art. 16 we 
have Aa^+Bp^-h Cy^=I. Hence the equation of the locus is 

(^-I)aa + (B-I)/S« + (C-I)7>=0, 
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or, transforming to Cartesian coordinates, 

(4 - 1) x>+ (B - 1) y*+ (C - 1) «>=0. 

It appears from this equation that the principal diameters of the cone are the 
principal axes of the body at the given point. 

The given quantity I mnst be less that the greatest and greater than the least 
of the moments ^1, B, C Let ^1, B, C be arranged in descending order of magni- 
tude ; then if I be less than B, the cone has its concavity turned towards the axis 
C, if J be greater than B the concavity is turned towards the axis A^il I—B the 
oone becomes two planes which are coincident with the central circular sections of 
the momental ellipsoid at the point 0. 

The geometrical peculiarity of this cone is that its circular sections in all cases 
are coincident in direction with the circular sections of the momental ellipsoid at 
the vertex. 

This cone is called an equimomental cone at the point at which its vertex is 
situated. 

33. On Equimomental Bodies. Two bodies or systems of 
bodies are said to be equimomental when their moments of inertia 
about all straight lines are equal each to each. 

34. If two systems have the same centre of gravity, the same 
mass, the same principal axes and principal moments at the centre 
of gravity, it follows from the two fundamental propositions of 
Arts. 13 and 15 that their moments of inertia about all straight 
lines are equal, each to each. 

The converse theorem is also true. If the two bodies have 
equal moments of inertia about every straight line, it is evident 
that the axes of maxima and minima moments are the same in 
the two bodies. Of all straight lines having a given direction 
that one has the least moment of inertia for either body which 
passes through the centre of gravity of that body (Art. 13). 
Consider any direction perpendicular to the straight line joining 
the two centres of gravity G, G\ The minimum for one body 
passes through and for the other through (?'. They cannot 
be the same unless G, G' coincide. 

Next consider all the directions which pass through the 
common centre of gravity. The axes of greatest and least 
moments of inertia for each body are two of the principal axes 
of that body (Art. 23). These must therefore coincide in the 
two bodies. The thini axis in each body is perpendicular to 
these two, and they also must coincide. 

Lastly, consider two parallel axes at a distance p apart, one 
passing through the common centre of gravity. By the theorem 
of parallel axes, the difference of the moments of inertia about 
these for either body is 3/jt)*, where M is the mass of that body. 
But both the moments of inertia and the distance p are the same 
for each body. Hence the masses are also equal. 

It is easy to see that two equimomental systems must have 
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the same momental ellipsoid, and therefore the same principal 
axes at every point. 

35. Case of a Triangle. To find the moments and products 
of inertia of a triangle about any axes wkaiever. 

If /3 and 7 be the distances of the angular points J3, (7, of a 
triangle ABC from any straight line AX drawn through the 
angle A, in the plane of the triangle, it is known that the moment 
of inertia of the triangle about AX ib J-Jf (^H-zSy + T*), where 
M is the mass of the triangle. 

Let three equal particles, the mass of each being ^ Jf, be placed 
at the middle points of the three sides. Then it is easily seen, 
that the moment of inertia of the three particles about AX is 

which is the same as that of the triangle. The three particles, 
treated as one system, and the triangle have the same centre of 
gravity. Let this point be called 0. Draw any straight line OX ' 
through the common centre of gravity parallel to AX, then it 
is evident that the moments of inertia of the two systems about 
OX' are also equal. 

Since this equality exists for all straight lines through in 
the plane of the triangle, it will be true for two straight lines 
0X\ OY' at right angles, and therefore also for a straight line 
OZ' perpendicular to the plane of the triangle. 

One of the principal axes at of the triangle, and of the 
systems of three particles, is normal to the plaue, and therefore the 
same for the two systems. The principal axes at in the plane, 
are those two straight lines about which the moments of inertia 
are greatest and least, and therefore by what precedes these axes 
are the same for the two systems. If at any point two systems 
have the same principal axes and principal moments, thev have 
also the same moments of inertia about all axes through that 
point, and the same products of inertia about any two straight 
lines meeting in that point. And if this point be the centre of 
gravity of both systems, the same thing will also be true for any 
other point. 

If then a particle whose mass is one-third that of the triangle 
be placed at the middle point of each side, the mom£nt of inertia 
of the triangle about any straight line, is the same as that of the 
system of particles, and the product of inertia about any two 
straight lines meeting one another, is the same as that of tlie 
system of particles, 

36. The existence of equimomental points is of the greatest 
utility in finding the moments and products of inertia of a body 
about any axes. They may also be used for more genei^al integra- 
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tions. Thus suppose any given body to be equimomental to three 
particles whose coordinates are (a^, y^, ^), (a?„ y,, z^), (a^, y,, ^,). 
Since the masses placed at these points may not in all cases 
be equal, let these masses be respectively Jf,, ifj, Jlf,, where of 
course the sum is equal to the mass of tbe body. Let (l>(x, y, z) 
be any function of x, y, z which does not contain any power higher 
than the second. Let it be required to find the value of the 
integral or sum 2m^(a:, y, z) taken throughout the body, where 
m is an element of the mass. Tbe required integral is evidently 
equal to M^^ (a\, y,, z^ + M^^ (a?,, y,, z^ + if,<^ (a;,, y,, ^,). 

By properly choosing the equivalent points we may use a 
similar rule in which <^ is any ciiim or quartic function of x, y, z^ 
but as these cases are not wanted in rigid djmamics we shall 
merely state a few results a little farther on. 

The same body may be equimomental to several systems of 
points, and some of these sets may be more convenient than the 
others. In order that a set of equimomental points may be useful 
it is necessary (1) that the points should be so conveniently placed 
in the body that their coordinates can be easily found with regard 
to anv given axes, (2) that the number of points employed in the 
set should be as small 2j& possible. Of these two requisites the 
first is by far the more important. 

Equimomental points have another use besides that of shorten- 
ing integi*ations which may otherwise be troublesome. It will be 
presently seen that they have a dynamical importance. 

37. A momental ellipioid at the centre of gravity of any triangle may he found 
as foUowB, 

Let an ellipse be inBcribed in the triangle touching two of the sides AB, BC 
in their middle points F, D. Then, by Camot's theorem, it touches the third side 
CA in its middle point K, Since DF is parallel to CA the tangent at £, the straight 
line joining E to the middle point N of VF passes through the centre, and therefore 
the centre of the conic is at the centre of gravity of the triangle. 

This conio may be shown to be a momental ellipse of the triangle at O. To 
prove this, let us find the moment of inertia of the triangle about OE, Let 
OE=r, and let r' be the semi-conjugate diameter, and w the angle between r and r'. 
Now ON=\r, and hence from the equation of the ellipse FN^==ir^y 
therefore moment of) o,r«/«.« MA'* 

inertia about 0£ [ =8^-i'^'"»'". =J-;^f' 

where A' is the area of the ellipse, so that the moments of inertia of the system 
about OE, OF, OD are proportional inversely to OE*, OF*, OD*, If we take a 
momental ellipse of the right dimensions, it will cut the inscribed conic in E, F, 
and D, and therefore also at the opposite ends of the diameters through these 
points. But two conies cannot cut each other in six points unless they are iden- 
tical. Hence this conic is a momental ellipse at O of the triangle. 

A normal at O to the plane of the triangle is a principal axis of the triangle 
(Art. 16). Hence a momental ellipsoid of the triangle has the inscribed conic for 
one principal section. If 2a and 2b be the lengths of the axes of this conic, 2c that 
of the axis of the ellipsoid which is perpendicular to the plane of the lamina, we 
have, by Arts. 7 and 19, llc*=lla*-\-llb*. 
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If the triangle be an eqailat«ral triangle, the momental ellipsoid becomes a 
spheroid, and eveiy axis through the centre of gravity in the plane of the triangle 
ifl a principal axis. 

Since any similar and similarly situated ellipse is also a momental ellipse, we 
may take the ellipse oircamscribing the triangle, and haying its centre at the centre 
of gravity, as the momental ellipse of the triangle. 

38. Ex. 1. A momental ellipse at an angalar point of a triangular area touches 
the opposite side at its middle point and bisects the adjacent sides. 

Ex. 2. A momental ellipse at the middle point F of the side AB of a triangular 
lamina ABC circumscribes the triangle and has FC, FB for conjugate diameters. 
Prove also that another momental ellipse at the same point F touches the sides AC, 
BC at their middle points. 

Ex. 3. The principal radii of gyration at the centre of gravity of a triangle 

are the roots of the equation x* ^- **+?77o=0, 

So lUo 

where A is the area of the triangle. 

Ex. 4. The direction of the principal axes at the centre of gravity of a 

triangle may be constructed thus. Draw at the middle point D of any side BC 

6ft* 6ft^ 

lengths DH = — , DH'si —— along the perpendicular, where p is the perpendicular 

from A on BC and ft, ft' are the principal radii of gyration found by the last 
example. Then OH, OH* are the directions of the principal axes at O, whose 
moments of inertia are respectively 3fft* and JkTft'*. 

Ex. 5. The directions of the principal axes and the principal moments at the 
centre of gravity may also be determined thus. Draw at the middle point D of any 
side BC a perpendicular DK=BCI2^S. Describe a circle on OK as diameter and 
join D to the middle point of OK by a line cutting the circle in R and 5, then 012, OS 
are the directions of the principal axes, and the moments of inertia about them are 
respectively ^If . DS^ and iM.DR^, 

Ex. 6. Let four particles each one-sixth of the mass of the area of a parallelo- 
gram be placed at the middle points of the sides and a fifth particle one-third of the 
same mass at the centre of gravity, then these five particlet and the area of the 
parallelogram are equimomental ayttetne, 

Ex. 7. Let particles each equal to one-twelfth of the mass of a quadrilateral 
area be placed at each comer and let a fifth particle of negative mass but also one- 
twelfth be placed at the intersection of the diagonals. Then the centre of gravity of 
the quadrilateral area is the centre of gravity of these five particles. Let a sixth 
particle equal to three-quarters of the mass of the quadrilateral be placed at the 
centre of gravity thus found. Prove that these six particles are equimomental to the 
quadrilateral area. 

Ex. 8. Let particles each equal to one-quarter of the mass of an elliptic area be 
placed at the middle points of the chords joining the extremities of any pair of con- 
jugate diameters. Prove that these four particles are equimomental to the elliptic area. 

Ex. 9. Let a tenth of the mass of a solid homogeneous ellipsoid be placed at 
each of the six extremities of a set of conjugate diameters and two-fifths of the 
mass at the centre, prove that this system of particles is equimomental to the ellipsoid. 

Ex. 10. Any sphere of radius a and mass M is equimomental to a system of 

four particles each of mass nn ( ~ ) plA<^ so that their distances firom the centre 

make equal angles with each other and are each equal to r , and a fifth particle equal 
to the remainder of the mass of the sphere placed at the centre. 
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39. Case of a Tetrahedron. To find the momenta and pro- 
ducts of inertia of a tetrahedron about any aaes whatever, i,e. to 
find a system of equimomeiital particles. 

Let ABCD be the tetrahedron. Through one angular point 
D draw any plane and let it be taken as the plane of xy. Let D 
be the area of the base ABC, a, /3, 7 the distances of its angular 
points from the plane of xy, and p the length of the perpendicular 
from D on the base ABC, 

Let PQR be any section parallel to the base ABC and of 

thickness du, where u is the perpendicular from D on PQR. The 

moment of inertia of the triangle PQR with respect to the plane 

o{ xy is the same as that of three equal particles, each one-third 

its mass, placed at the middle points of its sides. The volume of 

u^ 
the element PQR = — Ddu. The ordinates of the middle points of 

the sides AB, BC, CA are respectively ^ (a 4- /S), i (/S + 7), i (7 + a). 
Hence, by similar triangles, the ordinates of the middle points of 
P(2, QR, RP are i(« + i8)t^/p, i(/8 + 7)w/p, ^(y + cL)u/p. 

The moment of inertia of the triangle PQR with regard to the 
plane xy is therefore 

Integrating from w = to u=p, we have the moment of 
inertia of the tetrahedron with regard to the plane xy 

=--^V{a^ + ^ + rf-\-fiy + ya + al3l 

where V is the volume. 

If particles each one-twentieth of the mass of the tetrahedron 
were placed at each of the angular points and the rest of the 
mass, viz. four-fifths, were collected at the centre of gravity, the 
moment of inertia of these five particles with regard to the plane 

of^ywouldbe =F-( -J-7j+^a.+ --^ + _7., 

which is the same as that of the tetrahedron. 

The centre of gravity of these five particles is the centre of 
gravity of the tetrahedron, and together they make up the mass 
of the tetrahedron. Hence, by Art. 13, the moments of inertia of 
the two systems with regard to any plane through the centre of 
gravity are the same, and by the same article this equality will 
exist for all planes whatever. It follows, by Art 5, that the 
moments of inertia about any straight line are also equal. The 
tioo systems are therefore equimomental. 

40. Theory of Projeotioni. If the distance of every jpoint 
in a given figure in space from some fixed plane be increased in a 
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fixed ratio, the figure thus altered is called the projection of the 
given figure. By projecting a figure from three planes at right 
angles as base planes in succession, the figure may be often much 
simplified. Thus an ellipsoid can always be projected into a 
sphere, and any tetrahedron into a regular tetrahedron. 

It is clear that if the base plane from which the figure is 
projected be moved parallel to itself into a position distant D 
fi^m its former position, no change of form is produced in the 
projected figure. If n be the fixed ratio of projection the pro- 
jected figure has merely been moved through a space nD perpen- 
dicular to the base plane. We may therefore suppose the base 
plane to pass through any given point which may be convenient. 

41. If two bodies are equimomental, their projections are also 
equimomental. 

Let the origin be the common centre of gravity, then the 
two bodies are such that 2m = 2m' ; l^inx = 0, 2mV = 0, &c., 
2mj;'=2mV*, l,myz = 'S,m'yz\ &c., unaccented letters referring 
to one body and accented letters to the other. Let both the 
bodies be projected from the plane of an/ in the fixed ratio 1 : n. 
Then any point whose coordinates are {x, y, z) is transferred to 
(x, y, nz) and {x\ \f, sf) to {x\ y\ nz). Also the elements of mass 
m, m become nvi and nm\ It is evident that the above equalities 
are not affected by these changes, and that therefore the projected 
bodies are equimomental. 

The projection of a momental ellipse of a plane area is a 
T/iomental ellipse of the projection. 

Let the figure be projected from the axis of a; as base line, 
so that any point (a?, y) is transferred to (a?, y') where y' = ny, and 
any element of area m becomes in where m' = nm. Then 

2ma^ =s - Xmfa^, ^nixy = - ^ Xw!xy\ Xmy^ = — 'Emfy^. 

The momental ellipses of the primitive and the projection are 

2my>Z» - 22mxyX Y + Imaf' F« = Jf €*, 
2my«Z'« - 22m V^' Y' + 2mV F» = Jf' e\ 
To project the former we put X'=X, Y'^nY, Its equation 
becomes identical with the latter by virtue of the above equalities 
when we put €'*= €*n*. 

42. Ex. 1. A momental eUipse of the area of a square at its centre of gravity 
is easily seen to be the inscribed circle. By projecting this figure first with one side 
as base line, and secondly with a diagonal as base, the square becomes successively 
a rectangle and a parallelogram. Hence one momental ellipse at the centre of gravity 
of a paraUelogram is the inscribed conic touching the sides at their middle points. 

Ex. 2. By projecting an equilateral triangle into any triangle, we may infer the 
results of some of the previous articles, but the method will be best explained by its 
application to a tetrahedron. 
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Ex. 8. Since any ellipsoid may be obtained by projecting a sphere, we infer by 
Art. 38, Ex. 10, that any solid ellipsoid of mass M is equimomental to a system of 

SM 1 
fonr particles each of mass ^ -^ placed on a similar ellipsoid whose linear dimen- 
sions are n times as great as those of the material ellipsoid, so that the eccentric 
lines of the particles make equal angles with each other, and a fifth particle equal to 
the remainder of the mass of the ellipsoid placed at the centre of gravity. 

If this material ellipsoid be the Legendre*s ellipsoid of any giyen body, we 
see that any body whatever is equimomental to a system of five particles placed as 
above described on an ellipsoid similar to the Legendre*s ellipsoid of the body. 

Ex. 4. Show that a solid oblique cone on an elliptic base is equimomental to a 
system of three particles each one-tenth of the mass of the cone placed on the cir- 
cumference of the base so that the differences of their eccentric angles are equal, a 
fourth particle equal to three-tenths of the cone placed at the middle point of 
the straight line joining the vertex to the centre of gravity of the base, and a 
fifth particle to make up the mass of the cone placed at the centre of gravity of the 
volume. 

43. To find an ellipsoid equimomental to any tetrahedron. The moments of 

inertia of a regular tetrahedron with regard to all planes through the centre of 

gravity are equal by Art. 23. If r be the radius of the inscribed sphere, the 

moment with regard to a plane parallel to one face is easily seen by Art. 39 to be 

3f* /— 

If . . If then we describe a sphere of radius p= JBr, with its centre at the centre 

5 
of gravity, and its mass equal to that of the tetrahedron, this sphere and the tetra- 
hedron will be equimomental. Since the centre of gravity of any face projects into 
the centre of gravity of the projected face, we infer that the eUipsoid to which any 
tetrahedron is equimomental is similar and similarly situated to that inscribed in 
the tetrahedron and touching each face in its centre of gravity, but has its linear 
dimensions greater in the ratio 1 : >JS. It may also be easily seen that the sphere 
whose radius is p= >/3r, touches each edge of the regular tetrahedron at its middle 
point. Hence we infer that the ellipsoid equimomental to any tetrahedron touches 
each edge at its middle point and has its centre at the centre of gravity of the volume. 

Ex. 1. If £' be the sum of the squares of the edges of a tetrahedron, F- the 
sum of the squares of the areas of the faces and V the volume, show that the semi- 
axes of the ellipsoid inscribed in the .tetrahedron, touching each face in the centre 
of gravity and having its centre at the centre of gravity of the tetrahedron, are the 
roots of . E^ . -^* ^ ^* A 

and that, if the roots be ±/>,, ^/Sg, ^p^, the moments of inertia with regard to the 
principal planes of the tetrahedron are M ~ , M -^ , M -^ . 

Ex. 2. If a perpendicular EP be drawn at the centre of gravity E of any 
face=4/)^/p, where p is the perpendicular from the opposite comer of the tetrahedron 
on that face, then P is a point on the principal plane corresponding to the root p of 
the cubic. 

44. Four particles of equal mass can always be found tohieh are equimomental to 
any given solid body. 

Let O be the centre of gravity of the body. Ox, Oy, Oz, the principal axes at O. 
Let the moments of inertia with regard to the coordinate planes be Ma\ AT/S*, and 
M^, By Art. 34, the mass of each particle must be ^ Jf. Let {x^yiZ^} <fec. {x^y^z^) 
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be the required coordinates of these four points. Then these twelve coordinates 
muBt satisfy the nine equations 

2x*=4a«, 2|^«=4^, l^=ir^y 2x^=0, 2y« = 0, 2z« = 0. 2x=0, 2y=0, 2z = 0. 

Now if we write x^=^a^^, ^2=a^s <fec. yi=/3i7p y^=B'nt Ac. ^1 = 7^1 Ac we have 
nine equations to find the twelve coordinates ((1^1^*1) Ac. U4 174^4) which differ from 
those just written down onlj in having a*, /S*, 7^ each replaced by unity. These 
modified equations express that the momental ellipsoid at of the four particles 
must be a sphere. The equations are therefore satisfied if the four points, whose 
coordinates are represented by the Greek letUre^ are the comers of a rRgular tetra- 
hedron. (See also Art. 23, Ex. 2.) This tetrahedron may be regarded as inscribed 
in a sphere whose radius is <y3. If we project this sphere into an ellipsoid whose 
semi-axes are a, /3, y the regular tetrahedron will be deformed into an oblique tetra- 
hedron. The oomers of this oblique tetrahedron are the required equimomental 
points. 

In the same way we may prove that three particles of equal mass can always be 
found which are equimomental to any plane area. If A/a^, A//9', and zero are the 
moments of inertia of the area about the principal planes at the centre of gravity, 
the result is that these particles must lie on the ellipse p*x^ + a^y*=2a^^. It also 
follows that, if one of these points, as D, be taken anywhere on this ellipse, the 
other two points, E and F, are at the opposite extremities of that chord which is 
bisected in some point N by the produced radius DO so that ON=^OD, 

45. Moments with Higher Powers. These moments are 
not often wanted in dynamics though they are useful in other 
subjects. It will therefore be sufficient to state here some general 
results and to sketch the proofs in a note at the end of this 
volume. Some generalisations will also be added. 

Let da and dv be any elementary area and volume as the case 
may be. Let 5 be its ordinate referred to any plane of an/. Our 
object is to find the integral Jz^^da or Jz^dv for a triangle, quadri> 
lateral, tetrahedron, &c. 

Let the coordinates of the comers of the body be (j?iyi-^i), 
(jr^yj^,), &c. Let Sn{ziZi, &c.) represent the sum of the diflferent 
homogeneous products of n dimensions of as many of the z*s as 
are included in the bracket. 

Then for a triangle of area A, 

For a quadrilateral of area A 

1 2 A 

/^Vcr = -^ ^^ ^ {Sn {z,z^^;) - zSf^i (ZiZ^^,)} 

where z' is the ordinate of the intersection of the diagonals. 
For a tetrahedron of volume V 
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For two tetrahedra joined together, whose united volume is V 

^'"^^ = (n + 1 ) (n + 2)[n + 3) ^^» <^' " ' " ^'> " ^''^»-' ^"' " ' ' ^'^J' 

where / is the ordinate of the point of intersection of the common 
base with the straight line joining the two vertices. 

We notice that, except for the factor A or F representing the 
area or volume, these four expressions are functions of the ordinates 
only of the corners and are not functions of the differences of the 
abscissas. 

When the value of jz^dc is known ihat of njxz^-^dc' can be found bj performing 
the operation Xj -r— + a;, ;r- + . . . on the former result. The value of n (n - 1) Jx*2*^rf<r 

can be found by repeating the operation and so on. 

Lastly, it may be shown that when two bodies are such that the values of jz^d<r 
are equal, each to each, for all planes of xy these bodies are equimomental. 

Ex. 1. If (x, 1^, 2) be a function not higher than the third degree the value of 
J4>d^ for any triangle can be found by using seven equivalent or equimomental 
points. We collect one-twentieth of the mass of the area at each comer, two- 
fifteentfu at the middle point of each side, and the rest, viz, nine-ttoentiethst at the 
centre of gravity. 

Ex. 2. If 4>(Xj y, z) be not higher than the third degree the value of j^dv for 
a tetrahedron can be represented by eight equivalent points. We collect nine- 
fortieth* of the volume at the centre of gravity of each face and one-fortieth at each 
comer. Other examples may be found in No. 83 Quarterly Journal of MathematicM, 
1886. 

46. Theory of Inversion. To explain how the theory of 
inversion can be applied to find moments of inertia. 

Let a radius vector drawn from some fixed origin to any point P of a figure be 
produced to P', where the rectangle OP ,OF'=k\ k being some given quantity. 
Then as P travels all over the given figure, P' traces out another which is caUed 
the inverse of the given figure. 

Let (x, 2/t 2) be the coordinates of P, (x\ y\ z') those of P' ; r, r' the radii vectores, 
dv, dv' corresponding polar elements of volume; p, p\ dm, dm' their respective 
densities and masses. Let dw be the solid angle subtended at by either dv 

or dt7'. Then du'=i-^d«di-'=(^-] r»<f«adr=('-^ dt7, - 

x' X /«\** 

and since ^ = we have x*^d%>'=[-\ x^dv. Now dm=ipdvt dm'—p'dv'. If then 

we take — = ( - j we have Zx'^diti'^Zx'dm, with similar equalities in the case of 
all th^ other moments and products of inertia. 

When the body is an area or an arc the ratio of d& to dv is different. We have 
in these cases respectively -r- = \~) ^^ (") * Similar results however follow 
which may be all summed up in the following theorem. 



{M 
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Theob. I. Let any body be changed into another by invenion with regard to 
any point O. If the densities at corresponding points be denoted by />, p' and their 

distances from O by r, r*, let p'=pl-^\ . Then these two bodies liave the same 

moments of inertia with regard to all straight lines through O, Here n = 10, 8 or 6 
according as the body is a volume^ an area or an arc. 

It also follows that the two bodies have the same principal axes at the point O, 
and the same ellipsoids of gyration. 

We may also obtain the following theorem by the use of Kelvin's method of 
finding the potentials of attracting bodies by Inversion. 

Theob. IL Let any body be changed into another body by inversion with regard 
to any point 0. If the densities at corresponding points P^ P' be denoted by />, p\ 

and their distances from O fry r, /, let p'=p ( 3 j . Then the moment of inertia of 

the second body with regard to any point C is eqtuil to that of tfie first body with 

regard to the corresponding point G multiplied by either of the equal qv/intities 

OC' 
or rr— -. Here n=8, 6 or 4 according as the body is a volume, area, or arc. 

To proTe this, consider the case in which the body is a volume. By similar 
triangles CP.r'^C'P'. OC. We then find pdv (CP)^ {£^^f^'^' (CP')^, by pro- 
ceeding as before. This being true for every element the theorem follows at once. 

Ex. The density of a solid sphere varies inversely as the tenth power of the 
distance from an external point 0. Prove that its moment of inertia about any 
straight line through O is the same as if the sphere were homogeneous and its 
density equal to that of the heterogeneous sphere at a point where the tangent from O 
meets the sphere. Prove that if the density had varied inversely as the sixth power 
of the distance from O, the masses of the two spheres would have been equal. What 
is the condition that they should have a common centre of gravity ? [Math. Tripos. 

47. Centre of Preienre. If a plane lamina is immersed in 
a homogeneous fluid it is proved in treatises on hydrostatics that 
the pressures on the elements of area act normally to the plane 
and are proportional to the product of the area of the element 
by the depth below a fixed norizontal plane often called "the 
effective surfiEM^e.'* It easily follows from statical principles that 
the centre of these parallel forces lies in the plane of the lamina 
and is the same however the forces are turned round their points 
of application provided they remain parallel. This point is called 
in hydrostatics the centre of pressure. 

Let the intersection of the lamina with the effective surface 
be taken as the axis of x and let the axis of y be in the plane of 
the lamina, the axes being rectangular. Then by the common 
formulae for the centre of parallel forces 

Product of inertia about Ox, Oy 



X = 



y = 



moment of the area about Ox 
Moment of inertia about Ox 



moment of the area about Ox ' 
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Let the given area be equimomental to particles whose masses 
are nii, m, &c. and let (x^ yi), (os^y y,), &c. be the coordinates of 

these particles. Then X = ^ - , F= v^ • 

^ Amy jLmy 

But these are the formula? to find the centre of gravity of particles 
whose masses are proportional to miy,, ?n,ya &c. having the same 
coordinates as before. Hence this rule, 

If any area he equimomental to a series of particles^ the centre 
of pressure of the area is the centre of gravity of the same particles 
with their masses increased in the ratio of their depths. 

For example, the centre of pressure of a triangle wholly im- 
mersed is the centre of gravity of three weights placed at tlie middle 
points of the sides and each proportional to the depth of the point at 
which it is pla^ced. 

In this article we confine our attention to the hydrostatical 
properties of the point, but we may notice that the coordinates 
X and T are so useful that in dynamics also names have been 
given to them. It follows from the formulas (5) of the next article 
that X is the abscissa of the principal point of the axis of x^ so 
that the projection of the centre of pressure of any area on its 
intersection with the effective surface is the principal point of that 
intersection. It will also be shown in Chap. ill. that the ordinate 
Y is equal to the distance of the centre of oscillation from the axis 
of suspension. In this way we can translate our hydrostatical 
results into dynamics, and conversely. 

Since the coordinates X, Y depend only on the ratio of the 
moments and products of inertia to the mass and on the position 
of the centre of gravity, it is clear that two equimomental areas 
have the same centre of pressure. 

Ex. 1. U Pj q, r be the depths of the corners of a triangular area whoUy 
immersed in a fluid, prove that the areal coordinates of its centre of pressure 
referred to the sides of the triangle itself are ^ (1 +jp/«)i i (1 + 9/s)> i (1 +f /')» where 
8=p-\-q + r, 

This may be proved by replacing the triangle by three weights situated at the 
middle points of the sides proportional to their depths, and taking moments about 
the sides in succession to find their centre of gravity. 

Ex. 2. Let any vertical area be referred to Cartesian rectangular axes Ox, Oy, 
with the origin at the centre of gravity. Let the depth of the centre of gravity 
be hj and let the intersection of the area with the surface of the fluid make an 
angle $ with the axis of x, and let this intersection in the standard case cut the 
positive side of the axis of y. Let A, B and F he the moments and product of 
inertia of the area about the axes. Then by taking moments about Ox, Oy we see 
that the coordinates of the centre of pressure are 



BBmB -FQO^ d Fsin^-Jcos^ 

~ ha. ' "~ ha 



where a is the area. 
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Ex. 3. If the area turn round its centre of gravity in its own plane the loons 
of its centre of pressure in the area is an ellipse and in space is a circle. The 
ellipse has its principal diameters coincident in direction with the principal axes 
of the area at the centre of gravity. The circle has its centre in the vertical through 
the centre of gravity. 

Ex. 4. In a heterogeneous fluid the pressure at any point P referred to a unit 
of area is given hy p=a + &x;** where z is the depth of P. Prove that the depth of 
the centre of jnressure of any triangular area wholly immersed at any inclination 

to the horizon is — ri- — , f?^* where ifu is the arithmetic mean of the different 

ail + oi* » 

homogeneous products of n dimensions of the depths z^, z, , z, of the three comers 

of the triangle. 

Ex. 5. In rotating fluids the pressure at any point P is given hy p=a + bz-\-cr^ 
where r is the distance of P from the axis of z which is vertical. Show that the 
pressure on any part of the area of the containing vessel is given by 

(1) whole pressure = j(a + &« + cr*) d(r = (o + 6z) cr + cak^ 

where <r is the area of the part pressed, z the depth of its centre of gravity, and <rk^ 
the moment of inertia about the axis of z. 

(2) Vertical pTeBswce=jj(a + bz+cr^)dxdy=aP+hV+cPk'* 

where P is the projection of a- on the plane of xy^ V the volume between a- and its 
projection and Pk^ the moment of inertia of the projection P about the axis of z. 

It is evident that in all these cases the values of the integrals can in general be 
written down by the rules given in this chapter; so that actual integrations are for 
the most part unnecessary, 

48. The Principal Axei of a system. A straight line 
being given it is required to find at what point in its length it is a 
principal axis of the system, and if any sitch point exist to find the 
other two principal axes at that point. This point may be con- 
veniently called the principal point of the straight line. 

Take the straight line as axis of z, and any point in it as 
origin. Let C be the point at which it is a principal axis, and 
let Cx, G}f be the other two principal axes. 

Let GO = A, 5 = angle between Cx and Ox, Then 

aj' = X cos ^ + y sin ^1 

y' = — a? sin ^ + y cos 6\ 

z =z — h 

Hence '%mxz = cos dXraxz + sin 62myz\ _ ^ 

— A (cos 527715? + sin 52my) j "" ^ ^' 

^my'z' = — sin G^rnxz + cos 6^myz\ _ ^ ... 

— A ( — sin ffLmx + cos 6%my) J ^^' 

^mxy' = 2m (y^ — a^) — + ^mxy cos 25 = (3). 

The last equation shows that 

tan25 = =r-7-r-^-^ = ^ — J (4), 

according to the previous notation. 

R D. 3 
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The equations (1) and (2) must be satisfied by the same value 
of h. Eliminating h we get 2m.r2r2my = 2wy-?27na: as the con- 
dition that the axis of z should be a principal axis at some point 
in its length. Substituting in (1) we have 

^ ^ Imyz ^ Imxz 

^my ^mx 

The equation (5) expresses the condition that the axis of z 
should be a principal aocis at some point in its length; and the 
value of h gives the position of this point 

If ^mxz = and ^myz—0, the equations (1) and (2) are 
both satisfied by A = 0. These are therefore the sufficient and 
necessary conditions that the axis of z should he a principal axis 
at the origin. 

If the system be a plane lamina and the axis of -sr be a normal 
to the plane at any point, we have z = 0. Hence the conditions 
Imxz = and Imyz = are satisfied. Therefore one of the 
principal axes at any point of a plane lamina is a normal to the 
plane at that point. 

In the case of a surface of revolution bounded by planes 
perpendicular to the axis, the axis is a principal axis at any 
point of its length. 

Again, equation (4) enables us, when one principal axis is 
given, to find the other two. If 5 = a be the first value of 0, all 
the others are included in ^ = a 4- JriTr ; hence all these values give 
only the same axes over again. 

49. Since (4) does not contain h, it appears that if the axis 
of 2r be a principal axis at more than one point, the principal axes 
at those points are parallel. Again, in that case (5) must be 
satisfied by more than one value of A. But, since h enters only 
in the first power, this cannot be unless 

2iwa? = 0, 2my = 0, l,mxz^O, 2my^ = 0; 
so that the axis must pass through the centre of gravity and be 
a principal axis at the origin, and therefore (since the origin is 
arbitrary) a principal axis at every point in its length. 

If the principal axes at the centre of gravity be taken as the 
axes of Xy y, z, (1) and (2) are satisfied for all values of A. Hence, 
if a straight line be a principal axis at the centre of gravity, it is 
a principal axis at every point in its length. 

If the given straight line is parallel to a principal axis at the 
centre of gravity (?, it is easy to see that the given line is a 
principal axis at the projection of Q on it|elf. For let the origin 
be taken at the projection, and let (If, Gt}, Gf be a parallel 
system of axes, then since Sm^^, l.mr)^ and z are zero, it follows 
from Art. 13 that Xmxz and ^myz are also zero. 

50. Let the system be projected on a plane perpendicular to 
the given straight line, so that the ratios of the elements of mass 



ART. 52,] POSITIONS OF THE PRINCIPAL AXES OF A SYSTEM. 35 

to each other are unaltered. The given straight line, which has 
been taken as the axis of z, cuts this plane in 0, and will be a 
principal axis of the projection at 0, because, the projected system 
being a plane lamina, the conditions ^laxz = 0, Xmyz = are both 
satisfied. Since z does not appear in equation (4), it follows that, 
if the given straight line be a principal axis at some point C in 
its length, the other two principal axes at C will be parallel to 
the principal axes of the projected system at 0. These last may 
often be conveniently found by the next proposition. 

51. Ex. 1. The principal axes of a right-angled triangle at the right angle 
are, one perpendicular to the plane and two others inclined to its sides at the 

angles ^ tan~^ -^-^ , > ^l^ere a and h are the sides of the triangle adjacent to the 

right angle. 

We have tan 2^= „- , , Art. 48, and by Art. 35, A = M%-, B=M^, P=M^. 

B — A o o 12 

Ex. 2. The principal axes of a quadrant of an ellipse at the centre are, one 
perpendicular to the plane and two others inclined to the principal diameters at the 

angles - tan~* - -5 — —. , where a and h are the semi-axes of the ellipse. 

£x. 3. The principal axes of a cube at anj point P are, the straight line 
joining P to O the centre of gravity of the cube, and any two straight lines at P 
perpendicular to POy and perpendicular to each other. 

Ex. 4. Prove that the locus of a point P at which one of the principal axes is 
parallel to a given straight line is a rectangular hyperbola in the plane of which the 
centre of gravity of the body lies, and one of whose asymptotes is parallel to the 
given straight line. But if the given straight line be parallel to one of the principal 
axes at the centre of gravity, the locus of P is that principal axis or the perpen- 
dicular principal plane. 

Take the origin at the centre of gravity, and one axis of coordinates parallel 
to the given straight line. 

Ex. 5. The principal point of any side AB of a triangular area ABC bisects 
the distance between the middle point of that side and the foot of the perpendicular 
from the opposite comer on the side. 

Ex. 6. An edge of a tetrahedron will be a principal axis at some point in its 
length only when it is perpendicular to the opposite edge. [Jullien. 

C!onver8ely, if this condition be satisfied, the edge will be a principal axis at 
a point C, such that OC—%ON^ where N is the middle point of the edge and is 
the foot of the perpendicular distance between it and the opposite edge. 

Ex. 7. The axes Ox, Oy are so placed that the product of inertia F or ^mxy 
is zero. If A and B are the moments of inertia about these axes, prove that the 
product of inertia about two perpendicular axes Oaf, Oy' in the plane xy is 

F' = i(A-B)%m2e 

where 6 is the angle xOx' measured in the positive direction from Ox. 

52. Foci of Inertia. Given^the positions of the principal 
axes Ox, Oy, Oz at the centre of gravity 0, and the moments of 
inertia about them, to find the positions of the principal axes at any 
point P in the plane ofxy, ana the moments of inertia about them, 

3—2 
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Let the mass of the body be My and \q\, A, B be the moments 
of inertia about the axes Ox, Oy, of which we shall suppose A 
the greater. Let S, H be two points in the axis of greatest mo- 

ment, one on each side of the origin so that OS = OH = >v/ — ■> • 
These may he called the foci of inertia for that principal plane. 

Because these points are in one of the principal axes at the 
centre of gravity, tne principal axes at S and H are parallel to the 
axes of coordinates, and the moments of inertia about those in 
the plane of xy are respectively A and B-\-M .OS^ = A. These 
being equal, any straight line through S or H in the plane of xy 
is a principal axis at that point, and the moment of inertia about 
it is equal to A, See Arts. 16 and 23. 

If P be any point in the plane of xy, then one of the principal 
axes at P will be perpendicular to the plane xy. For, if p, q be 
the coordinates of P, the conditions that this line should be a 
principal axis are 2m (x^p) z = 0, ^m (y — 9) ^ = 0, 

which are obviously satisfied, because the centre of gravity is the 
origin, and the principal axes the axes, of coordinates. 

The other two principal axes may be found thus. If two 

straight lines meeting 
at a point P be such that 
the moments of inertia 
about them are equal, 
then, provided they are 
in a principal plane, the 
principal axes at P bi- 
sect the angles between 
these two straight lines. 
For, if with centre P 
we describe the mo- 
mental ellipse, the axes 

of this ellipse bisect the angles between any two equal radii 

vectores. 

Join SP and HP; the moments of inertia about SP, HP are 
each equal to A. Hence, if PG and PT are the internal and 
external bisectors of the angle SPH, PG, PT are the principal 
axes at P, If therefore with 8 and H as foci we describe avy 
ellipse or hyperbola, the tangent and normal at any point are the 
principal axes at that point. 

63. Take any straight line MN jthrough the origin, making an angle 6 with 
the axis of x. Draw SM, HN perpendiculars on MN. The moment of inertia 
about MN is =A cos^ e + B sin^ e = A-{A-B) sin* 6 

=A-M,(OSBm0)^=A'-M. SM^ 
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Throagh P draw PT parallel to MN, and let SY and HZ be the perpendicnlars 
from S and H on it The moment of inertia about PT is then 

= moment about MN + M . MY * 

=J+M(AfF-5M)(3fr+SM) 

=A+M,SY,HZ, 

In the same waj it maj be proved that the moment of inertia about a line PG 
passing between H and S is less than A by the mass into the product of the perpen- 
diculars from S and H on PG. 

If therefore with S and H as foci toe describe any ellipse or hyperbolaf the moment 
of inertia about any tangent to either of these curves is constant. 

It follows from this that the moments of inertia about the principal axes at P 
are equal to £+iM(SP^HP)K 

For if a and b be the axes of the ellipse we have a* - 6* = OS^ =:{A~ B)IM, 
and hence 

A-\'M.SY.HZ=A + Mb'^=B + Ma^=B-\-iM(SP + HP)\ 

and the h3rperbola may be treated in a similar manner. 

54. This reasoning may be extended to points lying in any given plane passing 
through the centre of gravity O of the body. Let Ox, Oy be the axes in the given 
plane such that the product of inertia about them is zero (Art. 23). Construct the 
points S and H as before, so that 05' and OH^ are each equal to the difference of 
the moments of inertia about Oz and Oy divided by the mass. Draw Sy' a parallel 
through S to the axis of y., the product of inertia about Sx, Sy' is equal to that 
about Ox, Oy together with the product of inertia of the whole mass collected 
at 0. Both these are zero, hence the section of the momental ellipsoid at S is a 
circle, and the moment of inertia about every straight line through S in the plane 
xOy Ib the same and equal to that about Ox. We can then show that the moments 
of inertia about PH. and PS are equal ; so that PG, PT, the internal and external 
bisectors of the angle 5PH, are the principal diameters of the section of the mo- 
mental ellipsoid at P by the given plane. And it also follows that the moments of 
inertia about the tangents to a conic whose foci are S and H are the same. 

55. Ex. 1. To find the foci of inertia of an elliptic area. The moments of 
inertia about the major and minor axes are |Af&' and \Ma^. Hence the minor axis 
is the axis of greatest moment. The foci of inertia therefore lie in the minor axis 

at a distance from the centre = i »Jd^ - b'^, i.e. half the distance of the geometrical 
foci from the centre. 

Ex. 2. Two particles each of mass m are placed at the extremities of the minor 
axis of an elliptic area of mass M, Prove that the principal axes at any point of 
the circumference of the ellipse will be the tangent and normal to the ellipse, pro- 
vided that -=- — --.. 
M Sl-2e^ 

Ex. 3. At the points which have been called foci of inertia two of the principal 
moments are equal. Show that it is not in general true that a point exists such 
that the moments of inertia about all axes through it are the same, and find the 
conditions that there may be such a point. Such points when they exist in a solid 
body may be called the spherical points of inertia of that solid. 

Befer the body to the principal axes at the centre of gravity. Let P be the point 
required, (x, ?/, z) its coordinates. Since the momental ellipsoid at P is to be a 
sphere, the products of inertia about all rectangular axes meetiug at P are zero. 
Hence, by Art. 13, xj^ = 0, yz=zO, zx=0. It follows that two of the three x,y^z 
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must be zero, fio that the point must be on one of the principal axes at the centre 
of gravity. Let this be called the axis of z. Since the moments of inertia abont 
three axes at P parallel to the coordinate axes are A + Mz^, B + Mz^ and C, we see 
that these cannot be equal unless A=B and each is less than C. There are then 
two points on the axis of unequal moment which are equimomental for all axes. 

[Poisson and Binet. 

Ex. 4. The spherical points of a hemispherical surface are the centre and a 
point on the surface. Find also the spherical points of a solid hemisphere. 

By Art 5, Ex. 8, the moments of inertia about every axis through the centre are 
the same. Hence the centre is one spherical point Since the centre of gravity 
bisects the distance between the points the position of the other follows at once. 

56. Arrang^ement of Principal Axei. Given the positions 
of ike principal axes at the centre of gravity and the moments 
of inertia about them, to find the positions of the principal a^xes* 
and the principal moments at any other point P. 

Let the body be referred to its principal axes at the centre of 
gravity 0, let A, B, C he its principal moments, the ma.ss of the 
body being taken as unity. Construct a quadric confocal with 
the ellipsoid of gyration, and let the squares of its semi-axes be 
a^ = A-^\ b^ = B -\-\ c^ = G -\-\, Let us find the moment of 
inertia with regard to any tangent plane. 

Let (a, fi, y) be the direction angles of the perpendicular to any 
tangent plane. The moment of inertia, with regard to a parallel 
plane through 0, is ^ (il + 5 + (7) - (^ cos^ a + B cos* /8 + C cos« 7). 
The moment of inertia, with regard to the tangent plane, is found 
by adding the square of the perpendicular distance between the 
planes, viz. (A + X) cos« a + {B + \) cos'* /3-\-(C + \) cos'^ 7. We get 

moment of inertia with] - . p /y\.^ 
regard to a tangent plane] -i{A-\-Ji + L) + \ 

Thus the moments of inertia with regard to all tangent planes to 
any one quadric confocal with the ellipsoid of gyration are the same. 

These planes are all principal planes at the point of contact. 
For draw any plane through the point of contact P, then in the 
case in which the confocal is an ellipsoid, the tangent plane 
parallel to this plane is more remote from the origin than this 
plane. Therefore, the moment of inertia with regard to any plane 
through P is less than the moment of inertia with regard to a 
tangent plane to the confocal ellipsoid through P. That is, the 
tangent plane to the ellipsoid is the principal plane of greatest 
moment. In the same way the tangent plane to the confocal 

* Some of the following theorems were given by Lord Kelvin and Mr Townsend, 
in two articles which appeared at the same time in the Mathematical Journal^ 1846. 
Their demonstrations are different from those given in this treatise. The theorem 
that the principal axes at P are normals to the three confocals is now ascribed in 
Thomson and Tail's Treatise on Natural Philosophy to Binet, Journal de VEcole 
Polytechnique, 1811. 
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hyperboloid of two sheets through P is the principal plane of 
least moment. It follows that the tangent plane to the confocal 
hjqperboloid of one sheet is the principal plane of mean moment. 

Through a given point P, three confocals can be drawn, and the 
normals to these confocals are the principal aaes at P. By Art. 5, 
JSx. 3, the principal a^ of least moment is normal to the confocal 
ellipsoid and that of greatest moment normal to the confocal hyper- 
haloid of two sheets, 

57. The moment of inertia with regard to the point P is, 
by Art. 14, J (^ + fi + 0) + 0P\ Hence, by Art. 5, Ex. 3, the 
moments of inertia about the normals to the three confocals 
through P whose parameters are \i, Xj, X, are respectively 

OP'^X,, 0P^-\, OP'-X,. 

58. If we describe any other confocal and draw a tangent cone 
to it whose vertex is P, the axes of this cone are known to be the 
normals to three confocals through P. This gives another con- 
struction for the principal axes at P. 

If the confocal diminish without limit, until it becomes a focal 
conic, we see that the principal axes of the system at P are 
the principal diameters of a cone whose vertex is P and base a 
focal conic of the ellipsoid of gjrration at the centre of gravity. 

Ex. Prove that the moment of inertia about any generator of the cone, vertex 
P, reciprocal to the tangent cone drawn from P to the ellipsoid of gyration is the 
same. [Math. Tripos, 1895. 

59. If we wish to use only one quadric, we may consider the 
confocal ellipsoid through P. We know* that the normals to the 
other two confocals are tangents to the lines of curvature on the 
ellipsoid, and are also parallel to the principal diameters of the 
diametral section made by a plane parallel to the tangent plane at 
P. And if Dij D^ be these principal semi-diameters, we know that 

A-j ^ A»i — Ui , A»8 = \i — x/2 • 

Hence, if through any point P we describe the quadric 

^ y^ ^^ - 

the axes of coordinates being the principal axes at the centre 
of gravity, then the principal axes at P are the normal to this 
quadric, and parallels to the axes of the diametral section made 
by a plane parallel to the tangent plane at P. And if these axes 
are 2jDi and 22>2, the principal moments at P are 

OP'-X, OP^'-X-\-D^\ OP^-X-\-D^\ 

* A geometrical proof of the propositions required for this article was given in 
the former editions, but these resnlts are now too well known to render this necessary. 
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Ex. If two bodies have the same centre of gravity, the same principal axes at 
the centre of gravity and the differences of their principal momentt equals each to 
each, then these bodies have the same principal axes at all points. 

60. Condition that a line ihould be a principal aads. 

The axes of coordinates being the principal axes at the centre of 
gravity it is required to express the condition that any given straight 
line may he a principal axis at soine point in its length and to find 
that point Let the equations of the given straight line be 

^-f ^y-9 ^z-h . 

I m n 

then it must be a normal to some quadric 

^ . ^, + -A=I (2) 



A^\ B^\ C-hX 
at the point at which the straight line is a principal axis. 

Hence comparing the equation of the normal to (2) with (1), we 

''^^^ ZTx^'*^' 5i\='*"^' cTx^'*" ^^>- 

These six equations must be satisfied by the same values of x^ y, z, 
X and /i. Substituting for x, y, z from (3) in (1), we get 

I in n 

Equating the values of /i given by these equations we have 

/_£ 9_J^ i__f 
L m _ m 7? _ n I , . . 

j^"F^""crr4 ^ ^' 

This clearly amounts to only one equation, and is the required 
condition that the straiglit line should be a principal axis at some 
point in its length. 

Substituting for x, y, z from (ii) in (2), we have 

\ (P + 771^+ n2) = -, - (ili« + Bm? + Cn% 

which gives one value only to X. The values of \ and /jl having 
been found, equations (3) will determine x, y, z the coordinates of 
the point at which the straight line is a principal axis. 

The geometrical meaning of this condition may be found by the foUowing 
considerations, which were given by Townsend in the MathcTtiatical Journal, The 
normal and tangent plane at every point of a quadric will meet any principal 
plane in a point and a straight line, which are pole and polar with regard to the 
focal conic in that plane. Hence, to find whether any assumed straight line is 
a principal axis or not, draw any plane perpendicular to the straight line and 
produce both the straight line and the plane to meet any principal plane at the 
centre of gravity. If the line of intersection of the plane be parallel to the polar 
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line of the point of interaeotion of the straight line with respect to the focal conic, 
the straight line will be a principal axis, if otherwise it will not be so. And the 
point at which it is a principal axis may be found by drawing a plane throagh the 
polar line perpendicular to the straight line. The point of intersection is the 
required point. 

The analytical condition (4) exactly expresses the fact that the polar line is 
parallel to the intersection of the plane. 

61. Ex. 1. Show that the straight line a{x-a) = h{y-h)=c{z~c) is at some 
point in its length a principal axis of an ellipsoid whose semi-axes are a, 6, c. 

Ex. 2. Show that any straight line drawn on a lamina is a principal axis of 
that lamina at some point. Where is this point if the straight line pass through 
the centre of gravity? 

Ex. 3. Given a plane /x + py + A^- 1=0, there is always some point in it at 
which it is a principal plane. Also this point is its intersection with the straight 
line xjf - A=ylg - B=zlh- C, 

Ex. 4. Let two points P, Q be so situated that a principal axis at P intersects a 
principal axis at Q, Then if two planes be drawn at P and Q perpendicular to 
these principal axes, their intersection will be a principal axis at the point where it 
is cat by the plane containing the principal axes at P and Q. [Townsend. 

For let the principal axes at P, Q meet any principal plane at the centre of 
gravity in p, q, and let the perpendicular planes cut the same principal plane in 
LN, MN, Also let the perpendicular planes intersect each other in RN. Then 
RN is perpendicular to the plane containing the points P, Q, j>, q. Also since the 
polars of ji and q are LN, MN^ it follows that pq is the polar of the point N. Hence 
the straight line RN satisfies the criterion of the last Article. 

Ex. 5. If P be any point in a principal plane at the centre of gravity, then 
eveiy axis which passes through P, and is a principal axis at some point, lies in one 
of two perpendicular planes. One of these planes is the principal plane at the 
centre of gravity, and the other is a plane perpendicular to the polar line of P with 
regard to the focal conic. Also the locus of all the points Q at which QP is a prin- 
cipal axis is a circle passing through P and having its centre in the principal plane. 

[Townsend. 

Ex. 6. The edge of regression of the developable surface which is the envelope 
of the normal planes of any line of curvature drawn on a confocal quadric is a 
carve such that all its tangents are principal axes at some point in each. 

62. Iiocus of equal Moments. To find the locus of the 
points at which two principal moments of inertia are equal to each 
other. 

The principal moments at any point P are 

If we equate I^ and Jj we have A = 0, and the point P must 
lie on the elliptic focal conic of the ellipsoid of gyration. 

If we equate Jj and /, we have A = A, so that P is an um- 
bilicus of any ellipsoid confocal with the ellipsoid of gyration. 
The locus of these umbilici is the hyperbolic focal conic. 

In the first of these cases we have X = — C, and A is the semi- 
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diameter of the focal conic conjugate to OP. Hence D^-\-OP^ = 
sum of squares of semi-axes = -4 — (7+5— (7. The three principal 
moments are therefore Ii==I^ = OP* -^ C, 1^= A + B — C, and the 
axis of unequal moment is a tangent to the focal conic. 

The second case may be treated in the same way by using 
a confocal hyperboloid, we therefore have /a = /a = OP* 4- -B. 
Ii = A-hC—B, and the axis of unequal moment is a tangent 
to the focal conic. 

These results follow also by combiniDg Arts. 67 and 58. The cone which 
envelopes the ellipsoid of gyration and has its vertex at P must by these articles be 
a right cone if two principal moments at P are equal. But we know from solid 
geometry that this only happens when the vertex lies on a focal conic, and the un- 
equal axis is then a tangent to that conic. 

63. To find the curves on any confocal qtMdric at which a principal moment of 
inertia is equal to a given qtiantity I. 

Firstly. The moment of inertia about a normal to a confocal quadrio iB 
0P^~-\. If this be constant, we have OP constant, and therefore the required 
curve is the intersection of that quadric with a concentric sphere. Such a curve is 
a sphero-conic. 

Secondly. Let us consider those points at which the moment of inertia about a 
tangent is constant. 

Construct any two confocals whose semi -major axes are a and a\ Draw any 
two tangent planes to these which cut each other at right angles. The moment of 
inertia about their intersection is the sum of the moments of inertia with regard to 
the t^o planes, and is therefore B+C-A+a^ + a'^. Thus the moments of inertia 
about the intersections of perpendicular tangent planes to the same confocals are equal 
to each other. 

Let a, a\ a" be the semi-major axes of the three confocals which meet at any 
point P, then since confocals cut at right angles the moment of inertia about a 
tangent to the intersection of the confocals a', a" is l'^—B-{-C-A-^a'^^-\-a"^. 

The intersection of these two confocals is a line of curvature on either. Hen^e 
the moments of inertia about the tangents to any line of curvature are equal to one 
another; and these tangents are principal axes at the point of contact. 

On the quadric a draw a tangent PT making angles </> and ^ir-<f> with the 
tangents to the lines of curvature at the point of contact P. If /o, I, be the 
moments about the tangents to these lines of curvature, the moment of inertia 
about the tangent PT=I^cos^4> + I^Biii^ip 

= B-\-C-A + (a"2 + a*) cos^ </,+ (d^ + a'^) sin^ 0. 

But, along a geodesic on the quadric a, a'^ sin^ ^ + a"^ cos- is constant. Hence the 
moments of inertia about the tangents to any geodesic on the quadric are equal to 
each other. 

64. Ex. 1. If a straight line touch any two confocals whose semi-major axes 
are a, a', the moment of inertia about itia B + C -A + a^-i- a'*. 

Ex. 2. When a body is referred to its principal axes at the centre of gravity, 
show how to find the coordinates of the point P at which the three principal 
moments are equal to the three given quantities I^ I^, I^. [ Jullien*s Problem. 
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The elliptic coordinates of P are evidently a«=i(7j+I,-Ii-B- C + i4), &c, ; 
and the eoordinates (x,- y, z) may then be found by Salmon's formulae, 



a^a'^a''* 



ic'= . &o, 

(A-n)(A-C)' 

Bi. 3. Let two planes at right angles touch two confocals whose semi-major 
axes are a, a' ; and let a, a' be the values of a, a' for confocals touching the inter- 
section of the planes; then a' + a'^=a^ + a''^, and the product of inertia with regard 
to the two planes is (a^a'^ - a* a'*)*. 

^. SqnlmoiiMatal Saxfae*. The locus of all those points at which one of 
the principal moments of inertia of the body is equal to a given quantity is called 
an equimomental ttirfaee. 

To find the equation to such a surface we have only to put Jj constant, this 
gives \=:r*-I. Substituting in the equation of the confocal quadric, the equation 
of the surface becomes 

X* «• z' 

• ** J — 1 



x'^ + y^ + z^ + A-I x^ + y-i + z^ + B-I x^ + 2/* + «* + C-I 

Through any point P on an equimomental surface describe a confocal quadric 
Bach that the. principal axis is a tangent to a line of curvature on the quadric. By 
Art. 63, one of the intersections of the equimomental surface and this quadric is the 
line of curvature. Hence the principal axis at P about which the moment of inertia 
is I is a tangent to the equimomental surface. 

Again, construct the confocal quadric through P such that the principal axis is 
a normal at P, then one of the intersections of the momental surface and this 
quadric is the sphero-conic through P. The normal to the quadric, being the 
principal axis, has just been shown to be a tangent to the surface. Hence the 
tangent plane to the equimomental surface is the plane which contains the normal 
to the quadric and the tangent to the sphero-conic. 

To draw a perpendicular from the centre on this tangent plane we may follow 
Eaclid's rule. Take PP' a tangent to the sphero-conic, drop a perpendicular from 
on PP', this is the radius vector OPj because PP" is a tangent to the sphere. At 
P in the tangent plane draw a perpendicular to PP'^ this is the normal PQ to the 
quadric. From drop a perpendicular OQ on this normal, then OQ is a normal to 
the tangent plane. Hence this construction : 

If P be any point on an equimomental surface whose parameter is /, and OQ 
a perpendicular from the centre on the tangent plane, then PQ is the principal 
axis at P about which the moment of inertia is I. 

The equimomental surface becomes Fresnel's wave surface when I is greater 
tlian the greatest principal moment of inertia at the centre of gravity. The general 
fonn of the surface is too well known to need a minute discussion here. It consists 
of two sheets, which become a concentric sphere and a spheroid when two of the 
principal moments at the centre of gravity are equal. When the principal moments 
are unequal, there are two singularities in the surface. 

(1) The two sheets meet at a point P in the plane of the greatest and least 
moments. At P there is a tangent cone to the surface. Draw any tangent plane 
to this cone, and let OQ be a perpendicular from the centre of gravity O on this 
tangent plane. Then PQ is a principal axis at P. Thus there are an infinite 
number of principal axes at P because an infinite number of tangent planes can be 
drawn to the cone. But at any given point there cannot be more than three 
principal axes unless two of the principal axes be equal, and then the locus of the 
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principal axes is a plane. Hence the point P is sitaated on a focal conic, and the 
locns of all the lines PQ is a normal plane to the conic. The point Q lies on 
a sphere whose diameter is OP, hence the locns of Q is a circle. 

(2) The two sheets have a common tangent plane which touches the sorface 
along a carve. This carve is a circle whose plane is perpendicular to the plane of 
greatest and least moments. Let OP' he a perpendicalar from on the plane 
of the circle, then P' is a point on the circle. If iZ be any other point on the circle 
the principal axis at ii is RP*. Thus there is a oircolar ring of points, at each of 
which the principal axis passes through the same point, and the moments of inertia 
aboat these principal axes are all equal. 

The equation to the equimomental surface may also be used for the purpose 
of finding the three principal moments at any point whose coordinates {x, y, z) are 
given. If we clear the equation of fractions, we have to determine I a cubic whose 
roots are the three principal moments. 

Thus let it be required to find the locus of all those points at which any 
symmetrical function of the three principal moments is equal to a given quantity. 
We may express this symmetrical function in terms of the coefficients of the cubic 
by the usual rules, and the equation of the locus is found. 

Ex. 1. If an equimomental surface out a quadric confocal with the ellipeoid 
of gyration at the centre of gravity, then the intersections are a sphero-conic and a 
line of curvature. But, if the quadric be an ellipsoid, these cannot be both reaL 

For if the surface cut the ellipsoid in both, let P be a point on the line of curva- 
ture, and P' a point on the sphero-conic, then by Art. 59, OP^+D^*=OP^, which 
is less than A-\-\. But 0P^ + Di^ + D2^=A + B + C+S\ therefore Dj»>P+C+2X, 
which is >A + 2\. Hence i>2>the greatest radius vector of the ellipsoid, which 
is impossible. 

Ex. 2. Find the locus of all those points in a body at which 

(1) the sum of the principal moments is equal to a given quantity I, 

(2) the sum of the products of the principal moments taken two and two 
together is equal to /', (8) the product of the principal moments is equal to IK 

The results are (1) by Art. 13, a sphere whose radius is {(I-A-B- C7)/lf}^, 

(2) by Art I 65, the surface 

{x^ + y^ + z^)^ + {A + B + C){x^ + y^ + z^) + Ax^-{-By^ + Cz^ + AB + BC + CA = I\ 

(3) the surface A'B'C - AYz^ - B'z^x^ - C'x^y^ - 2x*y22«= Z», 
where A'^A+y^ + z^, with similar expressions for B\ C\ 



CHAPTER II. 

D'ALEMBERPS PRINCIPLE, ETC. 

66. The principles, by which the motion of a single particle 
under the action of given forces can be determined, will be found 
discussed in any treatise on dynamics of a particle. These prin- 
ciples are called the three laws of motion. It is shown that if 
(ar, y, z) be the coordinates of the particle at any time t referred 
to three rectangular axes fixed in space, m its mass, X, F, Z the 
forces resolved parallel to the axes, the motion may be found by 
solving the simultaneous equations, 

-„,^*^-F ^^'^-T ^^^^7 

If we regard a riffid body as a collection of material particles 
connected by invariable relations, we may write down the equa- 
tions of the several particles in accordance with the principles just 
stated. The forces on each particle are however no longer known, 
some of them being due to the mutual actions of the particles. 

We assume (1) that the action between two particles is along 
the line which joins them, (2) that the action and reaction between 
any two are equal and opposite. Suppose there are n particles, 
then there will be Sn equations, and, as shown in any treatise 
on statics, 3n — 6 unknown reactions. To find the motion it will 
be necessary to eliminate these unknown quantities. We shall 
thus obtain six resulting equations, and these will be shown, 
a little further on, to be sufficient to determine the motion of 
the body. 

When there are several rigid bodies which mutually act and 
react on each other the problem becomes still more complicated. 
But it is unnecessary for us to consider in detail either this or the 
preceding case, for D'Alembert has proposed a method by which 
all the necessary equations may be obtained without writing down 
the equations of motion of the several particles, and without 
making any assumption as to the nature of the mutual actions 
except the following, which may be regarded as a natural conse- 
quence of the laws of motion : 

The internal actions and reactions of any system of rigid bodies 
in motion are in equilibrium amongst themselves. 
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67. To explain UAlembert's principle. 

In the application of this principle it will be convenient to 
use the term effective force^ which may be defined as follows. 

When a particle is moving as part of a rigid body, it is acted 
on by the external impressed forces and also by the molecular 
reactions of the other particles. If we consider this particle to 
be separated from the rest of the body, and all these forces re- 
moved, there is some one force which, under the same initial 
conditions, would make it move in the same way as before. 
This force is called the effective force on the particle. It is 
evidently the resultant of the impressed and molecular forces 
on the particle. 

Let m be the mass of the particle, {x, y, z) its coordinates 
referred to any fixed rectangular axes at the time t. The accele- 
rations of the particle are -rr^ , -^^ and -^ . Let / be the 

resultant of these, then, as explained in dynamics of a particle, 
the effective force is measured by mf. 

Let F be the resultant of the impressed forces, iJ the resultant 
of the molecular forces on the particle. Then mf is the resultant 
of F and iJ. Hence if m/* be reversed, the three F^ R and mf are 
in equilibrium. 

We may apply the same reasoning to every particle of each 
body of the system. We thus have a group of forces similar to It, 
a group similar to F, and a group similar to w/, the three groups 
forming a system of forces in equilibrium. Now bv D'Alembert's 
principle the group R will itself form a system of Jtorces in equili- 
brium. Whence it follows that the group F will be in equilibrium 
with the group mf. Hence 

If forces equal to the effective forces bid acting in exactly opposite 
directions were applied at each point of the system these would be in 
equilibrium vnth the impressed forces. 

By this principle the solution of a dynamical problem is 
reduced to that of a problem in statics. The process is as 
follows. We first choose some quantities by means of which the 
position of the system in space may be determined. We then 
express the effective forces on each element in terms of these quan- 
tities. These, when reversed, will be in equilibrium with the given 
impressed forces. Lastly, the equations of motion for each body 
may be formed, as is usually done in statics, by resolving in three 
directions and taking moments about three straight line& 

68. Before the publication of D'Alembert's priDciple a vast number of dynamical 
problems had been solved. These may be found scattered through the early 
volumes of the Memoirs of St Petersbnig, Berlin and Paris, in the works of John 
Bernoulli and the Opuscula of Euler. They require for the most part the determi- 
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nation of the motions of several bodies with or without weight which push or pull 
each other by means of threads or levers to which they are fastened or along which 
they can glide, and which having a certain impulse given them at first are then left 
to themselves or are compelled to move in given lines or surfaces. 

The postulate of Huyghens, " that if any weights are put in motion by the force 
of gravity they cannot move so that the centre of gravity of them all shall rise 
higher than the place from which it descended," was generally one of the principles 
of the solution : but other principles were always needed in addition to this, and 
it required the exercise of ingenuity and skill to detect the most suitable in each 
case. Such problems were for some time a sort of trial of strength among mathe- 
maticians. The Traits de dynamique published by D'AIembert in 1743 put an end 
io this kind of challenge by supplying a direct and general method of resolving, or 
at least throwing into equations, any imaginable problem. The mechanical diffi- 
colties were in this way reduced to difficulties of pure mathematics. See Montuda, 
Vol. III. page 615, or Whewell's version in his Hi$tory of the Inductive Sciences, 

D*Alembert uses the following words : — '* Soient A^ B, C, Ac, les corps qui com- 
posent le systdme, et supposons qii'on leur ait imprim^ les mouvemens, a, b, c, &c, 
qa'ils soient forces, k cause de leur action mutuelle, de changer dans les mouvemens 
a, b, c, Ac. II est olair qu'on peut regarder le mouvement a imprim^ au corps A 
oomme compost du mouvement a, qu'il a pris, et d'un autre mouvement a ; qu'on 
peut de m^me regarder les mouvemens 5, c, <frc. comme composes des mouvemens 
b) /9 ; c, 7 ; Ac, d'oii il s'ensuit que le mouvement des corps A, B, C, &c, entr'eux 
aoroit ^.te le mdme, si au lieu de leur donner les impulsions a, &, c, on leur eti 
donn6 A-la-fois les doubles impulsions a, a ; b, /3 ; &c. Or par la supposition les 
corps A, B^ C, Ac, ont pris d'eux-mdmes les mouvemens a, b, c, (fee. done les mouve* 
mens a, /9, 7, <Src. doivent dtre tels qu'ils ne d^rangent rien dans les mouvemens 
a, b, c, &c. c'est-ji-dire que si les corps n'avoient repu que les mouvemens a, /3, 7, 
(tc. oes monvemens auroient dtl se d^truire mutnellement, et le systSme demeurer 
en repos. De Ul r^sulte le principe suivant pour trouver le mouvement de plusieurs 
coips qui Bgissent les uns sur les autres. D^composez les mouvemens a, &, c, &c. 
imprimes k chaque corps, chacun en deux autres a, a ; b, p; c, 7 ; d:c. qui soient 
tels que si Ton n'etlt imprime aux corps que les mouvemens a, b, c, Ae. ils eussent 
pu conserver les monvemens sans se nuire r^ciproquement ; et que si on ne leur eti 
imprim^ que les mouvemens a, /3, 7, <S:c. le syst^me fiit demeur6 en repos ; il est 
clair que a, b, c, (fee. seront les mouvemens que ces corps prendnmt en vertu de leur 
action. Ce qu'il falloit trouver." 

69. The following remarks on D'Alembert's principle have 
been supplied by Sir G. Airy: 

I have seen some statements of or remarks on this principle which appear 
to me to be erroneous. The principle itself is not a new physical principle, nor 
any addition to existing physical principles; but is a convenient principle of 
combination of mechanical considerations, which results in a comprehensive 
process of great elegance. 

The tacit idea, which dominates through the investigation, is this :>— That eveiy 
mass of matter in any complex mechanical combination may be conceived as 
containing in itself two distinct properties :— one that of connexion in itself, of 
SQsoeptibility to pressure-force, and of connexion with other such masses, but not 
of inertia nor of impressions of momentum : — the other that of discrete molecules 
of matter, held in tiieir places by the connexion-frame, susceptible to externally 
impressed momentum, and possessing inertia. The union produces an imponderable 
skeleton, carrying ponderable particles of matter. 
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Now the action of external momentum-foroes on any one particle tends to 
produce a certain momentum-acceleration in that particle, which (generally) is 
not allowed to produce its full e£Fect. And what prevents it from producing its 
full e£Fect? It is the pressure of the skeleton-frame, which pressure will be 
measured by the di£Ference between the impressed momentum-acceleration and 
the actual momentum-acceleration for the same. Thus every part of the skeleton 
sustains a pressure-force depending on that difference of momenta. And the 
whole mechanical system, however complicated, may now be conceived as a system 
of skeletons, each sustaining pressure-forces, and (by virtue of their combination) 
each impressing forces on the others. 

And what will be the laws of movement resulting from this connexion ? The 
forces are pressure-forces, acting on imponderable skeletons, and they must balance 
according to the laws of statical equilibrium. For if they did not, there would 
be instantaneous change from the understood motion, which change would be 
accompanied with instantaneous change of momentum-acceleration of the mole- 
cules, that would produce different pressures corresponding to equilibrium. (It 
is to be remarked that momentum cannot be changed instantaneously, but 
momentum-acceleration can be changed instantaneously.) 

We come thus to the conclusion that, taking for every inolecule the dif- 
ference between the impressed momentum -acceleration and the actual momentum- 
acceleration, those differences through the entire machine will statically balance. 
And — combining in one group all the impressed momentum-accelerations, and in 
another group all the actual momentum -accelerations — it is the same as saying that 
the impressed momentum-accelerations through the entire machine will balance the 
actual momentum -accelerations through the entire machine. This is the usual 
expression of D'AIembert's principle. 

70. The ordinary notation for the successive diflferential co- 
efficients of a function is very convenient when we are not alwaj^s 
using the same independent variable. In a treatise on dynamics 
the time is usually the independent variable, and it is unnecessary 
to be continually calling attention to that fact. For this reason 
it is usual to represent the successive differential coefficients with 
regard to the time by accents or dots or some other marks placed 
over the dependent variable. It will be convenient to restrict the 
dot notation to represent differentiations with regard to the time 

dtC d^ X 
solely, thus x and x will be simply abbreviations for --.- and —7— . 

Dots will never be used to represent differentiations with regard to 
any quantity other than the time. When any other abbreviations 
are used for differential coefficients they will be preceded by an 
explanation. 

This abbreviated notation is very convenient in working 
examples or whenever mistakes cannot be produced by an 
occasional error in the dots. But in stating results to which 
reference has afterwards to be made, or in which it is important 
that there should be no misconception as to the meaning, it will 
be found better to use the more extended notation. 

71. Example of D^Alembert^s principle. A light rod 
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OAB can turn freely in a vertical plane about a smooth fixed hinge 
at 0. Two heavy particles whose masses are m and m' are attached 
to the rod at A and B and oscillate with it. It is required to 
find the motion. 

The oscillatory motion of a single particle is usually discussed 
in treatises on elementary dynamics. It is proved that the time 
of a small oscillation is proportional to the square root of the 
radius of the circle described. In our problem we have two 
particles describing circular arcs of different radii in the same 
time. Each particle must therefore modify the motion of the 
other. The particle with the shorter radius hastens the motion 
of the other and is itself retarded by the slower motion of that 
other. Our object is to find the resulting motion. 

By using D'Alembert's principle we are able to change this 
dynamical problem into an ordinary statical question, which when 
solved by the rules of statics gives the differential equations of 
the motion. 

Let OA = a, 05 = 6, and let the angle the rod OAB makes 
with the vertical Oz be 0, The particle A describes a circular arc, 
hence its effective forces are known by elementary dynamics to 

be maO and mad", the former being directed along a tangent to the 
circular arc in the direction in which 6 increases and the latter 
along the radius AO inwards. Similarly the effective forces of 
the particle B are TnfhO and m'bv^ along its tangent and radius 
respectively. The directions of these effective forces are represented 
in figure 1 by the double-headed arrows, while the single-headed 




Fig. (2) 




Fig. (3) 




arrows indicate the directions of the weights mg and 7n!g of the 
particles. 

By D'Alembert's principle the four effective forces when 
reversed are in equilibrium with the weights of the particles. 
To avoid introducing the unknown reaction at and those 
between the particles and the rod, let us take moments for the 
whole ^stem about 0. The forces mad^ and m*hd^ being directed 
along BAO have no moments. The moments of the other two 

are ma?6 and m'b^B, Reversing these and adding the moments of 
the weights we have 

(ma^ + m'¥) S -{■ (ma + m'b) gHind =^ (1). 



R. D. 
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This is the differential equation of motion. When it has been 
solved and the two arbitrary constants determined by the initial 
conditions we shall have expressed as a function of the time. 
But without entering here into the analytical solution we may 
shortly obtain the result. 

We notice that if we put m' = and write I for a, the equation 
(1) must give the motion of a single particle oscillating in a circle 
of radius I, This motion is therefore given by 

W+gsmd^O (2). 

This is of the same form as the equation (1). Hence the rod 
OAB oscillates as if the two particles were joined together into 

a single particle and placed at a distance I = 77- from the 

° ^ ^ ma-h mo 

hinge 0. 

As a variation on this problem, let us find the motion when the 
rod OAB moves round the vertical as a conical pendulum with 
uniform angular velocity, the angle 6 which OAB makes with the 
vertical being constant. 

In this problem also the particles describe circles, but their 
planes are horizontal and their centres are at E and F as repre- 
sented in fig. 2. The motion round the vertical* being uniform, 
the effective force of A resolved along the tangent to its path is 
zero, while the effective force along its radius AE inwards is 

m,a sin d<f>\ ^ being the angle made by the plane zOA with any 
fixed plane passing through Oz. Similarly the whole effective force 

on B is directed along its radius BF and is equal to m'b sin 0<f)\ 

The directions of these effective forces are represented by 
the double-headed arrows in fig. 2. Reversing these and taking 
moments as before about 0, we have 

- (ma^ + mi') sin cos 0^^ + {ma + m'b)g sin ^ = 0. 

Hence the angular velocity <^ of the plane zOA round the vertical 
is given by 

. __ (ma + m'b) g 

^ (ma« + m'60cose ^"^^^ 

except when the rod is vertical. 

In this case again the result shows that the motion of the rod 
OAB round the vertical is the same as if the particles were 
collected into a single particle and placed at the same distance 
from as in the first problem. 

In these problems we have followed the rule given in Art. 67. 
We first express the effective forces by using the results given in 
treatises on dynamics of a particle. We reverse these effective 
forces and express by equations the conditions of equilibrium. 
These equations are the equations of motion. 
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Ex. 1. If three particles are attached to the rod at different distances from 0, 
find the motion, (1) when the system oscillates in a vertical plane, and (2) when }t 
revolyes uniformly ronnd the vertical. 

Ex. 2. If the two particles are attached to O by two §tring» OA, AB as shown 
in fig. 3y and the system revolyes round the vertical with a oniibrm angular velocity 
^, show that [m.AE,0E + m'.BF,0F)4fl=(m.AE-{-m\BF)g, 

72. Qeneral Equations of Motion. To apply UAUmbert's 
principle to obtain the equations of motion of a system of rigid 
bodies. 

Let (x, y, z) be the coordinates of the particle m at the time 
t referred to any set of rectangular axes fixed in space. Then 

-J- , -— , and -7- will be the accelerations of the particle. Let 
eft" ' d^ ' dt* ^ 

X, F, Z be the impressed accelerating forces on the same particle 

resolved parallel to the axes. By D'Alembert's principle the 

forces ra(X-^^, ^(F-g), m(z-g). 

together with similar forces on every particle, will be in equi- 
librium. Hence by the principles of statics we have the equation 

2m -^, = 2mZ, 

and two similar equations for y and z\ these are obtained by 
resolving parallel to the axes. Also we have 

and two similar equations for zx and xy\ these are obtained by 
taking moments about the axes. 

These equations may be written in the more convenient forms 



dt dt 

J- 2m -7: = XmZ 
dt dt 



(A). 



iHyTt-4h^-<y'-'^\ 






(B). 



In a precisely similar manner, by taking the expressions for 
the accelerations in polar coordinates, we should have obtained 
another but equivalent set of equations of motion. 



4—2 
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73. Coordinates of a body. The equations of motion of 
Art. 72 are the general equations of motion of any dynamical 
system. They are, however, extremely inconvenient in their present 
form. When the system considered is a rigid body and not merely 
a finite number of separate particles, the S's are all definite inte- 
grals. There are also an infinite number of xb, y's and z*s all 
connected together by an infinite number of geometrical equations. 
It will be necessary, as suggested in Art. 67, to find some finite 
number of quantities which determine the position of the body in 
space and to express the efiective forces in terms of these quantities. 
These are called the coordinates of the body*. It is most important 
in theoretical dynamics to choose the coordinates properly. They 
should be (I) such that a knowledge of them in terms of the time 
determines the motion of the body in a convenient manner,, and 
(2) such that the dynamical equations when expressed in terms of 
them may be as little complicated as possible. 

Let us first enquire how many coordinates are necessary to 
fix the position of a body. 

The position of a body in space is given when we know the 
coordinates of some point in it and the angles which two straight 
lines fixed in the body make with the axes of coordinates. There 
are three geometrical relations existing between these six angles, 
so that the position of a body may be made to depend on six 
independent variables, viz. three coordinates and three angles. 
These mighv be taken as the coordinates of the body. 

It is evident that we may express the coordinates (x, y, z) of 
any particle m of a body in terms of the coordinates of that body 
and quantities which are known and remain constant during the 
motion. First let us suppose the system to consist only of a 
single body, then if we substitute these expressions for x, y, z in 
the equations (A) and (B) of Art. 72, we shall have six equations 
to determine the six coordinates of the body in terms of the 
time. Thus the motion will be found. If the system consist of 
several bodies, we shall, by considering each separately, have six 
equations for each body. If there be any unknown reactions 
between the bodies, these will be included in X, Y, Z. For each 
reaction there will be a corresponding geometrical relation con- 
necting the motion of the bodies. Thus on the whole we shall 
have sufficient equations to determine the motion of the system. 

When the motion is in two dimensions these six coordinates 
are reduced to three. These are the two coordinates of the point 
fixed in the body, and the angle some straight line fixed in the 
body makes with a straight line fixed in space. 

* Sir W. Hamilton uses the phrase *' marks of position," but subsequent writers 
have adopted the term ooordinates. See Cayley's Report to the Brit, Astoc, 1S57. 
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74. Let us next consider how the equations of motion (A) formed 
by resolution can be simplified by a proper choice of coordinates. 
We must find the resolved part of the momentum and the re- 
solved part of the eflfective forces of a system in any direction. 

Let the given direction be taken as the axis of x. Let {x, y, z) 

be the coordinates of any particle whose mass is ra. The re- 

dsD 
solved part of its momentum in the given direction is ^ -it • 

Hence the resolved part of the momentum of the whole system is 

2w -J- . Let (x, y, z) be the coordinates of the centre of gravity 

of the system and M the whole mass. Then Mx = 2ma? ; 

T,M dx ^ dx 

dt dt 

Hence the resolved part of the momentum of a system in any 
direction is equal to Hie whole mass multiplied into the resolved part 
of the velocity of the centre of gravity. 

That is, the linear momentum of a system is the same as if the 
whole mass were collected into its centre of gravity. 

In the same way^ the resolved part of the effective forces of a 
system in any direction is equal to the whole mass multiplied into 
the resolved part of the acceleration of the centre of gravity. 

It appears from this proposition that it will be convenient to 
take the coordinates of the centre of gravity of ea Jl rigid body 
in the system as three of the coordinates of that body. We can 
then express in a simple form the resolved part of the eflfective 
forces in any direction. 

75. Lastly, let us consider how the equations of motion (B) 
formed by taking moments can be simplified by a proper choice 
of the three remaining coordinates. We must find the moment 
of the momentum and the moment of the eflFective forces about 
any straight line. 

Let the given straight line be taken as the axis of x, then just 
as in statics yZ— zY is the moment of a force about the axis of x, 
so, replacing Y and Zhy y and z, the moment of the momentum 

about the axis of x is 2m (y 77 *" ^ j? ) • 

Now this is an expression of the second degree. If, then, we 
substitute y = y-\-y\ z = z '\- 2^^ we get as in Art. 14 

, _^ dz' .^ dy' , dz^ dy ^ 
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Exactly as in Art. 14, all the terms in the second line are zero 
because Smy' = 0, 2m/ » 0, where M is the mass of the system 
or body under consideration. 

The second term is the moment about the axis of x of the 
momentum of a mass M moving with the centre of gravity. 

The first term is the moment about a straic^ht line parallel 
to the axis of x, not of the actual momenta of all the several 
particles but of their momenta relatively to the centre of gravity. 
In the case of any particular body it therefore depends only on the 
motion of the body relatively to its centre of gravity. In finding^ 
its value we may suppose the centre of gravity reduced to rest 
by applying to every particle of the system a velocity equal and 
opposite to that of the centre of gravity. Hence we infer that 

The moment of the momentum of a system about any straight 
line is equal to the moment of the momentum of the whole mass 
supposed collected at its centre of gravity and moving with it, 
together with the moment of the momentum of the system relative 
to its centre of gravity about a straight line drawn parallel to the 
given straight line through the centre of gravity. 

In the same way, this proposition will be also true if for the 
" momentum " of the system we substitute its " effective force." 

By taking the axis Ox through the centre of gravity, we see 
that the moment of the relative momenta about any straight 
line through the centre of gravity is equal to that of the actual 
momenta. 

It appears from this proposition that it will be convenient to 
refer the angular motion of a body to a system of coordinate 
axes meeting at the centre of gravity. A general expression for 
the moment of the effective forces about any straight line through 
the centre of gravity cannot be conveniently investigated at this 
sta^e. Different expressions will be found advantageous under 
dinerent circumstances. There are three cases to which attention 
should be particularly directed : (1) that of a body turning 
about an axis fixed in the body and fixed in space ; (2) that of 
motion in two dimensions, and (3) Euler's expression when the 
body is turning about a fixed point. These will be found at the 
beginnings of the third and fourth chapters and in the fifth 
chapter respectively. 

76. Let a rigid body be taming about any point O fixed in the body, such aa 
the centre of gravity. Let 0|, O17, 0^ be a new set of rectangular axes fixed in the 
body. Then the ordinary formulae for transformation of axes give 

where the direction-cosines [Imn) (X/ip) are functions of the time. We see therefore 
that the anguhur momentum 

SfM {y'z' - z'y') = AXm^^ + BSmij* + CXm^ri + &c. 
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where A=l\- \U and B, C <ftc. are similar functions of the direotion-coeines. Now 
Zm{', 2fiti7', Ac. and also the eoefiicients A, B, (fee. would be the same for any system 
of particles eqnimomental to the given body. We therefore infer that the moment 
of the e£fectiye forces of a rigid body about any straight line is the same as that for 
any eqnimomental system which moves with the body. 

In the same way we may show that the resolved parts of the effective forces are 
the same. Henoe in calculating the effective forces of a rigid body we may replace 
it by any convenient eguimomental eystem which is rigidly connected with it. 

77. The quantity ^m{xy — yx) expresses the momeDt of the 
momentum about the axis of z. - It is called the angular momentum 
of the system about the axis of z. There is another interpretation 
which can be given to it. If we transform to polar coordinates, 

we have xy — yx — r*0. 

Now ir^dO is the elementary area described round the origin 
in the time dt by the projection of the particle on the plane of asy. 
If twice this polar area be multiplied by the mass of the particle, 
it is called the area conserved by the particle in the time dt round 
the axis of z. Hence 

^ f dy dx' 

is called the area conserved by the system in a unit of time, or 
more simply the area conserved. 

78. Three Important Propositions. Summing up the 
results of the articles from 72 onwards, we see that we have 
established three important propositions. 

Since any straight line fixed in space may be taken as an axis 
of coordinates, the three equations (A) of Art. 72 may be written 
in the typical form 

d /Linear Momentum in any\ _ /Resolved impressed\ 
dt \ fixed direction / \ force / ' 

For the same reason, the three equations (B) of the same article 
may be written in the typical form 

d /Angular Momentum about\ _ /Moment of im-\ 
cte \ a fixed straight line / V pressed forces / * 

Thirdly, we see by Art. 74, that the typical expression for the 
linear momentum may be written 

/Linear Momentum in\ _ /Mass x resolved velocityX 
\ any fixed direction / \ of centre of gravity / ' 

The corresponding typical expression for the angular momentum 
is deferred for the present. 

79. Independence of Translation and Rotation. We 

may now enunciate two important propositions, which follow at 
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once from the preceding results. It will, however, be more useful 
to deduce them from first principles. 

(1) The motion of the centre of gravity of a system acted on by 
any forces is the same as if all the mass were collected at the centre 
of gravity and all the forces were applied at that point parallel to 
their former directions. 

(2) The motion of a body, acted on by any forceSy about its 
centre of gravity is the sams a^ if the centre of gravity were fixed 
and the same forces acted on the body. 

Taking any one of the equations (A) we have 

2w -J- = 2mX. 
dt^ 

If X, y, z be the coordinates of the centre of gravity, then 

_ d'aj 

xZm = 2ma; ; .'. -j-^ 2m = 2mX, 

dt^ 

and the other equations may be treated in a similar manner. 

Since these are the equations which give the motion of a mass 
2r/i acted on by forces 2mX, &c., the first principle is proved. 

Taking any one of the equations (B) we have 

Let x^x-^-x'y y ^^y + y\ ^ = i + /, then proceeding as in 
Art. 14 or Art. 75 this equation becomes 

^m (o:-^^ -y' ^^) + (sg-2/g) lm=lm(xr-yX). 

Now the axes of coordinates are quite arbitrary, let them be 
so chosen that the centre of gravity is passing through the origin 
at the moment under consideration. Then ic = 0, ^ = 0, but dx/dt, 
dy/dt are not necessarily zero. The equation then becomes 

This equation does not contain the coordinates of the centre 
of gravity and holds at every separate instant of the motion and 
therefore is always true. But this and the two similar equations 
obtained from the other two equations of (B) are exactly the 
equations of moments we should have had if we had regarded the 
centre of gravity as a fixed point and taken it as the origin of 
moments. 

80. These two important propositions are called respectively 
the principles of the conservation of the motions of translation and 
rotation. The first was given by Newton in the fourth corollary 
to the third law of motion, and was afterwards generalized by 
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D'Alembert and Montucla. The second is more recent and seems 
to have been discovered about the same time by Euler, Bernoulli 
and the Chevalier d'Arcy. 

Another name has also been given to these results. Together 
they constitute the principle of the independence of the motions of 
translation and rotation. The motion of the centre of gravity is 
the same as if the whole mass were collected at that point, and is 
therefore quite independent of the rotation. The motion round 
the centre of gravity is the same as if that point were fixed, and 
is therefore independent of the motion of that point. 

81. By the first principle the problem of finding the motion 
of the centre of gravity of a system, however complex the system 
may be, is reduced to the problem of finding the motion of a 
single particle. By the second the problem of finding the angular 
motion of a free body in space is reduced to that of determining 
the motion of that body about a fixed point. 

Example of the first principle. In using the first principle 
it should be noticed that the impressed forces are to be applied at 
the centre of gravity parallel to their former directions. Thus, if 
a rigid body be moving under the influence of a central force, the 
motion of the centre of gravity is not generally the same as if the 
whole mass were collected at the centre of gravity and it were 
then acted on by the same central force. What the principle 
asserts is, that, if the attraction of the central force on each 
element of the body be found, the motion of the centre of gravity 
is the same as if these forces were applied at the centre of gravity 
parallel to their original directions. 

If the impressed forces act always parallel to a fixed straight 
line, or if they tend to fixed centres and vary as the distance from 
those centres, the magnitude and direction of their resultant are 
the same whether we suppose the body collected into its centre of 
gravity or not. But in most cases care must be taken to find the 
resultant of the impressed forces as they really act on the body 
before it has been collected into its centre of gravity. 

82. Example of the second principle. Let us next con- 
sider an example of th6 second principle. Suppose the earth to 
be in rotation about some axis through its centre of gravity and 
to be acted on by the attractions of the sun and moon. Then we 
learn, from the second principle, that if the resultant attraction of 
these bodies pass through the centre of gravity of the earth, the 
rotation about the axis will not be in any way afiFected. In what- 
ever way the centre of gravity of the earth may move in space, 
the axis of rotation will have its direction fixed in space and the 
angular velocity will be constant. Two important consequences 
follow immediately from this result. The centre of gravity of the 
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earth is known to describe an orbit round the sun, which is very 
nearly in one plane, and the changes of the seasons chiefly depend 
on the inclination of the earth's axis to the plane of motion of the 
centre of the earth. The permanence of the seasons is therefore 
established. Secondly, since the angular velocity is constant, it 
follows that the length of the sidereal day ib invariable. 

Strictly speaking the resaltant attraction dae to any particle of the sun and 
moon does not pass through the centre of gravity of the earth. The reason is that 
the earth is not a perfect sphere whose strata of eqaal density are concentric 
spheres. Bat since the ellipticities of these strata are all small the motion of 
rotation of the earth will he bnt slightly affected. Nevertheless the san (for 
instance) wiU act with nneqaal forces on those parts of the earth's equator which 
are nearer to it and on those more remote. Thus the sun's attraction wUl tend to 
turn the earth about an axis lying in the plane of the equator and which is perpen- 
dicular to the radius vector of the sun. The general effect of this couple on the 
rotation of the earth is very remarkable. It will be proved in a later chapter (I) that 
the period of rotation of the earth is unaltered, (2) that though the direction of the 
earth's axis is no longer fixed in space, yet the axis still preserves, on the whole, the 
same inclination to the plane of the earth's motion round the sun. Thus the per- 
manence of the seasons, as far as these causes are concerned, remains unaffected. 

83. Qeneral Method of using D'Alembert's principle. 

The general problem in dynamics to be solved may be stated 
thus. 

Any number of rigid bodies press both against each other and 
against fixed points, curves, or surfaces and are acted on by given 
forces ; find their motion. 

The mode of using D*Alembert's priuciple for the solution 
may be stated thus. 

Let X, y, z be the coordinates of the centre of gravity of any 
one of these bodies referred to three rectangular axes fixed in 
space. Let three other coordinates of this body be chosen so 
that the three moments of the momentum of the body about 
three rectangular axes fixed in direction and meeting at the 
centre of gravity may be found conveniently in terms of them. 
Let A], ^2, As be these three moments of the momentum, and let M 
be the mass. Then the effective forces of the body are equivalent 

to the three effective forces M-j-^ ^~^* ^ '^f* ^^^ ^^® three 

effective couples -rr > -rr , -tt • The three effective forces act 

^ at at at 

at the centre of gravity parallel to the axes of a?, y, z respectively, 

and the three couples act round the three axes about which the 

moments of the momentum were taken. The effective forces of 

all the other bodies of the system may be expressed in a similar 

manner. 

Then all these effective forces and couples being reversed will 
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be in equilibrium with the impressed forces. The equations of 
equilibrium may be found by resolving in such directions and 
taking moments about such straight lines as may be convenient. 
Instesul of reversing the eflFective forces ifc is usually found more 
convenient to write the impressed and effective forces on opposite 
sides of the equations. 

Taking the bodies separately we may thus obtain, by three 
resolutions and three moments, six equations of motion for each 
body. 

If two rigid bodies press against each other or against a fixed 
obstacle there may be one or more unknown reactions. But there 
will also be in general as many equations to express the conditions 
of contact. The mode of writing down these conditions of contact 
will be explained in the chapters which follow. 

Thus we shall have as many equations as there are coordinates 
and reactions. But sometimes by a judicious choice of the direc- 
tions in which we resolve, or of the straight lines about which we 
take moments, we may (exactly as in statics) avoid introducing 
some of these reactions into the equations. This will reduce the 
number of equations which have to be formed. We may also 
sometimes avoid these reactions by resolving or taking moments 
for two of the bodies as if they formed for an instant one single 
bodv. 

These differential equations will then have to be solved. The 
different methods of proceeding will be explained further on. 
Generally we can find one integral by a method called the 
principle of Vis Viva. A rule will be given to write down this 
integral without previously forming the equations of motion. 

We have here limited ourselves to the method of forming the 
equation by resolving and taking moments. But we may proceed 
otherwise. Thus Lagrange has given a method of writing down 
the equations of motion by which, amongst other advantages, the 
labour of eliminating the reactions is avoided. 

Application of D'AUmberfs Principle to impulsive forces, 

84. If a force F act on a particle of mass m always in the 
same direction, the equation of motion is 

where v is the velocity of the particle at the time t Let T be the 
interval during which the force acts, and let v, v' be the velocities 
at the beginning and end of that interval. Then 

rT 

m(!;'-t;) = | Fdt 
Jo 
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Now suppose the force F to increase without limit while the 
interval T decreases without limit. Then the integral may have 
a finite limit. Let this limit be P. The equation then becomes 

m (v' — v) = P. 

The velocity in the interval T has increased or decreased from 
V to v\ Supposing the velocity to have remained finite, let V be 
its greatest value during this interval. Then the space described 
is less than VT, Since this vanishes in the limit the particle has 
not moved during the action of the force F, It has not had time 
to move, but its velocity hxis been changed from v to v\ 

We may consider that a proper measure has been found for a 
force when from that measure we can deduce all the eflFects of the 
force. In the case of fiuite forces we have to determine both the 
change of place and the change in the velocity of the particle. 
It is therefore necessary to divide the whole time of action into 
elementary times and determine the eflFect of the force during 
each of these. But in the case of infinite forces which act for an 
indefinitely short time, the change of place is zero, and the change 
of velocity is the only element to be determined. It is therefore 
more convenient to collect the whole force expended into one 
measure. A force so measured is called an impulse. It may be 
defined as the limit of a force which is infinitely great, but acts 
only during an infinitely short time. There are of course no such 
forces in nature, but there are forces which are very great, and 
act only during a very short time. The blow of a hammer is 
a force of this kind. They may be treated as if they were im- 
pulses, and the results will be more or less correct according to 
the magnitude of the force and the shortness of the time of action. 
They may also be treated as if they were finite forces, and the 
small displacement of the body during the short time of action, of 
the force may be found. 

The quantity P may be taken as the measure of the force. 
An impiUsive force is measured by the whole momentum generated 
by the impulse. 

85. In determining the effect of an impulse on a body, the 
effect of all finite forces which act on the body at the saws time 
may be omitted. 

For let a finite force / act on a body at the same time as an 
impulsive force F. Then as before we have 

CT rT 

Fdt fdt 

Jo . ^0 



V — 1; = 



Jo-" P fT 
m m m m 



But in the limit fT vanishes. Similarly the force / may be 
omitted in the equation of moments. 
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86. To obtain the general equations of motion of a system acted 
on by any number of impulses at once. 

Let u, Vy w, u\ v\ V) be the velocities of a particle of mass m 
parallel to the axes just before and just after the action of the 
impulses. Let X\ Y\ Z' be the resolved parts of the impulse on 
m parallel to the axes. Taking the same notation as before, we 
have the equation Sitz^ = SmA, or integrating 

2m(u'-w) = 2m rXdt = XX' (1). 

Similarly we have the equations 

Im (v - v) = 2 F . . .(2), 2m (w' - w;) = 2Z' . . .(3). 

Again the equation 2m (ccy — yx) = 2m (xY — yX) becomes on 
integration 2m (xy — yx) = 2?^ {xjYdt — yJXdt), 

In this integration x, y are regarded as constants, because the 
duration T of the impulse is so short that the body has not time 
to move (Art. 84), i.e. the changes of x, y during this interval may 
be neglected. Taking the equation between limits, 

2m {a? (u' - v) - y (w' - w)} =2(^F-yZ') (4). 

The other two equations become 

2m {y(w' -w)--2{v' -'V)]^X {yZ' - zT) (5), 

tm[z{u' -w)-a:(w'-w)} = 2(^Z'-a:Z') (6). 

In the following investigations it will be found convenient to 
use accented letters to denote the states of motion after impact 
which correspond to those denoted by the same letters unaccented 
before the action of the impulse. Since the changes in direction 
and magnitude of the velocities of the several particles of the 
bodies are the only objects of investigation, it will be found 
convenient to express the equations of motion in terms of these 
velocities. 

87. In applying D'Alembert s Principle to impulsive forces the 
only change which must be made is in the mode of measuring the 
effective forces. If (u, v, w), (u\ v\ w') be the resolved part of the 
velocity of any particle just before and just after the impulse, and 
if m be its mass, the effective forces will be measured by m {u — u\ 
m (tr' — v), and m (w — w). The quantity mf in Art. 67 is to be 
regarded as the measure of the impulsive force which, if the 
particle were separated from the rest of the body, would produce 
these changes of momentum. 

In this case, if we follow the notation of Arts. 74 and 75, the 
resolved part of the effective force in the direction of the axis of ^ 
is the difference of the values of Xmdz/dt just before and just 
after this action of the impulses, and this is the same as the 
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difference of the values of Mdzjdt at the same iDstaots. In the 
same way the moment of the effective forces about the axis of z 
will be the difference of the values of 



^'"('^S-^S) 



just before and just after the action of the impulses. 

We may therefore extend the general proposition of Art. 83 to 
impulsive forces in the following manner. 

Let {u, V, w\ {u\ v\ w') be the velocities of the centre of gravity 
of any rigid body of mass Jf just before and just after the action 
of the impulses resolved parallel to any three fixed rectangular 
axes. Let (A^, A,, A,), (V, fh> V) be the moments of momentum 
relative to the centre of gravity about three rectangular axes 
fixed in direction and meeting at the centre of gravity, the 
moments being taken respectively just before and just after the 
impulses. Then the effective forces of the body are equivalent to 
the three effective forces M(u' — u), M(v' - v), M(w' — w), acting 
at the centre of gravity parallel to the rectangular axes, together 
with the three effective couples {h^ — h^), {h^ — A,), (A,' —A,) about 
those axes. 

These effective forces and couples being reversed will be in 
equilibrium with the impressed forces. The equations of equili- 
brium may then be formed according to the rules of statics. 

BxamplM. Ex. 1. Two particles moving in the same plane are projected in 
parallel but opposite directions with yelooities inversely proportional to their masses. 
Find the motion of their centre of gravity. 

Ex. 2. A person is placed on a perfectly smooth table, show how he may 
get off. 

Ex. 3. Explain how a person sitting on a chair is able to move the chair across 
the room by a series of jerks, without touching the ground with his feet. 

Ex. 4. A person is placed at one end of a perfectly rough board which rests 
on a smooth table. Supposing he walks to the other end of the board, determine 
how far the board has moved. If he steps off the board, show how to determine 
its subsequent motion. 

Ex. 5. The motion of the centre of gravity of a shell shot from a gun in vacuo 
is a parabola, and its motion is unaffected by the bursting of the shell. 

Ex. 6. A rod revolving uniformly in a horizontal plane round a pivot at its 
extremity suddenly snaps in two: determine the motion of each part. 

Ex. 7. A cube slides down a perfectly smooth inclined plane with four of its 
edges horizontal. The middle point of the lowest edge comes in contact with 
a small fixed obstacle &nd is reduced to rest. Determine whether the cube is also 
reduced to rest, and show that the resultant impulsive action along the edge will 
not act along the inclined plane. 

Ex. 8. Two persons A and B are situated on a perfectly smooth horizontal 
plane at a distance a from each other. A throws a ball to B which reaches B after 
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a time t. Show that A will begin to slide along the plane with a velooity malMt, 
where M is his own mass and m that of the ball. If the plane had been perfectly 
rough, explain in general terms the nature of the pressures between A^s feet and 
the plane which would have prevented him from sliding. Would these pressures 
have had a single resultant? 

Ex. 9. A cannon rests on an imperfectly rough horizontal plane and is flred 
with such a charge that the relative velocity of the ball and cannon at the moment 
when the ball leaves the cannon is K. If 3f be the mass of the cannon, m that of 
the ball, and ft, the coefficient of friction, show that the cannon will recoil a distance 
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Ex. 10. A spherical cavity of radius a is cut out of a cubical mass so that the 
centre of gravity of the remaining mass is in the vertical through the centre of the 
cavity. The cubical mass rests on a perfectly smooth horizontal plane, but the 
interior of the cavity is perfectly rough. A sphere of mass m, and radius 6, rolls 
down the side of the cavity starting from rest with its centre on a level with the 
centre of the cavity. Show that when the sphere next comes to rest, the cubical 

mass will have moved, through a space ,, , where M is the mass of the 

remaining portion of the cube. Would the result be the same if the cavity were 
smooth or imperfectly rough? 

Ex. 11. Two railway engines drawing the same train are connected by a loose 
chain and come several times in succession into collision with each other; the 
leading engine being a little top-heavy and the buffers of both rather low. The 
foie-wheels of the first engine are observed to jump up and down. What dynamical 
explanation can be given of this rocking motion ? At what level should the buffers 
be placed that it may not occur ? Camb, Trans. Vol. vii. 1841. 

Ex. 12. Sir G. Lyell in his account of the earthquake in Calabria in 1783, 
mentions two obelisks each of which was constructed of three great stones laid one 
on the top of the other. After the earthquake, the pedestal of each obelisk was 
foond to be in its original place, but the separate stones above were turned partially 
round and removed several inches from their position without falling. The shock 
which agitated the building was therefore described as having been horizontal and 
vorticose. Show that such a displacement would be produced by a simple rectilinear 
shock, if the resultant blow on each stone did not pass through its centre of gravity. 
See Mallet's Dynamics of Earthquakes, Milne in his Earthquakes, 1886, page 196, 
discusses the latter explanation and refers to some similar cases which occurred in 
the earthquake at Yokohama in 1880. 



CHAPTER III. 

MOTION ABOUT A FIXED AXIS. 

88. The Fundamental Theorem. A rigid body can turn 
freely about an axis fixed in the body and in space, to find the 
moment of the effective forces about the axis of rotation. 

Let any plane passing through the axis and fixed in space be 
taken as a plane of reference, and let be the angle which any 
other plane through the axis and fixed in the body makes with 
the first plane. Let m be the mass of any element of the body, 
r its distance from the axis, and let <^ be the angle made by a plane 
through the axis and the element m with the plane of reference. 

The velocity of the particle m is r<f> in a direction perpen- 
dicular to the plane containing the axis and the particle. The 
moment of the momentum of this particle about the axis is clearly 
mr^<f>. Hence the moment of the momenta of all the particles is 
2 (mr^(f>). Since the particles of the body are rigidly connected 
with each other, it is^ obvious that <^ is the same for every 
particle, and equal to 0. Hence the moment of the momenta of 

all the particles of the body about the axis is Xmr^6, i,e. the 
moment of inertia of the body about the axis multiplied into the 
angtdar velocity. 

The accelerations of the particle m are r^ and - r<^' perpen- 
dicular to, and along the direction in which r is measured, the 

moment of the effective forces on m about the axis is vnt^^y 
hence the moment of the effective forces on all the particles of the 

body about the axis is S (mir^i^). By the same reasoning as before 

this is equal to ^mr^0, i.e. the moment of inertia of the body about 
the axis into the angular acceleration. 

89. To determine tJie motion of a body about a fixed axis 
under the action of any forces. 

By D'Alembert*s principle the effective forces when reversed 
will be in equilibrium with the impressed forces. To avoid intro- 
ducing the unknown reactions at the axis, let us take moments 
about the axis. 
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Firstly, let the forces be impulsive. Let a>, o)' be the angular 
velocities of the body just before and just after the action of the 
forces. Then, following the notation of the last article, 

©' . liinr^ — til) . 2mr* = L, 
where L is the moment of the impressed forces about the axis ; 

, _ moment of forces about axis 
moment of inertia about axis ' 

This equation will determine the change in the angular velocity 
produced by the action of the forces. 

Secondly, let the forces be finite. Then taking moments about 

the axis, we have -tit . Imr^ = L ; 

dt^ 

d}0 moment of forces about axis 
dt^^ moment of inertia about axis * 

This equation when integrated will give the values of and 
dBjdt at any time. Two undetermined constants will make their 
appearance in the course of the solution. These are to be deter- 
mined from the given initial values of and d0ldt Thus the 
whole motion can be found. 

90. It appears from this proposition that the motion of a rigid body about a 
fixed axis depends on (1) the moment of the forces about that axis and (2) the 
moment of inertia of the body about the axis. Let Mk^ be this moment of inertia, 
so that k is the radius of gyration of the body. Then if the whole mass of the 
body were coUected into a particle and attached to the fixed axis by a rod without 
inertia, whose length is the radius of gyration k, and if this system be acted on by 
forces having the same moment as before, and be set in motion with the same 
initial values of & and dOjdt^ then the whole subsequent angular or gyratory 
motion of the rod will be the same as that of the body. We may tay briefly, that 
a body turning about a fixed axis it dynamically given, when we know its mast and 
radius of gyration, 

91. Ex. 4 perfectly rough circular horizontal board is capable of revolving 
freely round a vertical axis through its centre, A man whose weight is equal to that 
of the board walks on and round it at the edge : when he has completed the circuit 
vhat will be his position in space f 

Let a be the radius of the board, Mk* its moment of inertia about the vertical 
axis. Let ta be the angular velocity of the board, w' that of the man about the 
vertical axis at any time. And let F be the action between the feet of the man and 
the board. 

The equation of motion of the board is by Art. 89, Mk^<a= -Fa (1). 

The equation of motion of the man is by Art. 79, Mau'=F (2). 

Eliminating F and integrating, we get k^<a+a^ta'=0, 

the constant being zero, because the man and the board start from rest. Let 
01 ^ be the angles described by the board and man round . the vertical axis. Then 
«=tf, «'=d', and k*e+a^0'=O. Hence, when e'-0=27r and k^=ia*, we have 
^=}r. This gives the angle in space described by the man. Let V be the mean 

R. D. 5 
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relative velocity with which the man walks along the board, then oi' - ca = V/a, and 
/. w = - 2K/3a. This gives the mean angular velocity of the board. 

92. On the Pendulum. A body acted on by gravity only 
moves about a fixed horizontal axis, to determine the motion. 

Take the vertical plane through the axis as the plane of refer- 
ence, and the plane through the axis and the centre of gravity as 
the plane fixed in the bo(fy. Then the equation of motion is 

d^d _ moment of forces __ Mgh sin ^ . . 

H^ ■" moment of Inertia "" "" i/(yfc« + A«) ^ ^' 

where h is the distance of the centre of gravity from the axis and 
Mk^ is the moment of inertia of the body about an axis through 
the centre of gravity parallel to the fixed axis. Hence 

t*^.-^'-' » 

The equation (2) cannot be integrated in finite terms, but if 
the oscillations be small, we may reject the cubes and higher 
powers of and the equation will become 

dT' + FTA' ^ " *^- 

Hence the time of a complete oscillation is 2ir k/ — 7 . If 

h and k be measured in feet and ^=32*18, this formula gives the 
time in seconds. 

The equation of motion of a particle of any mass suspended 
by a string lis ^^ •^.sin^ = (3), 

which may be deduced from equation (2) by putting A; = and 
A = Z. Hence the angular motions of the string and the body 
under the same initial conditions will be identical if 

l^^ (4). 

This length is called the length of the simple equivalent 
pendulum. 

Centre of Oscillation*. Through G, the centre of gravity of 
the body, draw a perpendicular to the axis of revolution cutting it 

* The position of the centre of oscillation of a body was first correctly deter- 
mined by Huygens in his Harologium Oscillatorium published at Paris in 1673. 
The most important of the theorems given in the text were discovered by him. As 
D'Alembert's principle was not known at that time, Huygens had to discover some 
principle for himself. The hypothesis was, that when several weights are put in 
motion by the force of gravity, in whatever manner they act on each other their 
centre of gravity cannot be made to mount to a height greater than that from which 
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in C, Then C is called the centre of suspension. Produce GO to 
so that GO = I, Then is called the centre of oscillation. If the 
whole mass of the body (or indeed any mass) were collected at the 
centre of oscillation and suspended by a thread to the centre of 
suspension, its angular motion and time of oscillation would be the 
same as that of the body under the same initial drcum^stances. 

The equation (4) may be put under another form. Since 
CG = h and OG^l — h, we have 

OG.OO^ (rad.)» of gyration about 0, 

GO. GO- (rdA.y of gyration about G, 

00 . 0(7=3 (rad.)* of gyration about 0. 

Any of these equations show that, if be made the centre of 
suspension, and the axis be parallel to the axis about which k was 
taken, G will be the centre of oscillation. Thus the centres of 
oscillation and suspension are convertible and the times of oscillatvm 
about these points are the same. 

If the time of oscillation be given, I is given and the equation (4) 
will give two values of h. Let these values be Ai, Aj. Let two 
cylinders be described with that straight line as axis about which 
the radius of gyration k was taken, and let the radii of these 
cylinders be Ai, A,. Then the times of oscillation of the body about 
all generating lines of these cylinders are the same, and are 

approximately equal to iir^/-. 

With the same axis describe a third cylinder whose radius 

is k. Then Z == 2fc + ^^ — j-—^ , hence I is always greater than 2k, 

and decreases continually as A decreases and approaches the value 
k Thus the length of the equivalent pendulum continually de- 
creases as the axis of suspension approaches from without to the 
circumference of this third cylinder. When the axis of suspension 
is a generating line of the cylinder the length of the equivalent 
pendulum is 2k When the axis of suspension is within the 
cyliDder and approaches the centre of gravity the length of the 
equivalent pendulum continually increases, and it becomes infinite 
as the axis passes through the centre of gravity. 

it has descended (Art. 6S). Haygens considers that he assumes here only that a 
heavy body cannot of itself move upwards. The next step in the argument was, 
that at any instant the velocities of the particles are such that, if they were separated 
from each other and properly guided, the centre of gravity could be made to mount 
to a second position at high as its first position. For if not, consider the particles to 
start from ^eir last positions, to describe the same paths reversed, and then again 
to be joined together into a pendulum ; the centre of gravity would rise to its first 
position ; but if this be higher than the second position, the hypothesis would be 
contradicted. This principle gives the same equation which the modem principle 
of Vis Viva would give. The rest of his solution is not of much interest. 

5—2 



68 MOTION ABOUT A FIXED AXIS. [CHAP. III. 

The time of oscillation is therefore least when the axis is a 
generating line of the circular cylinder whose radius is k. But the 
time about the axis thus found is not an absolute minimum. It 
is a minimum only for axes drawn parallel to a given straight line 
in the body. To find the axis about which the time is absolutely 
a minimum we must find the axis about which A: is a minimum. 
Now it is proved in Art. 23 that the axis through G about which 
the moment of inertia is least or greatest is one of the principal 
axes. Hence the axis about which the time of oscillation is a 
minimum is parallel to that principal axis through about which 
the moment of inertia is least. Also if Mh? be the moment of 
inertia about that axis, the axis of suspension is at a distance k 
from it measured in any direction. 

• 

93. Ex. 1. Find the time of the small oscillations of a cube (1) when one 
side is fixed, (2) when a diagonal of one of its faces is fixed ; the axis in both cases 
being horizontal. If 2a be a side of the cube, show that the length of the simple 
equivalent pendulum is in the first case 4^2alSf and in the second case 5a/3. 

Ex. 2. An elliptic lamina is such that when it swings about one lalus reotom 
as a horizontal axis, the other latus rectum passes through the centre of oscillation, 
prove that the eccentricity is J . 

Ex. 3. A circular arc oscUlates about an axis through its middle point perpen- 
dicular to the plane of the arc. Prove that the length of the simple equivalent 
pendulum is independent of the length of the arc, and is equal to twice the radius. 

Ex. 4. The density of a rod varies as the distance from one end, show that the 
axis perpendicular to it about which the time of oscillation is a minimum intersects 
the rod at one of the two points whose distance from the centre of gravity is 
Ay2a/6, where a is the length of the rod. 

Ex. 5. Find what axis in the area of an ellipse must be fixed that the time of a 
small oscillation may be a minimum. Show that the axis must be parallel to the 
major axis, and must bisect the semi-minor axis. 

Ex. 6. A uniform stick hangs freely by one end, the other end being close to the 
ground. An angular velocity in a vertical plane is then communicated to the stick, 
and, when it has risen through an angle of 90°, the end by which it was hanging is 
loosed. What must be the initial angular velocity so that on falling to the ground 
it may pitch in an upright position ? Show that the required angular velocity ta is 

given by w' = ^ { 3 + , ) » ^^®'® ^P ™*y ^® *°y ^^^ multiple of ir and 2a 

is the length of the rod. 

Ex. 7. Two bodies can move freely and independently under the action of 
gravity about the same horftontal axis ; their masses are m, m\ and the distances of 
their centres of gravity from the axis are 7i, h\ If the lengths of their simple equivalent 
pendulums be Ly L\ prove that when they are fastened together in the positions 

of equilibrium the length of the equivalent pendulum will be ,—,— . 

The length of this resultant equivalent pendulum lies between L and L' provided 
h and h' have the same sign. 

If a heavy particle m' be attached to a vibrating pendulum it follows that the 
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period is increased or decreased according aa the point of attachment is at a greater 
or less distance from the axis of saspension than the centre of oscillation. 

Ex. 8. When it is required to regulate a clock, such as the great Westminster 
elock, without stopping the pendulum, it is usual to add some small weight to or 
sabtract it from a platform attached to the pendulum. Show that, in order to make a 
given alteration in the going of the clock by the addition of the least possible weight, 
the platform must be placed at a distance from the point of suspension equal to half 
the length of the simple equivalent pendulum. Show also that a slight error in the 
position of the platform will not afifect the weight required to be added. 

Ex. 9. A circular table, centre O, is supported by three legs AA\ BB\ CC which 
rest on a perfectly rough horizontal floor, and a heavy particle P is placed on the 
table. Suddenly one leg CC gives way, show that the table and the particle will 
immediately separate if pc be greater than x* ; where p and c are the distances of P 
and respectively from the line AB joining the tops of the legs, and k is the radius 
of gyration of the table with the remaining legs about the line A'B' joining the 
points where the legs rest on the floor. 

The condition of separation is that the initial normal acceleration of the point 
of the table at P should be greater than the normal acceleration of the particle 
itself. 

Ex. 10. A string without weight is placed round a fixed ellipse whose plane is 
vertical, and the two ends are fastened together. The length of the string is greater 
than the perimeter of the ellipse. A heavy particle can slide freely on the string 
and performs small oscillations under the action of gravity. Prove that the simple 
equivalent pendulum is the radius of curvature of the oonfocal ellipse passing 
through the position of equilibrium of the particle. 

94. EfTect of change of temperature. In a clock which 
is regulated by a pendulum, it is necessary that the time of oscil- 
lation should be invariable. As all substances expand or contract 
with every alteration of temperature, it is clear that the distance 
of the centre of gravity of the pendulum from the axis and the 
moment of inertia about that axis will be continually altering. 
The length of the simple equivalent pendulum does not however 
depend on either of these elements simply, but on their ratio. If 
then we can construct a pendulum such that the expansion or 
contraction of its diflFerent parts does not alter this ratio, the time 
of oscillation will be unafiFected by any change of temperature. 
For an account of the various methods of accomplishing this which 
have been suggested, we refer the reader to any treatise* on clocks. 
We shall here only notice for the sake of illustration one simple 
construction, which has been much used. It was invented by 
George Graham about the year 1715. He gave an account of it 
in Vol. 34 of the Phil, Traits. 1726 (printed 1728). 

* Denison's treatise on Clocks arid Watches atid Bells, 7th ed. 1883. Treatise 
on Modern Horology in theory and practice, translated from the French of Claudius 
Baanier by Julien Tripplin and Edward Kigg, 2nd ed. 1891. The Watchmaher^s 
handbook, translated from the French of C. Saunier by the same authors, 3rd ed. 
1891. Both these are rather practical than theoretical. Watch and Clockmakers* 
handbook, by F. J. Britten, 1884. This is a practical treatise arranged alphabetically. 
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Some heavy fluid, such as meroniy, is enclosed in a cast-iron cylindrical jar. 
Iron is used partly because there is no chemical action between it and the mercury 
and partly because its coefficient of expansion is not large. An iron rod is screwed 
into the top of the jar and then suspended in the usual manner from a fixed point. 
The downward expansion of the iron on any increase of temperature tends to lower 
the centre of oscillation, but the upward expansion of the mercury tends on the 
contrary to raise it. It is required to determine the condition that the position of 
the centre of oscillation may on the whole be unaltered. 

Let Mh^ be the moment of inertia of the iron jar and rod about the axis of 
suspension, e the distance of their common centre of gravity from that axis. Let 
I be the length of the pendulum from the point of suspension to the bottom of the 
jar, a the internal radius of the jar. Let nM be the mass of the mercuiy, h the 
height it occupies in the jar. 

The moment of inertia of the cylinder of mercury about a straight line through 
its centre of gravity perpendicular to its axis is by Art. 17, nM(^h^+\a?), Hence 
the moment of inertia of the whole body about the axis of suspension is 

and the moment of the whole mass collected at its centre of gravity is 

The length L of the simple equivalent pendulum is the ratio of these two, and on 
reduction we have X=— ^5 _ — . .* ■ — (1). 

Let the linear expansion of the substance which forms the rod and jar be 
denoted by a and that of mercury by /3 for each degree of the thermometer. If the 
thermometer used be Fahrenheit's, we have a ='0000065668, /3= -00003336, accord- 
ing to some experiments of Dulong and Petit. Thus we see that a and /3 are so 
small that their squares may be neglected. In calculating the height of the mercury 
it must be remembered that the jar expands laterally, and thus the relative vertical 
expansion of the mercury is 3/3 - 2a, which we shall represent by 7. 

If then the temperature of every part be increased t^, we have a, Z, Ar, c, all 
increased in the ratio 1 + at : 1, while h is increased in the ratio 1 + 7^ : 1. Since L 
is to be unaltered, we have 




fdL dL, dL, dL \ dL ^ ^ 
[l^'"''dl'^dk^^d^')^^dh^y=^' 



But L is a homogeneous function of one dimension, hence 

dL dL, dL, dL dL ^ ^ 
da dL dk dc dk 

The condition becomes therefore by substitution — ^ = 7 -7^ . 

a-y L dh 

Let A, B he the numerator and denominator of the expression for L given by 
equation (1). Then taking the logarithmic dififerential 

1 dL_n{^h-l) . Jn _^ n fjh-l 1\ 
L dh^ A "^ B' B\ L ^2)' 

Hence the required condition is „ , * — r= ^ . {-^ jA (2). 

8(/3-o) ^_/^^£ \ -^ 2y ^ ' 

2 n 
This calculation has more theoretical than practical importance, for the nu- 
merical values of a and /3 depend a good deal on the purity of the metals and on 
the mode in which they have been worked. The adjustment must therefore be 
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finally made by experiment. If the rate of the dock is found to be affected by a 
change of temperature it is nsnal to alter slightly the quantity of mercury in the 
jar until by trial the adjustment is found to be satisfactory. 

In the inyestigation we have supposed a and /9 to be absolutely constant, but 
this is only a very near approximation. Thus a change of 80° Fah. would alter /9 
by less than a fiftieth of its value. 

When the adjustment is made the compensation is not strictly correct, for the 
iron jar and mercury have been supposed to be of uniform temperature. Now the 
different materials of which the pendulum is composed absorb heat at different 
rates, and therefore while the temperature is changing there will be some slight . 
error in the dock. 

The whole length of a seconds pendulum of this conBtruction is about 44 inches, 
the expansion and contraction of which is corrected by a column of mercury in the 
jar about 7 inches long. The radius of the jar is usually about one inch. The 
weight of the mercury is then about 10 to 12 pounds which, added to that of the 
jar, frame, and rod, brings the total weight to about 14 pounds. 

Ex. If , as a first approximation, we regard the mercury as the weight, the jar 
and the rod being only of sufficient mass to hold up the mercury, and if we also 
suppose h and a to be so much less than L that we may reject the squares of their 
ratios to L, prove that the equation (1) gives L = l-ih and that the equation (2) 
gives h=\L. 

95. Bnoyaney of Air. Another cause of error in a clock pendulum is the 
buoyancy of the air. This produces an upward force acting at the centre of gravity 
of the volume of the pendulum equal to the weight of the air displaced* A very slight 
modification of the fundamental investigation in Art. 92 will enable us to take this 
into account. Let V be the volume of the pendulum, D the density of the air ; h^, 
^, the distances of the centres of gravity of the mass and volume respectively from 
the axis of suspension, Mlfl the moment of inertia of the mass about the axis of 
suspension. Let us also suppose the pendulum to be symmetrical about a plane 
through the axis and either centre of gravity. 

The equation of motion is then Mk^ = -Mgh^ain$-\- VDgh^ sin (^ (1). 

By the same reasoning as before we infer that if I be the length of the equivalent 

pendulum - =/4-^^r^ (2). 

The density B of the air is continually changing, the changes being indicated by 
variations in the height of the barometer. Let h be the value of the right-hand side 
of this equation for any standard density D. Suppose the actual density to be 
D + 8D and let I + 61 he the corresponding length of the seconds pendulum, then we 

have by differentiation ~w~~^9'%f ' ♦ *°^ therefore -j = -r -irr yr . 

This formula gives in a convenient form the change in the length of the equi- 
valent pendulum due to a change in the density of the air. 

96. Ex. 1. If the centres of gravity of the mass and volume were very nearly 
coincident and the weight of the air displaced were y^ of the weight of the 
pendulum, show that a rise of one inch in the barometer would cause an error in 
the rate of going of the seconds pendulum of nearly one-fifth of a second per day. 

This example will enable us to estimate the general effect of a rise of the 
barometer on the rate of going of an iron pendulum. 

Ex. 2. If a barometer were attached to the pendulum show that the rise or fall 
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of the mercury as the density of the air ohanged could be so arranged as to keep the 
time of vibration unaltered. This method was suggested first by Dr Robinson of 
Armagh in 1831 in the fifth volume of the memoirs of the Astronomical Society, and 
afterwards by Mr Denison in the Astronomical Notices for Jan. 1873. In the Armagh 
Places of Stars published in 1859, Dr Bobinson described the difficulties he found in 
practice before he was satisfied with the working of the clock. 

The jar of mercury in Graham's mercurial pendulum might be used as the 
cistern of the barometer, as Mr Denison remarks. 

The theory of the construction is that in differentiating equation (2) we are to 
suppose k^, &o. variable and I constant. 

Prof. Bankine read a paper to the British Association in 1853 in which he 
proposed to use a clock with a centrifugal or revolving pendulum, part of which 
should consist of a siphon barometer. The rising and falling of the barometer 
would affect the rate of going of the clock so that the mean height of the mercurial 
column during any long period would register itself. 

Ex. 3. If the pendulum be supposed to drag a quantity of air with it which 
bears a constant ratio to the density D of the surrounding air and adds yD to the 
moment of inertia of the pendulum without increasing the moving power, show that 
the change produced in the simple equivalent pendulum by a change of density 8D 
is given by 8l=y8DIMhi (see Art. 105). 

97. MomentB of Inertia found by experiment. In many 
experimental investigations it is necessary to determine the 
moment of inertia of the body experimented on about some 
axis. If the body be of regular shape and be so far homogeneous 
that the errors of this assumption are of the order to be neglected, 
we can determine the moment of inertia by calculation. But 
sometimes this cannot be done. If we can make the body oscillate 
under gravity about any axis parallel to the given axis placed 
in a horizontal position, we can determine by equation (4) of 
Art. 92 the radius of gyration about a parallel axis through the 
centre of gravity. This requires however that the distances of 
the centre of gravity from the axes should be very accurately 
found. Sometimes it is more convenient to attach the body to 
a pendulum of known mass whose radius of gyration about a fixed 
horizontal axis has been previously found by observing the time 
of oscillation. Then by a new determination of the time of 
oscillation, the moment of inertia of the compound body, and 
therefore that of the given body, may be found, the masses being 
known. 

If the body be a lamina, we may thus find the radii of gyration 
about three axes passing through the centre of gravity. By 
measuring three lengths along these axes inversely proportional 
to these radii of gyration, we have three points on a momental 
ellipse at the centre of gravity. The ellipse may then be con- 
structed. The directions of its principal diameters are the 
principal axes, and the reciprocals of their lengths represent on 
the same scale as before the principal radii of gyration. 
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If the body be a solid, six observed radii of gyration will de- 
termine the principal axes and moments at the centre of gi*avity. 
But in most cases some of the circumstances of the particular 
problem under consideration will simplify the process. 

The following example illastrates the use of the method in determining or 
eliminating the unknown moments of inertia which occur in some experimental 
researches. Other examples are given in Arts. 99, 122, Ac. 

Ex. A symmetrical magnet can turn freely about a vertical axis which passes 
throagh its middle point, and the effect of the earth's magnetism on it is represented 
by a couple whose moment is F sin 6^ where is the angle the axis of the magnet 
makes with the meridian. The extremities of the magnet can be loaded at pleasure 
with two equal spherical brass weights which rest on the magnet by sharp points 
80 that the weights do not partake of the rotatory motion of the magnet. If I be 
the moment of inertia of the magnet, fi the mass of either sphere, 2c the distance 
between their centres, prove that the times of oscillation without and with the 
spheres are 

r=2ir {I/F}*, r' = 2ir{(I + 2/iC«)/F}*, 

whence / and F can be found when T and 7' have been observed. If the weights 
were rigidly attached to the magnet, we must increase 2fic* by f/te' where e is the 
radius (see Art. 148). In this case e must be measured as well as c, but the error 
due to friction at the point of attachment is avoided. This method of finding 
the value of F is commonly ascribed to Weber. See Taylor's translations of 
Scientific Memoirs, and Airy's Magnetism, 

98. On the length of the Seconds Pendulum. The 

ascillations of a rigid body may be used to determine the 
numerical value of the accelerating force of gravity. Let t be 
the half time of a small oscillation of a body made in vacuo about 
a horizontal axis, h the distance of the centre of gravity from the 
axis, k the radius of gyration about a parallel axis through the 
centre of gravity. Then we have by Art. 92, 

*« + A» = XAt» (1), 

where ^'^^j so that X is the length of the simple pendulum 

whose complete time of oscillation is two .seconds. 

We might apply this formula to any regular body for which 

h and h could be found by calculation. Experiments have thus 

been made with a rectangular bar, drawn as a wire and suspended 

Ar* -H A* 
from one end. In this case -r — , which is the length of the 

simple equivalent pendulum, is easily seen to be two-thiixis of the 
length of the rod. The preceding formula then gives X or ^ as 
soon as the time of oscillation has been observed. By inverting 
the rod and taking the mean of the results in the two positions 
any error arising from want of uniformity in density or figure may 
be partially obviated. It has, however, been found impracticable 
to obtain a rod sufficiently uniform to give results in accordance 
with each other. 
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99. If we make a body oscillate in succession about two 
parallel axes not at the same distance from the centre of gravity, 
we get two equations similar to (1), viz. 

ifc« + A« = XAT«, jfc» 4- A'* = XA V« (2). 

Between these two we may now eliminate i", thus 

^-^=At»-AV« (3). 

This equation gives X. Since h^ has disappeared, the form and 
structure of the body is now a matter of no importance. Let 
a body be constructed with two apertures into which knife edges 
can be fixed. The apertures may be triangular to prevent 
slipping. Resting on these knife edges, the body can be made 
to oscillate through small arcs. The perpendicular distances A, h' 
of the centre of gravity from the axes must then be measured 
with great care. The formula will then give \. 

100. In Capt. Kater's method {Phil Trans. 1818) the body 
has a sliding weight in the form of a ring which can be moved 
up and down by means of a screw. The body itself has the 
form of a bar and the apertures are so placed that the centre of 
gravity lies between them. The ring weight is then moved until 
the two times of oscillation are exactly equal. The equation (3) 

then becomes — - — = t* (4), 

which determines \. The advantage of this construction is that 
the position of the centre of gravity, which is not found without 
difficulty by experiment, is not required. All we want is A + h\ 
the exact distance between the knife edges. The disadvantage is 
that the ring weight has to be moved until two times of oscillation, 
each of which it is difficult to observe, are made equal. 

101. The equation (3) can be written in the form 

\ " 2 ^^A-A'^"^ "^ ^• 

We now see that, if the body be so constructed that the times 
of oscillation about the two axes of suspension are very nearly 
equal, t* — t'* will be small, and therefore it will be sufficient in 
the last term to substitute for A and A' their approximate values. 
The position of the centre of gravity is of course to be found as 
accurately as possible, but any small error in its position is of 
no very great consequence, for such an error is multiplied by the 
small quantity t* — t'*. The advantage of this construction over 
Kater's is that the ring weight may be dispensed with and yet 
the only element which must be measured with extreme accuracy 
is A + A', the distance between the knife edges. 
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102. In order to measure the distance between the knife edges, Captain Kater 
first compared the different standards of length then in use, in terms of each of 
which he expressed the length of his pendulum. Since then a much more complete 
comparison of these and other standards has been made under the direction of the 
Committee appointed for that purpose in 1843. Phil. Tram,, 1857. 

Haying settled his unit of length, Captain Eater proceeded to measure the 
distance between the knife edges by means of microscopes. Two different methods 
were used, which however cannot be described here. As an illustration of the 
extreme care necessary in these measurements, the following fact may be mentioned. 
Though the images of the knife edges were always perfectly sharp and well defined, 
their distance when seen on a black ground was '000572 of an inch less than when 
seen on a white ground. This difference appeared to be the same, whatever the 
relative illumination of the object and ground might be, so long as the difference of 
character was preserved. Three sets of measurements were taken, two at the be- 
ginning of the experiments, and the third after some time. The object of the last 
set was to ascertain if the knife edges had suffered from use. The mean results of 
these three differed by less than a ten 'thousandth of an inch from each other, the 
distance to be measured being 39*44085 inches. 

103. The time of a single vibration cannot be observed 

directly, because this would require the fraction of a second of 

time as shown by the clock to be estimated either by the eye or 

ear. The diflBculty may be overcome by observing the time, say 

of a thousand vibrations, and thus the error of the time of a single 

vibration is divided by a thousand. The labour of so much counting 

may however be avoided by the use of the method of coincidences. 

The pendulum is placed in front of a clock pendulum whose time 

of vibration is slightly different. Certain marks made on the two 

pendulums are observed by a telescope at the lowest point of their 

arcs of vibration. The field of view is limited by a diaphragm 

to a narrow aperture across which the marks are seen to pass. 

At each succeeding vibration one pendulum follows the other 

more closely, and at last its mark is completely covered by the 

other during the passage across the field of view of the telescope. 

After a few vibrations it appeai*s again preceding the other. In 

the interval from one disappearance to the next, one pendulum 

has made, as nearly as possible, one complete oscillation more than 

the other. We have therefore to count the number of vibrations 

made by either pendulum in the interval. At the beginning 

of the counting let one pendulum coincide with the other as 

nearly as we can judge. Suppose that after n half vibrations 

of the clock pendulum the next coincidence has not quite arrived, 

but that after n + 1 half vibrations the coincidence has passed. 

If the clock pendulum be the slower of the two, the other must 

have made n+ 2 or n-{-3 half vibrations in the interval. Thus 

the time of one half vibration of the pendulum lies between the 

n n ^ 1 

fractions ^ and — —^ of the period of the clock vibration. 

n + 2 w + 3 ^ 

Taking either of these estimates as the real time of a half 
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vibration of the pendulum the error is less than the fraction 

2 

, c^z r~ — «, of the time of a half vibration of the clock 

(n + 2)(ri + 3) 

pendulum. It appears from this that the error varies nearly in- 
versely as the square of the number of vibrations between two 
coincidences. In this manner 530 half vibrations of a clock 
pendulum, each equal to a second, were found to correspond to 532 
of Captain Kater's pendulum. The error of this estimate is so 
small that in twenty- four hours it would accumulate only to about 
three-fifths of a second. The ratio of the times of vibration of the 
pendulum and the clock pendulum may thus be calculated with 
extreme accuracy. The rate of going of the clock must then 
be found by astronomical means. 

The reader should notice the resemblance between this process 
of comparing two clocks with the use of the vernier in comparing 
lengtha Of course there are diflFerences, because the vernier is 
applied to space, and we have here to do with time. But the 
general principle is the same. 

In some more recent experiments the observation of the 
coincidences was assisted by the use of a momentary electrical 
illumination of the slit, Nature 1898, Feb. 10. 

104. The ReductiouB. The time of vibration thus obtained 
will require several corrections which are called ** reductions." 
For instance, if the oscillation be not so small that we can put 
sin d = d in Art. 92, we must make a reduction to infinitely small 
arcs. The general method of eflFecting this will be considered 
in the chapter on Small Oscillations. Another reduction is 
necessary if we wish to reduce the result to what it wouM have 
been at the level of the sea. The attraction of the intervening 
land may be allowed for by Dr Young's rule {Phil. Trans. 1819). 
We may thus obtain the force of gravity at the level of the sea, 
supposing all the land above this level were cut off and the sea 
constrained to keep its present level. As the level of the sea is 
altered by the attraction of the land, further corrections are still 
necessary if we wish to reduce the result to the surface of that 
spheroid which most nearly represents the earth. See Canib. 
Phil. Traris, Vol. viii. On the variation of gravity at the surface 
of the earthy by Sir Q. Stokes. 

Mr Baily gives as the length of the pendulum whose half time 
of vibration is a mean solar second in the open air in the latitude 
of London 39*133 inches, and as the length of a similar pendulum 
vibrating sidereal seconds 38*919 inches. 

105. Correction fox B«slataac6 of tlid Air. The observations mast be made 
in the air. To correct for this we have to make a redaction to a vacaum. This 
redaction consists of three parts : (1) The correction for buoyancy, (2) Da Buat*8 
correction for the air dragged along by the pendalam, (3) The resistance of the air. 
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The Tolnme V of the pendulum may be found by measuring the dimensions of 
the body. As the ** reduction to a vacuum" is only a correction, any small un- 
avoidable errors in calculating the dimensions will produce an effect only of the 
second order on the value of X. Let p be the density of the air when the body is 
oscillating about one knife edge, p' the density when oscillating about the other. 
If the observation be made within an hour or two hours, we may put p=p'. The 
effect of buoyancy is allowed for by supposing a force Vpg to act upwards at the 
centre of gravity of the volume of the body. If the body be made as nearly as 
possible symmetrical about the two knife edges this centre of gravity will be half 
way between the knife edges, see Art. 95. 

Du Buat discovered by experiment that a pendulum drags with it to and fro a 
certain mats of air which increases the inertia of the body without adding to the 
moving force of gravity. This result has been confirmed by Bessel and Stokes. 
The mass dragged bears to the mass of air displaced by the body a ratio which 
dejiends on the external shape of the body. Let us represent it by fiVp. If the 
body be symmetrical about the knife edges, so that the external shape is the same 
whichever edge is made the axis of suspension, /i will be the same for each oscilla- 
tion. We must add to the ^ of equation (1) in Art. 92 and therefore also in 
Art. 98 the term /iFpfc^/m, where ft' is the radius of gyration of the dragged air 
about either axis of suspension and m is the mass of the pendulum. 

Taking these two corrections the equation (1) of Art. 98 will now become 

m \ ml) 

Similarly for the osciHation about the other knife edge, 



m \ »i 2 / 



We must eliminate &^ as before. If the observations about the two knife 
edges succeed each other at a short interval we may put />=p', and then Du Buat*s 
correction will disappear. This is of course a very great advantage. We then have 

h 



*^-'r*''''^>-<^--£)' 



the last term being very small, because r and r' are nearly equal. 

The resistance of the air will be some function of the angular velocity dB\dt of 
the pendulum. Since the angular velocity is very small we may expand this function 
and take only the first power. Supposing that Maclaurin's theorem does not fail, 
and that no coefficient of a higher power than the first is very great, this gives a 
resistance proportional to dB\dU The equation of motion will therefore take the form 

— -^r^B— -2f — , 
dt^ ^ dt' 

where 2ir/n is the time of a complete oscillation in a vacuum, and the term on the 
right-hand side is that due to the resistance of the air. The discussion of this 
equation will be found in the chapter on Small Oscillations. 

When the density of the air is increased, the three corrections (buoyancy, the 
addition to the inertia, and the resistance of the air) combine to increase the time 
of oscillation of a pendulum and therefore to make a clock go a little slower. 

The reader may consult, Du Buat, Prineipes d'hydraulique 1786 ; F. W. Bessel, 
Royal Academy of Sciences, Berlin 1826, Baily " On the correction of the pendulum," 
Phil. Trans. 1832, Account of the operations of the great trigonometrical survey in 
India by Capt. Heaviside 1879, Gen. Walker's Account of recent pendulum opera- 
tions 40c., Phil Tram. 1890. 
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106. Constniction of a pendulum. In constructing a 
reversible pendulum to measure the force of gravity, the following 
are points of importance. 

1. The axes of suspension, or knife edges, must not be at the 
same distance from the centre of gravity of the mass. They 
should be parallel to each other. 

2. The times of oscillation about the two knife edges should 
be nearly equal. 

3. The external form of the body must be symmetrical, and 
the same about the two axes of suspension. 

4. The pendulum must be of such a regular shape that the 
dimensions of all the parts can be readily calculated. 

These conditions are satisfied if the pendulum be of rect- 
angular shape with two cylinders placed one at each end. The 
external forms of these cylinders should be equal and similar, 
but one solid and the other hollow, aud such that the distance 
between the knife edges is to be as nearly as possible equal to the 
length of the simple equivalent pendulum found by ccdctdation. 
This is called Bepsold's pendulum. 

5. The pendulum should be made, as far as possible, of one 
metal, so that as the temperature changes it may be always similar 
to itself. In this case since the times of oscillation of similar 
bodies vary as the square root of their linear dimensions, it is 
easy to reduce the observed time of oscillation to a standard tem- 
perature. The knife edges however must be made of some strong 
substance not likely to be easily injured. 

107. Ex. 1. If the knife edges be not perfectly sharp, let r be the difference of 
their radii of carvature ; show that 

A 

very nearly, when the pendulam vibrates in vacao. It appears that the correction 
vanishes if the knife edges are equally sharp. By interchanging the knife edges 
we have the same equation with the sign of r changed. By making a few observa- 
tions we may thus determine r. A proposition similar to this has been ascribed to 
Laplace by Dr Young. 

Let p, p' be the radii of curvature of the knife edges. Then by taking moments 
about the instantaneous axis we may show (as in Art. 98) that A;'+^'=X(A+p)t'. 

Since p is small we may write this in the form A;'+ A' - (^+ ^') ^= X/tr*. The times 

of vibration r, ¥ are nearly equal, hence by Art. 92 we have k^=:hK very nearly. 
Substituting this value of k in the small terms we get k^+}i?-{h + h') p = Xhr*. There 
is a similar equation for the pendulum when it vibrates about the other knife edge, 
which may be obtained from this by interchanging h, h! and r, /. Eliminating h^ 
as in Art. 99, and remembering that r=p''-p,yre obtain the result to be proved. 

Ex. 2. A heavy spherical baU is suspended by a very fine wire successively 
from two points of support A and £, whose vertical distance h has been carefully 
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measured, thus forming two pendulums. The lowest point of the ball is, on each 
saspensioD, made to be as exactly as possible on the same level, which level is 
approximately at depths a and a' below A and B respectively. If r be the radius of 
the ball, which is small compared with a or a\ and 2, V the lengths of the simple 

equivalent pendulums, prove that — r- = !-■= -, T-n — » ^^^7 iiearly. By count- 

o o \ct — r)\0L —r) 

ing the number of oscillations performed in a given time by each pendulum, show 

how to find the ratio of I to V, Thence show how to find g and point out which 

lengths must be most carefully measured and which need only be approximately 

found, so as to render this method effective. This method is mentioned in Grant's 

History of Physical Astronomy , page 155, as having been used by Bessel in 1826. 

108. A Btandavd of Tningth, The length of the seconds pendulum has been 
used as a national standard of length. By an Act of Parliament passed in 1824, it 
was declared that the distance between the centres of two points in the gold studs 
in the straight brass rod then in the custody of the clerk of the House of Commons, 
whereon the words and figures " standard yard, 1760" were engraved, should be the 
original and genuine standard of length called a yard, the brass being at the tem- 
perature of 62° Fahr. And as it was expedient that the said standard yard if injured 
should be restored to the same length by reference to some invariable natural 
standard, it was enacted that the new standard yard should be of such length that 
the pendulum vibrating seconds of mean time in the latitude of London in a vacuum 
at the level of the sea should be 39*1393 inches. 

On Oct. 16, 1834, occurred the fire at the Houses of Parliament, in which the 
standards were destroyed. The bar of 1760 was recovered, but one of its gold pins 
bearing a point was melted out and the bar was otherwise injured. 

In 1838 a commission was appointed to report to the Government on the course 
best to be pursued under the peculiar circumstances of the case. In 1841 the com- 
mission reported that they were of opinion that the definition by which the standard 
yard is declared to be a certain brass rod was the best which it was possible to adopt. 
With respect to the provision for restoration they did not recommend a reference to 
the length of the seconds pendulum. ** Since the passing of the act of 1824 it has 
been ascertained that several elements of reduction of the pendulum experiments 
therein referred to are doubtful or erroneous: thus it was shown by Dr Young, 
Phil. Trans. 1819, that the reduction to the level of the sea was doubtful; by 
Bessel, Astron. Nachr. No. 128, and by Sabine, Phil. Trans. 1829, that the reduction 
for the weight of air was erroneous ; by Bally, Phil. Trans. 1832, that the specific 
gravity of the pendulum was erroneously estimated and that the faults of the agate 
planes introduced some elements of doubt ; by Eater, Phil, Trans. 1830, and by 
Baily, Astron. Soc. Memoirs ^ Vol. ix., that very sensible errors were introduced in 
the operation of comparing the length of the pendulum with Shuckburgh's scale 
used as a representative of the legal standard. It is evident, therefore, that the 
course prescribed by the act would not necessarily reproduce the length of the 
original yard." The commission stated that there were several measures which 
had been formerly accurately compared with the original standard yard, and that 
by the use of these the length of the original yard could be determined without 
sensible error. 

In 1843 another commission was appointed to compare all the existing measures 
and to construct from them a new Parliamentary standard. Unexpected difficulties 
occurred in the course of the comparison, which cannot be described here. A full 
account of the proceedings of the commission will be found in a paper contributed 
by Sir G. Airy to the Boyal Society in 1857. A standard bar of gun metal was 
finally prodnoed which was legalised as the standard by the act of 1855. Copies 
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are kept at the Mint, the Boyal Observatory, the Boyal Society and many other 
places. A new Imperial yard has been in conrse of constmction since 1897. The 
weights and measures act of 1878 regulates the law on this sabject. 

In France the standard of length is the mdtre. This, like oar standard yard, 
was originally defined by reference to a length given in nature. The ten millionth 
part of the length of a meridian of the earth measured from the pole to the equator 
was declared to be the legal mdtre. But when new and more accurate measurements 
were subsequently made, it became evident that the length of the legal mdtre could 
not be altered for each improvement in the measure of Uie earth. Practically there- 
fore the definition of the mdtre is a certain length preserved in Paris. 

The use of the seconds pendulum as a standard of length assumes that a 
standard of time has already been obtained. In this case we must have recourse 
to some natural standard, and the one usually chosen is the time of rotation of the 
earth on its axis. This is recommended by its simplicity, for the interval between 
two successive transits of the same star across the meridian is very nearly equal to 
the time of rotation of the earth. But other natural standards may also be used to 
check the clock. 

For an account of the recommendations made in the two reports (1873 and 1874) 
by the Units Committee of the British Association, see Prof. Everett's treatise on 
Unitt and Physical Constants. ■ 

109. OBCillation of a Watch Balance. A rod ROB can 

turn freely about its centre of gravity which is fixed, and is 
acted on by a very fine spiral spring OPB. The spring has one 
end C fixed in position in such a manner that the tangent at C 
is also fixed, and has the other end B attached to the rod so that 
the tangent at B makes a constant angle with the rod. The rod 
being turned through any angle, it is required to find the time of 
oscillation. This is the construction used in watches, just as the 
pendulum is used in clocks, to regulate the motion. In many 
watches the rod is replaced by a wheel whose centre is 0. 

Let Ox be the position of the rod when in equilibrium, and 
let be the angle the rod makes with Ox at any time <, Afk^ the 
moment of inertia of the rod about 0. Let p be the radius of 
curvature at any point P of the spring, po the value of p when in 
equilibrium. Let (x, y) be the coordinates of P referred to as 
origin and Ox as axis of x. Let us consider the forces which act 
on the rod and the portion BP of the spring. The forces on the 

rod are X, Y the resolved parts of the 
action at parallel to the axes of co- 
ordinates, and the reversed effective 
forces which are equivalent to a couple 
Mh^d^Ojdt^ The forces on the spring 
are, the reversed eflFective forces which, 
owing to the fineness of the spring, 
are so small that they may be neg- 
lected, and the resultant action across 
the section of the spring at P. This resultant action is produced 
by the tensions of the innumerable fibres which make up the 
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spring, and these are equivalent to a force at P and a couple. 
When an elastic spring is bent so that its curvature is changed, it 
is proved both by experiment and theory •that this couple is pro- 
portional to the change of curvature at P. We may therefore 

represent it by ^ f J , where E depends only on the material 

of which the spring is made and on the form of its section. 

To avoid introducing the unknown force at P, we take moments 
about P. This gives 

This equation is true whatever point P may be chosen. Con- 
sidering the left side constant at any moment and (a?, y) variable, 
this becomes the intrinsic equation to the form of the spring. 

Let BP^8, Multiplying this equation by ds and integrating 
along the whole length I of the spiral spring, we have 

Now dsjp is the angle between two consecutive normals, hence 

jdsjp is the angle between the extreme normals. At G the 

normal to the spring is fixed throughout the motion, therefore 

ds ds \ . 

J is the anele between the normals at B in the two 

P. P^! . 
positions in which = and — 0, But since the normal at B 

makes a constant angle with the rod, this angle is the angle 

which the rod makes with its position of equilibrium. Also if 

X, y \>Q the coordinates of the centre of gravity of the spring at 

the time /, we have Jxds^xl, jyds^yL Hence the equation of 

motion becomes Ml^ ^-- =—rO -^rYx" Xy. 

dt^ I ^ 

Let us suppose that in the position of equilibrium there is no 
pressure on the axis 0, then, if the oscillation is small, X and Y 
will, throughout the motion, be small quantities of the order 0. 
Let us also suppose that the fulcrum is placed over the centre 
of gravity of the spring when at rest. Then if the number of 
spiral turns cf the spring be numerous and if each turn be nearly 
circular, the centre of gravity will never deviate far from G, Thus 
the terms Yx and Xy are each the product of two small quantities,, 
and are therefore at least of the second order. Neglecting these 

terms we have M1^ ^ ~ "" 1* ^' 

ImWi 

Hence the time of oscillation is ^ttk/ p . 

B. D. 6 



/( 



82 MOTION ABOUT A FIXED AXIS. [CHAP. III. 

It appears that to a first approximation the time of oscillatioa 
is iDdependent of the form of the spring in equilibrium, and 
depends only on its length and on the form of its section. 

This brief disoussion of the motion of a watoh balance is taken from a memoir 
presented to the Academy of Sciences. The reader is referred to an article in 
Liouville's Journal, 1860, for a farther investigation of the conditions necessary for 
isochronism and for a determination of the best forms for the spring. 

109 a. If the length I of the spring is too long the time of oscillation is increased 
and the watch goes too slow. To correct this when necessary the clamp by which 
the point C is held is attached to a rod Ox which can turn sti£9y round 0. The 
spring being held tight at D, let the rod Ox be moved from D, the spring slides 
throngh the clamp C and thus the length of CB, which is the effective length I of 
the spring, is shortened. Similarly by moving the rod Ox towards D, the effective 
length of the spring is increased. 

When the temperature rises, the length I of the spring is increased. For this 
and other reasons the watch will lose time. The compensation for a change of 
temperature is now usually effected by altering the moment of inertia of the oscil- 
lating body. The circumference of the balance wheel instead of being a complete 
circle consists of two arcs each less than a semi-circumference. An extremity of 
each is attached to one extremity of the rod BOB', and each carries a smaU mass 
which is attached to it near its free extremity. Each arc is constructed of two thin 
slips of different metals lying side by side, the outer of which is made of brass and 
the inner of steel. As the temperature increases the brass slip expands more than 
the steel slip so that the arcs bend inward. The distances of the small masses from 
the axis are decreased and the moment of inertia of the whole balance is diminished. 
The proper positions of the masses on the circular arcs are determined by trial and 
this is usually a troublesome process. 

As thus constructed the instrument corrects the error only to a near approxi- 
mation. The changes in Mk% and in the coefficient of elasticity £, due to changes 
of temperature, follow somewhat different laws, and cannot be made to neutralize 
each other throughout the whole of any large range of temperature. What remains 
is called the "secondary error" and the modes of correcting it are described in 
treatises on clocks and watches. 

109 &. The effect of the pressure and resistance of the air on the balance has 
not here been aUowed for. According to Du Buat's theory (Art. 105) the general 
effect is to increase the moment of inertia Mi^ of the balance by a small quantity R 
which is proportional to the density or pressure of the air. The time T of oscillation 
is therefore increased by iTRjMkK The watch therefore goes a little slower, the 
change of rate being proportional to the pressure. A short summary of some ex- 
periments made to test this result is given in the Bulletin de la SocUtS Astronomique 
de France, April 1904. 

When great accuracy is required the chronometer might be enclosed in an air- 
tight case so that the density of the air inside might be kept constant. 

110. PreBBureB on the fixed aslB. A body moves about a 
fixed axis under the action of any forces, to find the pressures on 
the axis. 

Firstly. Suppose the body and the forces to be symmetrical 
about the plane through the centre of gravity perpendicular to 
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the axis. Then it is evident that the pressures on the axis are 
reducible to a single force at C the centre of suspension. 

Let Fy be the actions of the point of support on the body 
resolved along and perpendicular to CO, where 
is the centre of gravity. Let X, F be the 
sum of the resolved parts of the impressed 
forces in the same directions, and L their 
moment round C Let CO=^h and d = angle 
which CO makes with any straight line fixed 
in space. 

Taking moments about (7, we have 

^=— A_ (1) 

The motion of the centre of gravity is the 
same as if all the forces acted at that point. Since it describes 
a circle round C, we have, by taking the tangential and normal 
resolutions, 







d0V X + F 



dt^~ M 
Equation (1) gives the values of 



d^0 , d0 



...(3). 



dt' 



and -jT, and then the 
at 



pressures may be found by equations (2) and (3). 

If the only force acting on the body be that of gravity, and 
be measured from the vertical, we have 

X = Mg cos 0, F= — Jfgrsin ^, L=^ — Mgh sin ; 

d^0 gh 



dt^ k' + h^ 
d0\^ ^ 2gh 



sind 



w- 

Integrating, we have (-r-j = (7-h ^ /,» ^^^ ^ ^^^' 

If the angular velocity of the body be II when CO is horizontal, 
we have G> = n when cos^ = 0. We find (7=0*. Substituting 
these values in (2) and (3) we get 



^ = n»A + flrcosd-^— ^J 



G 
M 



a sm y- r-o 

^ A;* + A* J 



where is the angle the perpendicular drawn from the centre of 
gravity of the body on the axis makes with the vertical measured 
aown wards. 

It appears from these results that the component of the pressure 
which is perpendicular to the plane containing the axis and the 
centre of gravity is independent of the initial conditions. As the 

6—2 
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body oscillates this component varies as the distance of the centre 
of gravity from the vertical plane through the axis. On the other 
hand the component of pressure in the plane containing the axis 
and the centre of gravity does depend on the initial angular 
velocity of the body. 

If the forces are impulsive, the equations (1), (2), (3) are only 
slightly altered. Let ©, oa! be the angular velocities of the body 
just before and just after the action of the impulses. The equa- 
tions then become 

where all the letters have the same meaning as before, except that 
F, (?, Xy Y are now impulses instead of finite forces. 

111. Ex. 1. A circnlftr area of weight W can turn freely abont a horizontal 
axis perpendicular to its plane which pasaee through a point C on its oircnmference. 
If it start from rest with the diameter through C vertically above C, show that the 
resultant pressures on the axis when that diameter is horizontal and vertically 
below C are respectively \^JVIW and ^W, 

Ex. 2. A thin uniform rod, one end of which is attached to a smooth hinge, is 
allowed to fall from a horizontal position ; prove that when the horizontal strain is 
the greatest possible, the vertical strain on the hinge is to the weight of the rod as 
11 : 8. [Math. Tripos. 

Ex. 3. Let a=^ w "Ta ' ^~^ ia fca ' *°^ ^®* '^ ^ *^® resultant of - F - ifQ- A 

and G. Construct an eUipse with C for centre and axes equal to 2a and 26 measured 
along and perpendicular to CO. Let this eUipse be fixed in the body and oscillate 
with it. Prove that the pressure R varies as the diameter along which it acts. And 
the direction may be found thus ; let the auxiliary circle cut the vertical through C 
in r, and let the perpendicular from V on CO cut the ellipse in 12. Then CR is 
the direction of the pressure R, 

112. Secondly. Suppose either the body or the forces not to 
be symmetrical. 

Let the fixed axis be taken as the axis of s with any origin 
and plane of xz. These we shall afterwards so choose as to simplify 
our process as much as possible. Let ^, ^, ^ be the coordinates of 
the centre of gravity at the time t. Let ai be the angular velocity 
of the body, / the angular acceleration, so that /= w. 

Now every element m of the body describes a circle about the 

axis, hence its accelerations along and 
perpendicular to the radius vector r 
from the axis are — cdV and^r. Let 
be the angle which r makes with the 
plane of xz at any time, then from the 
resolution offoi'ces it is clear that 

ic = — ft)V cos —fr sin ^ = — t^x — /y, 

and similarly y = — ft)*y +yi?. 
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These equations may also be obtained by differentiating the 
equations x — r cos 0, y^r sin 6 twice, remembering that r is 
constant. 

Collecting the eflFective forces of all the elements and com- 
bining them in Poinsot's manner, we see that they are equivalent 
to a force acting at the origin and a couple whose six com- 
ponents are 

Xy = ^mx = 2m (— ©'a? —fy) = - <o^Mx —/Afy (1), 

Fi = 2my=2m(-G)«y-h» = -G>«Jl/^+/MS (2), 

Zi = 2m^ =0 (3), 

ii = 2m (yl? — zy) = - ^mzy = to^^myz —f^mxz (4), 

A/i = 2m {zx — xlt) = 2m-^a? = — fo^^mxz —fl^myz. . .(5), 

iV, = 2m («y - y^) = 2mr-(» =^Mk'^f (6). 

Since i? = 0, the right-hand sides of (4) and (5) may obviously 
be obtained by merely introducing z into the 2 of (2) and (1). 

Let the body be fixed to the axis at two points distant a, a* 
from the origin and let the reactions of the points on the body 
resolved parallel to the coordinate axes be respectively F, 0, H; 
F\ G\ H\ Let X, Y, Z be the accelerating impressed forces 
acting on the particle m. Then by D'Alembert's principle, 
Art. 72, 

%mX + F+F^-(a^Mx-fMy (1/, 

27/1 r+ (? + (?' = -ft,Wy+/ilfx (2)', 

2mZ -f ir+ir' = (3)', 

2m {yZ — zY)— Ga— G'a — (o^%myz —fXmxz .(4)', 

2m (zX - xZ) -h -Pa -h F'a = - ti^^tmxz - f^myz (5)', 

^m{xY^yX) ^fMk'^ (6)'. 

Equation (6)' determines / and by integration ta also; (1)', 
(2)', (4)', (5/. then give F, G, F\ G' \ H and H' are indeterminate 
but their sum is given by (3)'. 

It is obvious that the six equations of motion may sometimes 
be greatly simplified. 

First. If the axis of 2r be a principal axis at the origin 

2m^r = 0, ^myz = 0, 

and the calculation of the right-hand sides of (4/ and (5/ becomes 
unnecessary. Hence we should, when possible, so choose the origin 
thai the fixed axis is a principal axis of the body at that point, 
Art. 48. 

Secondly. Except the determination of ^ and cj by integrating 
(6y, the whole process is merely an algebraic substitution of /and 
» in the remaining equations. Hence our results will still be 
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correct if in forming the eqiuitions of motion we choose the plane of 
xz to contain the centre of gravity at the moment under consider- 
action; this will make ^ = and thus equations (1/ and (2/ will 
be simplified. 

Thirdly. The points at which the body is attached to the 
axis being arbitrary, we shall arrive at simpler equations of motion, 
if we put one hinge :it the origin and the other at some convenient 
position. We then have a = 0, so that F\ 0' are found by inspec- 
tion from (4/ and (5)' while F, follow from (1)' and (2)'. 

113. Impulsive forces. If the forces which act on the 
body are impulsive, the equations require some alterations. Let 
(u, t;, w\ {u\ v\ v/) be the velocities resolved parallel to the axes of 
any element m whose coordinates are («, y, z). Then m == — yoi, 
u'=^ — y<o'; v^xo), v^xod'; and w — 0, t(;' = 0. The six com- 
ponents of the effective forces then become 

Xi = Im^u' - -m) = — 2my (fi)' — ft)) = — J/y(ft)'— «) (1), 

Fi = 2m(i;' — v) = Xmx (co' — od) == Mx (a — <o) (2), 

Z, = Xm(w-w) =0 (3), 

Li = 2m {y {w — w) — 2: (t;' — v)] = — 2m5?^ (<»' — to), . .(4), 

Ml = 2m [z {v! — tt) — a? (w' — w)] = — ^myz {to — a>). . .(5), 

N, = (Art. 89) = Jf Jb'« («' - «) (6). 

We then have by D'Alembert s principle (Art. 86) 

2X + ^-fi?" = -Jlfy(fi)'-a)) (ly, 

2F+G-hG'= Jl/^(a)'-a)) (2)', 

2^-hfi + i/' = (3)', 

2(y^-^r)-Ga-GV=-2mj:^(a)'-a>) ...(4)', 

2 (^X-a;Z) + J'rt + ^V = -2my-? («'-«) ...(6)'. 

2(a:F-yX) = JIf ik'« (©' - «) (6)'. 

These six equations are sufficient for the determination of 
ft)', F, F\ 0, (?' and the sum H + H\ 

In forming the equations of motion for any particular problem 
we see that it is important to attend to the three simplifications 
mentioned above. 

114. Analysis of results. Since the forces and pressures 
enter into the equations of st itics and dynamics in a linear form, 
it follows that the resolved pressures due to several causes may 
be found by adding together the resolved pressures due to each 
separately. The pressures of the axis on the body may therefore 
be regarded as the resultants of two sets of pressures, (1) the 
statical pressures which balance the impressed forces X, Y, Z, &c., 
and (2) the pressures equivalent to the effective forces mx, my, &c. 
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The resultant statical pressure can be found from the first five 
equations, their right-hand sides being replaced by zero. These 
equations are not altered by transferring the impressed forces 
parallel to themselves to act at points on the axis, provided that we 
introduce the usual couples. We may then neglect the couple 
whose axis is Ozy which occurs only in equation (6), and the statical 
pressure at the axis may be found by compounding the remaining 
transferred forces. Thus, if the only impressed force on the body 
is that of gravity, and the axis of suspension is horizontal, the 
statical pressure on the axis is a vertical force equal to the weight 
of the body, acting at the foot of the perpendicular drawn from 
the centre of gravity to the axis of suspension. In the same 
way if an impulse act on the body perpendicular to the axis, the 
statical pressure due to it may be found by simply transferring it 
parallel to itself in a plane perpendicular to tne axis to act at 
a point on that axis. 

When the axis of revolution Oz is a principal aads at some point 
0, the pressures due to the effective forces take a simple form. 
We see from (4) and (5) that Li = 0, ATj = 0. The effective forces 
are therefore equivalent to the forces ^i , Fi acting at together 
with a couple iVj. The forces X^, Fj are evidently the components 
of the effective forces of a mass M placed at the centre of gravity, 
while the couple Ni appears only in the sixth equation of motion 
and affects the pressures F, (?, F\ 0' only indirectly by altering /. 
It follows that the pressures at the axis due to the effective forces 
are equivalent to a single force which acts at the principal point 
of the axis of revolution and is equal to the resultant of the effective 
forces of the whole mass collected at the centre of gravity and 
moving with it. Representing the perpendicular from the centre 
of gravity on the axis by r, the components of this pressure are 
— 6>'J/r and fMf acting respectively along r and perpendicular 
to the plane containing r and the axis. W^hen the forces are 
impulses the same remarks apply, except that the only component 
of the pressure is /if r where/ = ©' — od. 

It appears therefore that when a heavy body rotates about a 
fixed horizontal axis which has a principal point 0, the pressures 
of the axis on the body are equivalent to two forces. One of 
these is equal and opposite to the weight and acts at the projection 
of the centre of gravity on the axis; the other is equal to the 
effective force at the centre of gravity and acts at the principal 
point. 

When the axis of suspension is parallel to a principal axis at 
the centre of gravity, we know by Art. 49 that the axis has a 
principal point and that this point coincides with the projection of 
the centre of gravity. In this case when the axis is horizontal 
both the pressure due to gravity and that due to the effective 
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forces act at the same point and are equivalent to a single 
pressure. 

When the rotating body is a lamina with the axis Oz in its 
plane, the effective forces of an element distant x from Oz are 
— <ahnx and fmXy x being the radius of the circle described by the 
element. It follows from the principles of elementary hydrostatics 
or from the reasoning of Art. 47 that the resultants of these two 
sets of parallel forces are respectively equal to — io^Mx andfMx and 
that both act at the centre of pressure of the area, the axis of 
suspension being regarded as in the surface of the fluid. The 
position of the centre of pressure is known whenever the area has 
equimomental points (Art. 47). In such cases the pressure at the 
axis of suspension due to the effective forces acts at the projection 
of the centre of pressure on the axis. 

Ex. 1. A heavy body can turn freely about a horizontal axis Oz which is a 
principal axis at 0. It starts from rest with the plane GOz through the centre of 
gravity O horizontaL Show that the pressure due to the effective forces alone 
makes an angle with the plane OOz whose tangent is half the tangent of the angle 
which the plane OOz makes vrith the vertical. 

Ex. 2. A quadrant of a circle of radius a can turn freely about a bounding 
radius as a horizontal axis. Show that the pressures on the axis are equivalent to 
two pressures, one equal to the weight of the lamina acting at a point of the fixed 
radius distant 4a/3x from the centre, and the other at a point which divides that 
radius in the ratio 8 : 5. 

Ex. 3. An elliptic lamina can turn freely about the straight line joining the 
extremities A and B of the principal diameters and this axis is fixed in a vertical 
position. If the lamina is set in rotation with an angular velocity w, such that 
(a'-b')(tf^=4^(a*+&^% prove that the pressures on the axis are equivalent to a 
single force acting at the foot of the perpendicular from the centre on the axis. 
Should the end A or B he highest? 

Ex. 4. A lamina can turn freely about an axis Oz in its plane as a fixed axis. 
It is struck by a blow P at any point A of its area in a direction perpendicular to 
the lamina. Show that the statical pressure on the axis is equal to a blow P acting 
at B where AB is a perpendicular to Oz, Show also that the pressure due to the 
effective forces is equal to a blow Px^lk^ acting at in a direction opposite to the 
blow at B. Here the origin O is the principal point of the axis, x and ( are the 
distances of the centre of gravity and of A firom OZy Mk^ is the moment of inertia 
about Oz. What is the condition that the pressure on the axis should be equivalent 
to a couple ? 

Ex. 5. A triangular lamina ABC oscillates about the side AB as a horizontal 
axis. Show that the length of the equivalent pendulum is A/c where A is the area. 
If the comer C is suddenly fixed, prove that the impulsive pressures at the corners 
A and B are equal. 

Ex. 6. A door is suspended by two hinges from a fixed axis making an angle a 
with the vertical. Find the motion and pressures on the hinges. 

Since the fixed axis is evidently a principal axis at the middle point, we shall 
take this point for origin. Also we shaU take the plane of xz so that it contains 
the centre of gravity of the door at the moment under consideration. 

The only force acting on the door is gravity, which may be supposed to act at 
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k'^$= -g sin a sin . 7. 



the centre of gravity. We most first resolve this parallel to the anes. Let be 
the angle the plane of the door makes with a vertical plane through the axis of 
sospension. If we draw a plane zON such that its trace ON on the plane of xOy 
makes an angle with the axis of x, this will be the vertical plane through the 
axis; and if we draw OV in this plane making zOV=a, OF will be vertical. 
Hence the resolved parts of gravity are 

X=g sin a cos (p, y=^ sin a sin ^, Z= -g cos a. 
Here ^ is the angle the moving plane xOO makes with the fixed plane zON, and is 
therefore measured from ON towards 0(r. Hence/ in Art. 112 is here - f. 

Since the resolved parts of the effective forces are the same as if the whole mass 
were collected at the centre of gravity, the six equations of motion are 

If^8inacos0 + F+F'= -w^Mx (1), 

Jf^8inasin0+G + G'= -<^Mx (2), 

-Afpco8o + H+fl' = (3), 

-Ga + G'a = (4), 

MgeosaS + Fa-F'a^O (6), 

- Mg sin a sin . S = Mk*^ . ^ (6). 

Integrating the last equation, we have 
C + 2g sin a cos . x=]lc^*ut^. 

Suppose the door to be initially placed 
at rest, its plane making an angle jS with 
the vertical plane through the axis ; then 
when 0=/9, w=0 ; hence 

ft'3 (ii> = 2gx sin a (cos - cos /3), 

By substitution in the first four equations F, F\ G, O' may be found. 

Ex. 7. A square lamina is susjiended by two hinges at two adjacent comers, 
from a fixed axis making an angle a with the vertical, prove that the pressure at 
the upper hinge can never be entirely along the axis, but that the pressure on the 
lower hinge can be entirely along the axis provided cot a lies between 1 and 4. 
Prove also that if this be so the angle jS made by the plane of the lamina in its 
highest position with the vertical plane is given by 3 cos /3=5 - 2 cot a. [Cains, 1899. 

115. Dirnamical and geometrical similarity. «It should 
be noticed that the equations of Arts. 112 and 113 do not depend 
on the form of the body, but only on its moments and products of 
inertia. We may therefore replace the body by any equimomental 
body that may be convenient for our purpose. 

This consideration will often enable us to reduce the compli- 
cated forms of Art. 112 to the simpler ones given in Art. 110. 
For though the body may not be symmetrical about a plane 
through its centre of gravity perpendicular to the axis of sus- 
pension, yet if the momenta! ellipsoid at the centre of gravity is 
symmetrical about this plane we may treat the body as if it were 
really symmetrical. Such, a body may be said to be dynamically 
symmetrical. If at the same time the forces are symmetrical 
about the same plane, and this will always be the case if the axis 
of suspension be horizontal and gravity is the only force acting, 
we know that the pressures on the axis must certainly reduce to 
a single pressure, which may be found by Art. 110. 
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116. Ex. 1. A uniform heavy lamina in the form of a sector of a circle is 
suspended hy a horizontal axis parallel to the radias which hisects the arc, and 
oscillates under the action of gravity. Show that the pressures on the axis are 
equivalent to a single force, and find its magnitude. 

Ex. 2. An equilateral triangle oscillates about any horizontal axis situated in 
its own plane, show that the pressures are equivalent to a single force and find its 
magnitude. 

117. Permanent axes of Rotation. Let us suppose that 
any point of a body under no forces is fixed in space and that it 
is set in rotation about some axis which we may call O2, We may 
enquire what are the necessary conditions that the body should 
continue to rotate about that axis as if it were fixed in space. 
When these conditions are satisfied the axis is called a permanent 
axis of rotation at the point 0. 

To determine these conditions let us suppose some other 
point A of the axis to be also fixed in space. Then by using the 
method of Arts. 112 or 113 we may determine the pressures at A 
which are necessary to fix the axis. If these are zero the attach- 
ment at A is unnecessary and may be removed. The body will 
then continue to rotate about Oz as if it were fixed in space. 

Since there are no impressed forces acting on the body, the 
whole pressure on the axis is that due to the effective forces. If 
the axis Oz is a principal axis at any point of its length the pres- 
sure due to the effective forces will act at that point (Art 114). 
Hence the pressure at A cannot be zero unless that point coincide 
with 0. The conditions are there/ore satisfied if the axis of rota- 
tion Oz is a principal axis at the fixed point 0. 

If the axis Oz is not a principal axis at any point we shall 
prove that it cannot be a permanent axis of rotation. To prove 
this we nujst practically return to the equations (4)', (5)' and (6)' 
of Art. 112. Let F, G, H, F\ 0\ H' be the pressures at and A. 
Then a = 0, a' = OA. Taking moments about Oz we have Mk'^f^ ; 
thus the angular velocity of the body about the axis Oz is constant. 
It easily follows that a; = — to^x, y = — fi)*y, z = 0. Taking moments 
about the axes of x and y we have (Art. 72) 

— 6rV = 2m iyz — zy) = eo^l^myz, 

F'a' = 2m {zx - x'i) = — <D^%mxz, 

Thus F' and & cannot be zero unless l,vixz = and ^myz^O, i.e. 
Oz cannot be a permanent axis of rotation unless it is a principal 
axis at the fixed point 0. 

The existence of principal axes was first established bj Segner in the work 
Specimen Theoriae Turbinum. His coarse of investigation is the opposite to that 
pursaed in this treatise. He defines a principal axis to be such that when a body 
revolves round it the forces arising from the rotation have no tendency to alter the 
position of the axis. From this dynamical definition he dedaoes the geometrical 
properties of these axes. The reader may consult Prof. Cayley's report to the 
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British Aasociation on the speeial problems of dynamics, 1862, and Bossut, Histoire 
des MathSmatiqueSt Tome n. 

118. A body at rest with one point fixed in space is acted 
on by an impulsive couple, it is required to find the initial axis of 
rotcUion. Let Oz be the initial axis. As before we shall regard 
this axis as fixed at some other point A, at which the pressures are 
to be equated to zero. Let L, My N be the resolved parts of the 
couple about the axes. The plane of the couple is therefore 

Xf + J|fi; + J^f=0 (1). 

Let u, v\ w' be the initial velocities of an element of the body 
whose coordinates are Xy y, z, and let a>' be the initial angular 
velocity of the body. Then w' = -- y^', v' = xto exactly as in Art. 
113. Taking moments about the axes of Xy y, z we have 

L — (?V = 2m {yw' — z^) = — l,mxz . o'' 
M + F'a' = 2m (zu' — xw') = — 'S.myz . «' 
N = Afik' V 

Here F\ 0' are, as before, resolved parts of the pressure at A, and 
OA =a'. Putting -F' = 0, G' = 0, these equations give the couples 
which must act on the body to produce rotation about Oz. Sub- 
stituting the values of L, AT, N in (1), the equation to the plane 

of the couple is — ^mxz^ — Imyzr} + Mk'*^ = (2). 

Let the momental ellipsoid at the fixed point be constructed 
and let its equation be 

A^-^Bv^+C^^ZDv^- 2E^S ^2F^^K. 

The diametral plane of the axis of ^ is 

-^f-Di7 + C? = (3). 

Comparing (2) and (3) we see that the plane of the resultant 
couple must be the diametral plane of the axis of revolution. 

If then a body at rest with one point fiaed be acted on by any 
cauple it will begin to rotate about the diametral line of the plane 
of the couple with regard to the momental ellipsoid at the fiaed point. 
Thus a body will begin to rotate about a perpendicular to the 
plane of the couple only when the plane of the couple is parallel 
to a principal plane of the body at a fixed point. 

119. Ex. 1. If a body at rest have one point fixed and be acted on by any 
couple whose axis is a radius vector OP of the ellipsoid of gyration at 0, the body 
will begin to turn about a perpendicular from O on the tangent plane at P. 

Ex. 2. A Bolid homogeneous ellipsoid is fixed at its centre, and is acted on by a 
couple in a plane whose direction-cosines referred to the principal diameters are 
{Ijm, n). Prove that the direction-cosines of the initial axis of rotation are pro- 

portioiul to ^1-^, ^"^, and -,-^.. 

Ex. 3. Any plane section being taken of the momental ellipsoid of a body at a 
fixed point, the body may be made to rotate uniformly about either of the principal 
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diameters of this seotion as a fixed axis bj the application of a couple of the proper 
magnitude whose axis is the other principal diameter. 

For assume the body to be turning uniformly about the axis of z. Then the 
couples which must act on the body to produce this motion are L=.^ Zmj/z, 
3f= - (i^Tmass, N=0, Art. 112. Then by taking the axis of x such that £111x2 = 
we see that the axis of the couple must be the axis of x and the magnitude of the 
couple will be 'L — ia^'Zmyt, 

Ex. 4. A body having one point O fixed in space is made to rotate uniformly 
about any proposed straight line by the application of the proper couple. The 
position of the axis of rotation when the magnitude of the couple is a maximum, 
has been called an axis of maximum reluctance. Show that there are six axes of 
maximum reluctance, two in each principal plane, each two bisecting the angles 
between the principal axes in the plane in which they are. 

Let the axes of reference be the principal axes of the body at the fixed point, let 
(Z, m, n) be the direction-cosines of the axis of rotation, (X, fi, v) those of the axis of 
the couple G. Then by the last question and the second and third examples of 

Art. 18. we have ^^ _ )^ ^^^^ = ^^^ -'^^ -^^ = ^- ^^ - ^ , 

GV«*= (4 - P)'Pma + (B - Cym^n* + (C - ^)«n«i«. 

We have then to make O a maximum by variation of {Imn) subject to the 
condition P + m*+n^=l. The positions of these axes were first investigated by 
Mr Walton in the Quarterly Journal of Mathematics, 1866, Vol. vii. p. 376. 

120. The Centre of Percuision. When the fixed axis is 
given and the body can be so struck that there is no impulsive 
pressure on the axis, any point in the line of action of the force is 
called a centre of percussion. 

When the line of action of the blow is given, the axis about 
which the body begins to turn is called the axis 0/ spontaneous 
rotation. It obviously coincides with the position of the fixed 
axis in the first case. 

Let us begin by considering the motiou in two dimensions. 
Imagine a lamina at rest and suspended from a point C with the 
centre of gravity G vertically under C. Let it be struck by a 
horizontal blow V which we may suppose to act in the plane of 
the lamina at some point A in CG produced. Let CA = a. Let F 
and G be the impulsive reactions at the fixed point C. Let w' be 
the angular velocity of the body round (7 just after the blow Y has 
been given. The equations of motion, exactly as in Art. 110, are 

therefore « =— ^^^^,^. Ao, ^, = ^. 

If the pressure G on the fixed point is zero, we have by eliminating 

F, ft» + A* = ah. 

By Art. 92 this shows that A must be^the centre of oscillation of 
the body. The centre of oscillation is there/ore a centre of per- 
cussion. 
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Pbop. a body U eapahle of turning freely about a fixed axis. To determine the 
conditions that there shall be a centre of percussion and to find its position. 

Take the fixed axis as the axis of z, and let the plane of xz pass through the 
centre of gravity of the body. Let X,Y,Zhe the resolved parts of the impulse, and 
let ^, i|, i* be the coordinates of any point in its line of action. Let Mk'^ be the 
moment of inertia of the body about the fixed axis. We have now to find the 
pressures on the axis, and by equating these to zero we shall discover the conditions 
for a centre of percussion. The process is virtually the same as that already 
explained in Art. 113 and again in Art. 117. It seems unnecessary to repeat the 
steps. Putting y=0 and omitting the impulsive pressures on the axis because by 
hypothesis thej are to be equated to zero, the six equations of motion of Art. 113 

become X=0, F=ilf5(«'-«), Z=0 (1). 

17Z - f F= - (w' - w) Sfnx«' 

^X-^Z= -(u' -ta)Xmyz ^ (2). 

From these equations we may deduce the following conditions. 

I. From (1) we see that X=0, Z=0, and therefore the force must act perpen- 
dicular to the plane containing the axis and the centre of gravity. 

II. Substituting from (1) in the first two equations of (2) we have Xmyz=0 and 

^= r . Since the origin may be taken anywhere in the axis of rotation, let it be 

so chosen that {'=0. Then the axis of z must be a principal axis at the point 
where a plane passing through the line of action of the blow perpendicular to the 
axis cuts the axis. Thus there can be no centre of percussion unless the axis be a 
principal axis at some point in its length. 

III. Substituting from (1) in the last equation of (2) we have ^=-=-' By 

Art. 92 this is the equation to determine the centre of oscillation of the body about 
the fixed axis treated as an axis of suspension. Hence the perpendicular distance 
between the line of action of the impulse and the fixed axis must be equal to the 
distance of the centre of oscillation from the axis. 

If the fixed axis be parallel to a principal axis at the centre of gravity, the line 
of action of the blow will pass through the centre of oscillation. 

Ex. 1. A circular lamina rests on a smooth horizontal table ; how should it be 
struck that it may begin to turn round a point on its circumference ? The line of 
action of the blow should divide the perpendicular diameter in the ratio 3 : 1. 

Bx. 2. A pendulum is constructed of a sphere (radius a, mass M) attached to 
the end of a thin rod (length b, mass m). Where should it be struck at each oscil- 
lation that there may be no impulsive pressures to wear out the point of support ? 
The point is at a distance I from the point of support, where 

{M(a + 6) + im6}Z=Jlf{|aa + (o + 6)«} + 4m6«. 

121. The Ballistic Pendulum. It is a matter of con- 
siderable importance in the Theory of Gunnery to determine the 
velocity of a bullet as it issues from the mouth of a gun. By 
means of it we obtain a complete test of any theory we have 
reason to form concerning the motion of the bullet in the gun. 
We may thus find by experiment the separate effects produced by 
varying the length of the gun, the charge of powder, or the weight 
of the ball. By determining the velocity of a bullet at different 
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distances from the gun we may discover the laws which govern the 
resistance of the air. 

It was to determine this initial velocity that Robins about 
1743 invented the Ballistic Pendulum, Before his time but little 
progress had been made in the true theory of military projectiles. 
His New Principles of Oumiery was soon translated into several 
languages, and Euler added to his translation of it into German 
an extensive commentary. The work of Euler was again trans- 
lated into English in 1784. The experiments of Robins were all 
conducted with musket balls of about an ounce weight, but they 
were afterwards continued during several years by Dr Hutton, 
who used cannon balls of from one to nearly three pounds in 
weight. 

There are two methods of applying the ballistic pendulum, 
both of which were used by Robins. In the first method, the gun 
is attached to a very heavy pendulum ; when the gun is fired the 
recoil causes the pendulum to turn round its axis and to oscillate 
through an arc which can be measured. The velocity of the 
bullet can be deduced from the magnitude of this arc. In the 
second method, the bullet is fired into a heavy pendulum. The 
velocity of the bullet is itself too great to be measured directly, 
but the angular velocity communicated to the pendulum may be 
made as small as we please by increasing its bulk. The arc of 
oscillation being measured, the velocity of the bullet can be found 
by calculation. 

The initial velocity of a small bullet may also be determined by 
the use of some rotational apparatus. Two circular discs of paper 
are attached perpendicularly to the straight line joining their 
centres, and are made to rotate about this straight line with a 
great but known angular velocity. Instead of two discs, a cylinder 
of paper might be used. The bullet being fired through at least 
two of the moving surfaces, its velocity can be calculated when 
the situations of the two small holes made by the bullet have 
been observed. This was ori^nally an Italian invention, but it 
was much improved and used by Olinthus Gregory in the early 
part of last century. 

The electric telegraph is now used to determine the instant at 
which a bullet passes through any one of a number of screens 
through which it is made to pass. The bullet severs a fine wire 
stretched across the screen and thus breaks an electric circuit. 
This causes a record of the time of transit to be made by an 
instrument expressly prepared for this purpose. By using several 
screens the velocities of the same bullet at several points of its 
course may be found. The ballistic pendulum is thus more of 
theoretical and historical interest than of practical importance. 
The two instruments now chiefly used for observations on the 
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velocities of bullets are, the chronograph invented by Bashforth 
and used by the English government, and the chronograph in- 
vented by Major Le Bouleng^ of the Belgian artillery. 

122. A rifle is attached in a horizontal position to a large 
block of wood which can turn freely about a horizontal axis. The 
rifle being fired, the recoil caiLses the pendulum to turn round its 
axis until brotight to rest by the action of gravity. A piece of 
tape is attach&i to th€ pendulum, and is drawn out of a reel 
during the bax)kward motion of the pendulum, and thus serves to 
measure the amount of the angle of recoil. It is required to find 
the velocity of the bullet. 

The initial velocity of the bullet is so much greater than 
that of the pendulum that we may suppose the ball to have left 
the rifle before the pendulum has sensibly moved from its initial 
position. The initial momentum of the bullet may be taken as 
a measure of the impulse communicated to the pendulum. 

Let h be the distance of the centre of gravity from the axis 
of suspension ; / the distance from the axis of the rifle to the axis 
of suspension ; c the distance from the axis of suspension to the 
poiut of attachment of the tape, m the mass of the bullet ; M that 
of the pendulunti and rifle, and n the ratio of if to m; 6 the 
chord of the arc of the recoil which is measured by the tape. Let 
k' be the radius of gyration of the rifle and pendulum about the 
axis of suspension, v the initial velocity of the bullet. 

The explosion of the gunpowder generates equal impulsive 

actions on the bullet and on the rifle. Since the initial velocity of 

the bullet is v, this action is measured by mv. The initial angular 

velocity generated in the pendulum by the impulse is by Art. 89 

mv^ 
== ^j^j . The subsequent motion is given (Art. 92) by 

Jfc'«g = - ^A sin ^ ; .'. k'^d* -= C + 2gh cos : 

when ^ = we have 6 = a), and if a is the angle of recoil, when 
tf = a, i; = 0. Hence A;*©' = 2gh (1 — cos a). Eliminating od we have 
vf=nk' .2 8in^a^gh. But the chord of the arc of the recoil is 
i = 2csin^a. Hence the initial velocity of the bullet is given by 

mv.cf— MbV^Jgh. 

The magnitude of k' may be found experimentally by ob- 
serving the time of a small oscillation of the pendulum and rifle. 

If T be a half-time we have T= tta/ ^ . (Art. 97.) 

This is the formula given by Poisson in the second volume of 
his Micanique. The reader will find in the Philosophical Magazine 
for June, 1854, an account of some experiments conducted by 
Dr S. Haughton from which, by the use of this formula, the initial 
velcKjities of rifle bullets were calculated. 
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123. The formula must however be regarded only as a first approximation, for 
the recoil due to the inflamed powder has been neglected. To make some allowance 
for this Button assumed that the efFect of a given charge of powder on the recoil 
of the gun was the same with as without a ball. Let p be the unknown momen- 
tum generated by the powder. By trying the experiment, with equal charges of 
powder, first with and then without a ball, and writing mv -j-p and p for mv in the 
two experiments he was able to eliminate p and deduce the value of v. With 
large charges of powder, the results thus obtained did not agree sufficiently with 
those obtained by firing the ball into a pendulum (Art. 124). The assumption was 
therefore not altogether justified by the experiments and further corrections were 
made. 

124. A gun is placed in front of a heavy pendulum, which can turn freely about 
a horizontal axis. The ball strikes the pendulum horizontally, penetrates into the 
wood a short distance, and communicates a momentum to the pendulum. The chord 
of the arc being measured as before by a piece of tape, find the velocity of the buUet. 

The time, which the bullet takes to penetrate, is so short that we may suppose 
it completed before the pendulum has sensibly moved from its initial position. 

Let i be the distance of the ball from the axis of suspension at the moment 
when the penetration ceases ; let j be the perpendicular distance between the axis 
and the direction of motion of the bullet ; let /3 be the angle the length j makes 
with the length represented by i, so that ^*=tcos/3. Then if we follow the same 
notation as before we have at the moment when the impact is concluded 

mvi cos /9 = {Mk^ + imi") w ; 

also proceeding as before we may prove 

(Jf*'« + mi«) i^=2Mgh (1 - cosa) + 2mgi {cos /3- cos (a - /?)}. 

If the gun be placed as nearly as possible opposite the centre of gravity of the 
pendulum we have h=j nearly, and if the pendulum be rather long /3 will be very 
small. Hence, since m is small compared with M, we may as ^n approximation put 
i = h and j3=0 in the terms which contain m as a factor ; we thus find 

M+m bh /— r 
7n cj 

where I is the distai^oe of the centre of oscillation of the pendulum and ball from, 
the axis of suspension. 

The inconvenience of this construction as compared with the former is that the 
balls remain in the pendulum during the time of making one whole set of experi- 
ments. The weight, and the positions of the centres of gravity and oscillation, 
will be changed by the addition of each ball which is lodged in the wood. Even 
then the changes produced in the pendulum itself by each blow are omitted. A 
great improvement was made by the French in conducting their experiments at 
Metz in 1839, and at L'Orient in 1842. Instead of a mass of wood, requiring 
frequent renewals, as in the English pendulum, a permanent ricepteur was substi- 
tuted. This receiver is shaped within as a truncated cone, which is sufficiently 
long to prevent the shot from passing entirely through the sand with which it is 
filled. The front is covered with a thin sheet of lead to prevent the sand from 
being shaken out. This sheet is marked by a horizontal and by a vertical line, the 
intersection corresponding to the axial line of the cone, so that the actual position 
of the shot when entering the receiver can be readily determined by these lines. 

125. Ex. 1. Show that after each bullet has been fired into a ballistic pen- 
dulum constructed on the English plan, h must be increased by {j - h) mfM and 
I by (j - 1) mjM nearly in order to prepare the formula for the next shot. 
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Ex. 2. Dr Hanghton found that, for rifles fired with a constant charge, the 
initial velocity of the ballet varies as the sqnare root of the mass of the bullet 
inversely and as the sqnare root of the length of the gun directly. Show from this 
that the force developed by the explosion of the powder, diminished by the friction 
of the barrel, is constant as the ball traverses the rifle. 

Dr Hutton found that in smooth bores the velocity increases in a ratio some- 
what less than the square root of the length of the gun, but greater than the cube 
root of the length. 

Ex. 3. If the velocity of a bullet issuing from the mouth of a gun 80 inches 
long be 1000 feet per second, show that the time the bullet takes to traverse the gun 
is about f^ of a second. 

Ex. 4. It has been found by experiment that, if a bullet be fired into a large 
fixed block of wood, the depth of penetration of the bullet into the wood varies 
nearly as the square of the velocity, though as the velocity is very much increased 
the depth falls short of that given by this rule. Assuming this rule, show that 
the resistance to penetration is constant and that the time of penetration is the 
ratio of twice the depth to the initial velocity of the bullet. In an experiment 
of Dr Hutton*s a ball fired with a velocity of lt500 feet per second was found to 
penetrate about 14 inches into a block of sound dry elm : show that the time of 
penetration was vfi ^'^ & second. 

126. The Anemometer. The Anemometer called a ** Robinson" consists of 
four hemispherical cups attached to four horizontal arms which turn round a 
vertical axis. The wind blows into the hollows on one side of the axis and against 
the convex surfaces of the cups on the other. If the anemometer start from rest, 
it will turn quicker and quicker until the moment of the pressures of the wind 
balances the moment of the resistances. Let V be the velocity of the wind and v 
the velocity of the centres of the cups. Let be the angle between the direction of 
motion of any one cup and that of the wind. Then the velocity of the centre of 
that cup relatively to the wind will be v', where 

v'^=v^-2VvcoB0-{-V^ (1). 

The determination of the pressure of the wind on the cups is properly a problem 
in hydrodynamics, but no solution' has yet been found. In the meantime we may 
assume as an approximation the law, suggested by numerous experiments, that the 
resistance to a body moving in a straight line in a fluid varies as the square of the 
relative velocity. In any one position of the anemometer the parts of any one cup 
have different velocities relative to the wind. We shall therefore take as our 
expression for the moment about the axis of the anemometer of the resultant 
pressure of the wind some quadratic function of V and v, such as 

ttF« + 2i9Fr + 7»« (2), 

where a, ^, y depend in some manner as yet unknown on the position of the cups 
relatively to the wind. 

Thus a, ^, 7 are functions of and will change as the cups turn round the axis. 
What we want however is the average effect on the anemometer. The mean for 
space is found by multiplying this expression by d0 and integrating from ^=0 to 
2x and finally dividing by 2t. It F be the mean moment about the axis of the- 
anemometer of the wind pressure, we have 

F=AV^-2BVv-Cv* (8), 

where A, B, C are constants which depend on the pattern of the anemometer. 
The signs of these coefficients may be determined by the following reasoning. 
When the anemometer starts from rest, the initial moment of the wind pressure is 

B. D. 7 
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regarded as positive. When the caps begin to move, the pressure begins to decrease, 

. dF 
so that -z- must be negative when v is small ; it follows that the sign of the 

coefficient of Vv in (3) mast be negative. Finally, if the wind cease when the cups 
are in motion so that F=0, the resistance of the qaiescent air must tend to stop the 
cups. It follows that the coefficient of v^ in (3) must be also negative. 

127. When the anemometer has attained its final state of motion, we must 
have F equal to the mean moment of the friction on the supports. The instru- 
ment should be so arranged that the friction due to its weight is as small as 
possible. We may then omit this friction, as oar formula is only an approximation. 
The supports of the anemometer have also to sustain the lateral pressure of the 
wind. Probably the greater part of the friction thus produced is proportional to 
the pressure of the wind, and may be included in the formula (3) by an alteration of 
the constants. As these constants are determined by experiment, we may suppose 
all forces which are quadratic functions of the velocities to be incladed in the 
expression for F, 

In the Observatory at Greenwich an inverted cup rotating in oil on a fixed 
conical point is used for the vertical bearing. No further correction is made for 
friction. This arrangement appears to be very successful, the instrument is very 
sensitive and exhibits a slow rotation with a very slight movement of the air. 

When F is equated to zero, we have a quadratic to determine the ratio of V to 
V. Let m be the positive root thus found. Then the velocity of the centre of any 
cup being observed, the velocity of the wind is found by simply multiplying this 
observed quantity by m. We may notice that m is independent of the speed of the 
wind, and of the size of the machine. It depends however on the pattern of the 
machine. 

128. A variety of experiments have been made to determine the numerical 
value of m. In some of these the anemometer is attached to the outer edge of a 
whirling-machine. The axis of the anemometer is thus made to move round with 
a constant velocity V, If the experiment be made on a calm day, this will represent 
the effects of a wind of the same velocity on a fixed anemometer. The value of v 
can be found by counting the number of revolutions of the anemometer in space. 
In a paper in 1850, published in the Irish Transactions^ Dr Robinson gives m=3 as 
the mean value of the ratio as determined by experiments of this kind. This value 
of m has been generally adopted. 

Other experiments made in Greenwich Park in 1860 led to the same value of m. 
These results were considered as confirming in a very high degree the accuracy of 
this ratio. See the Greenwich Observations for 1862. About 1872 further experi- 
ments were made with a steam merry-go-round for a whirling machine. These are 
described by Sir G. Stokes in the Proceedings of the Royal Society for May, 1881. 

According to some experiments conducted by W. H. Dines in 1889 the value 
m=S for anemometers of the Eew pattern is too high, and if these results are con- 
firmed the registered wind velocities are in excess of the truth. See the report of 
the wind-force committee on the factor of the Eew-pattem Robinson anemometer, 
Meteorological Society, Dec. 1889. 

Another method of conducting the experiments is to have two similar anemo- 
meters rotating about fixed axes and to apply to one of them a known retarding 
force of some kind which may diminish its v. Thus we have two different machines 
moving with different, but known, velocities round their respective axes, from each 
of which we should deduce the same velocity for the wind. This leads to two eqaa> 
tions between which we may eliminate the imknown velocity of the wind. We thus 
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obtain &n equation connecting the constants A^B^C and the known retarding force. 
Repeating the experiment, we may obtain a sufficient number of equations to find 
these constants. The value of m may then be found in the manner explained in 
Art. 127. The practical difficulty in this method of conducting the experiments is 
that of finding a known uniform retarding force which may be conveniently applied 
to the anemometer. The reader may consult a paper by Dr Robinson in the Phil, 
Trans, for 1880. 

129. Ex. 1. Supposing the value of F to be represented by AV^-2BVv, as 
indicated by some experiments, show that, if an anemometer start from rest, the 
velocity v of the cups will continually increase and tend to a certain finite limit 
Show also that the time, at which the actual velocity of the cups is any given 
fraction of the limiting velocity, varies as the moment of inertia of the anemometer 
about its axis, and inversely as the velocity of the wind. 

Ex. 2. When the anemometer was attached to the outer edge of a merry-go- 
round, as described above, it was impossible to find a perfectly calm day. If W be 
the velocity of the wind, which is supposed to be small, then allowance may be 
made for W if in the formula F=AV^'2BVv we write V+kW*IV for F, where jc 
ifi ^ or f according as the moment of inertia of the anemometer about its axis is 
very small or very great. The anemometer is supposed to be without friction. 
This theorem is due to Sir G. Stokes : a demonstration is given in the Proceedings 
of the Royal Society for May, 1881. 

Ex. 3. An anemometer without friction is acted on by a gusty wind whose 

velocity may be represented by the formula F(l + asinn(), where a is so small that 

its square can be neglected. Show that the velocity of any cup will be represented 

by an expression of the form v {1 + a cos n/3 sin 7i(t -/?)}, so that the anemometer 

follows all the changes in the force of the wind after an interval /9. Here 

In 
AV*-2BVv-Cv*=0t and tanniS= ^ iT^Tr ~-pr-\t where a is the distance of the 

^ 2a(BV+Cv) 

centre of a cup from the axis, and I is the moment of inertia of the machine 

about the axis. 

The velocities of the currents of air in mines are usually determined by the aid 
of anemometers of a somewhat different construction. The principle of these is 
sfanilar to that of Whewell's anemometer. They are formed of several light vanes 
placed on a horizontal axis like the sails of a windmill on a small scale but more 
numerous. The axis is attached to a dial or some other apparatus by which the 
number of revolutions made by the little windmill can be read off. If V be the 
velocity of the wind and v the reading of the anemometer it is found by experiment 
that between certain limits F=ai; + 6, where a and b are two constants which depend 
on the pattern of the anemometer and the friction which the wind has to overcome. 
The reader may consult a paper by Mr Snell in the Engineer, June 23, 1882. 

The AnnaU of the Astronomical Society of Harvard College, Vol. xl. contains 
an appendix by S. P. Fergusson on anemometer comparisons made in the years 
1892 — 94 in Massachusetts. There is also a paper by C. Chree on the theory of the 
Robinson cup anemometer, Phil. Mag., 1896. 
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CHAPTER IV. 

MOTION IN TWO DIMENSIONS. 

On the Equations of Motion. 

130. The position of a body in space of two dimensions may 
be determined by the coordinates of its centre of gravity, and 
the angle some straight line fixed in the body makes with some 
straight line fixed in space. These three have been called the 
coordinates of the body, and it is our object to determine them 
in terms of the time. 

It will be necessary to express the effective forces of the body 
in terms of these coordinates. The resolved parts of these 
efTective forces parallel to the axes have been already found in 
Art. 79, all that is now necessary is to find their moment about 
the centre of gravity. If {x\ y) be the coordinates of any particle 
of mass m referred to rectangular axes meeting at the centre of 
gravity and parallel to the axes fixed in space, this moment has 
been shown in Art. 76 to be equal to h, where 

h = 2m {x'y — yd:*). 

Let be the angular coordinate of the body, i.e. the angle 
some straight line fixed in the body makes with some straight line 
fixed in space. Let (r', <f>) be the polar coordinates of any particle 
m referred to the centre of gravity of the body as origin. Then 
r is constant throughout the motion, and ^' is the same for every 

particle of the body and equal to 6, Thus the angular momentum A, 
exactly as in Art. 88, is 

A = 2m {afy' - y^af) = 2m (r'*</»') = (2mr'«)</»' 

where MJ(^ is the moment of inertia of the body about its centre 
of gravity. 

The angle is the angle some straight line fixed in the body 
makes with a straight line fixed in space. Whatever straight 
lines are chosen dOjdt is the same. If this is not obvious, it may 
be shown thus. Let OA, (fA' be any two straight lines fixed in 
the body inclined at an angle a to each other. Let OB, O'R be 
two straight lines fixed in space inclined at an angle /3 to each 
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Other. Let AOB^0, AVF^ff, then ^ + )8 = ^ + a. Since a 

and fi are independent of the time, d = &. By this proposition 
we learn that the angular velocities of a body in two dimensions 
are the same about all points. 

131. The general method of proceeding will be as foUowa 

Let (x, y) be the coordinates of the centre of gravity of any 
body of the system referred to rectangular axes fixed in space, 
M the mass of the body. Then the effective forces of the body 

are together equivalent to two forces measured by M-r^^ ^ ,i % 

acting at the centre of gravity and parallel to the axes of co- 

d?d 
oidinates, together with a couple measured by Jf A* -7— tending to 

turn the body about its centre of gravity in the direction in which 
is measured. By D'Alembert's principle the effective forces of 
all the bodies, if reversed, will be in equilibrium with the impressed 
forces. The dynamical equations may then be formed according 
to the oniinary rules of statics. See Art. 83. 

Suppose we wish to resolve the forces parallel to the axes of 
X and y and to take moments about the centre of gravity. Let 
the impressed forces acting on the body, together with the re- 
actions due to the other bodies if any, be equivalent to the forces 
X and F acting at the centre of gravity and a couple L. The 
equations of motion of that body are evidently 

^dt^-^' ^i=^' ^^'dt^=^- 

It is found useful in statics to be able to resolve in other 
directions besides the axes and to be able to take moments about 
any point we please. In this way we often greatly shorten and 
simplify the solution. Thus if we wish to avoid the introduction 
into our equations of some unknown reaction we take moments 
about the point of application or use the principle of virtual 
velocities. So in dynamics we are at liberty to resolve our forces 
and take moments at pleasure. For example, if we take moments 
about a point C whose coordinates are (f, rj) we have an equation 
of the form 

where L' is the moment about C of the impressed forces. In this 
equation (f, 17) may be the coordinates of any point whatever, 
whether fixed or moving. 

In resolving our forces we may replace the Cartesian ex- 
presBioDS by the polar forms M^-r g)*} and if 1^ (r*^^) 
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■ 

for the resolved parts parallel and perpendicular to the radius 

vector. If V be the velocity of the centre of gravity, p the radius 

of curvature of its path, we may sometimes also use witn advantage 

dv ^ 

the forms M -r: and M- for the resolved parts of the effective 

at p ^ 

forces along the tangent and radius of curvature of the path of 
the centre of gravity. 

As a guide to a proper choice of the directions in which to 
resolve the forces or of the points about which we should take 
moments we may mention two important cases. 

132. First, we should search if there be any direction fixed in 
spa/^e in which the resolved part of the impressed forces vanishes. 
By resolving in this direction we get an equation which can be 
immediately integrated. Suppose the axis of a; to be taken in 
this direction ; let M, M\ &c. be the masses of the several bodies, 
X, of, &c. the abscissae of their centres of gravity, then by Art. 78 

or 131, we have if -,- +3/' -^ + ... =0, 

dx dx 
which by integration gives M-v--^M'--t- + = (7, 

where C is some constant to be found from the initial conditions. 
This equation may be again integrated if necessary. 

This result might have been derived from the general principle 
of the conservation of the motion of translation of the centre of 
gravity laid down in Art. 79. For, since there is no impressed force 
parallel to the axis of x, the velocity of the centre of gravity of 
the whole system resolved in that direction is constant. 

133. Next, we should search if there be any point fi^xed in 
space about which the moment of the impressed forces vanishes. 
By taking moments about that point we again have an equation 
which admits of immediate integration. Suppose the point to be 
taken as origin, and the letters to have their usual meaning, then 
by the first article of this chapter we have 






= 0, 



the 2 referring to summation for all the bodies of the system. 
Integrating we have 



Wi-y^h"^'^-"- 



where C is some constant to be determined by the initial con- 
ditions of the question. 

This equation expresses the fact that if the impressed forces 
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have no moment about any fixed point, the angular momentum 
about that point is constant throughout the motion. This result 
follows at once from the reasoning in Art. 78. 

134. Angular Momentum. As we shall have so frequently 
to use the equation formed by taking moments, it is important 
to consider other forms into which it may be put. Let the point 
about which we are to take moments be fixed in space, so that 
it may be chosen as the origin of coordinates. Then the moment 
of the eflFective forces on the body M is 






= L, 



where a? and y are the coordinates of the centre of gravity. 

The attention of the reader is directed to the meaning of the 
several parts of this expression. We see that, as explained in 
Art. 78, the moment of the eflFective forces is the diflTerential 
coeflScient of the moment of the momentum about the same point. 
The moment of the momentum by Art. 75 is the same as the moment 
about the centre of gravity together with the moment of the whole 
mass collected at the centre of gravity, and moving with the velocity 
of the centre of gravity. The moment round the centre of gravity 
is by the first article either of Chap. in. or Chap. iv. equal to 

Jlfi^-T-and the moment of the collected mass isJIffa?-^— V-rr)* 
dt \ dt ^ dtj 

Hence in space of two dimensions we have for any body of mass M 
angular momentum round) _ %/f ( dy dx\ ^^^ dd 
the origin j ~'^ Vdi'y'di)'^^'' di' 

If we prefer to use polar coordinates, we can put this into 
another form. Let (r, <f>) be the polar coordinates of the centre 
of gravity, then 

angular momentum round) _ ,^ d<^ ^^^ dd 
the origin ^^^^'^di^^^dt' 

If V be the velocity of the centre of gravity, and p the per- 
pendicular from the origin on the tangent to the direction of 
its motion, the moment of momentum of the mass collected at 
the centre of gravity is Mvp, so that we have again 

angular momentum round 
the origin 

It is clear from Art. 75 that this is the instantaneous angular 
momentum of the body about the origin whether it is fixed or 
moving, though in the latter case its diflTerential coeflScient with 
regard to ^ is not the moment of the eflFective forces. 

Since the instantaneous centre of rotation may be regarded as 



■ = Mvp + Mh^ -rr . 
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= 3f(r. + A«)f. 



a fixed point, when we have to deal only with the coordinates and 
with their first differential coefficients with regard to the time, we 
have 

angular momentum round the 

instantaneous centre 
If Mk'* be the moment of inertia about the instantaneous 

rfff 

centre, this last moment may be written Mk'^-^. 

In taking moments about any point, whether it be the centre 
of gravity or not, it should be noticed that the Mk^ in all these 
formulae is the moment of inertia with regard to the centre of 
gravity, and not with regard to the point about which we are 
taking moments. It is only when we are taking moments about 
the instantaneous centre or about a fixed point that we can use 
the moment of inertia about that point instead of the moment 
of inertia about the centre of gravity, and in these cases our 
expression for the angular momentum includes the angular mo- 
mentum of the mass collected at the centre of gravity. 

135. Oeneral Mode of Solution. Suppose we form the 
equations of motion of each body by resolving parallel to the axes 
of coordinates and by taking moments about the centre of gravity. 
We shall get three equations for each body of the form 

Mx = ^cos (f>-\- R cos -^/r -h . . .^ 

jMy = ^8in<^ + iZsinVr+...> (1), 

Mk?'e^ Fp + Rq +...] 

where F is one of the impressed forces acting on the body, whose 
resolved parts are Fcos(f>, ^sin^, and whose moment about 
the centre of gravity is Fp, and R is any one of the reactions. 
These we shall call the dynamical equations of the body. 

Besides these there will be certain geometrical equations 
expressing the connections of the system. As every such forced 
connection is accompanied by a reaction, and every reaction by 
some forced connection, the number of geometrical equations will 
be the same as the number of unknown reactions in the system. 

Having obtained the proper number of equations of motion 
we proceed to their solution. Two general methods have been 
proposed. 

First Method of Solution. Differentiate the geometrical equa- 
tions twice with respect to t, and substitute for x, y, from 
the dynamical equations. We shall then have a sufficient number 
of equations to determine the reactions. This method will be 
of great advantage whenever the geometrical equations are of 

the form Ax + By + Cd = D (2), 
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A, B, Cy D being constants. Suppose also that the djmamical 
equations are such that when written in the form (1) they contain 
only the reactions and constants on the right-hand side without any 
a, y, or 0, Then, when we substitute in the equation 

obtained by differentiating (2), we have an equation containing 
only the reactions and constants. This being true for all the 
geonvetrical relations, it is evident that all the reactions will be 
constant throughout the motion and their values may be found. 
Hence, when these values are substituted in the dynamical equa- 
tions (1), their right-hand members will all be constants and the 
values of x, y, and may be found by an easy integration. 

If however the geometrical equations are not of the form (2), 
this method of solution will usually fail. Thus suppose a geo- 
metrical equation to take the form 

containing squares instead of first powers, then its second differ- 
ential equation will be 

a?d5 + yy -h ip' + y' = ; 

and, though we can substitute for Xy y, we cannot in general 
eliminate the terms i?* and y*. 

136. The reactions in a dynamical problem are in many 
cases produced by the pressures of some smooth fixed obstacles 
which are touched by the moving bodies. Such obstacles can only 
pvshy and therefore if the equations show that such a reaction 
changes sign at any instant, it is clear that the body will leave the 
obstacle at that instant. This will occasionally introduce discon- 
tinuity into our equations. At first the system moves under 
certain constraints, and our equations are found on that suppo- 
sition. At some instant to be determined by the vanishing of 
a reaction one of the bodies leaves its constraints, and the 
equations of motion have to be changed by the omission of that 
reaction. Similar remarks apply if the reaction be produced by 
the pressure of one body against another. 

It is important to notice that when this first method of solu- 
tion applies, the reactions are constant throughout the motion, so 
that the above discontinuity can never occur. In this case, then, 
if one body be in contact with another, they will either separate at the 
beginning of their motion or will always continue in cental. Such 
reactions are also independent of the initial conditions, and are 
the same as if the system were placed in any position at rest 

137. Suppose that in a dynamical system we have two bodies 
which press on each other with a reaction R; let us consider 
how we are to form the corresponding geometrical equation. 
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We have clearly to express the fact that the velocities of the 
points of contact of the two bodies resolved along the direc- 
tion of R are equal. The following proposition will be often 

useful. Let a body be turning about a 

point G with an angular velocity ^ = » 
in a direction opposite to the hands of a 
watch, and let be moving in the direc- 
tion GA with a velocity V. It is required 
to find the velocity of any point P re- 
solved in any direction PQ making an 
angle ^ with GA, In the time dt the 
whole body, and therefore also the point 
P, is moved through a space Vdt parallel 
to GAy and during the same time P is moved perpendicular to 
GP through a space co . GP . dt. Resolving parallel to PQ, the 
whole displacement of P 

= ( Fcos <^ + o) . GP sin GPN) dt 

If GN=p be the perpendicular from G on PQ, we see that the 
velocity of P parallel to PQ is Fcos ^ + cop. 

It should be noticed that this expression is independent of the 
position of P on the straight line PQ. It follows that the velocities 
of all points in any straight line PQ resolved along PQ are the 
same. This result will be evident if we remember that all the 
points in the straight line PQ are rigidly connected together, so 
that if the resolved velocities of the points in it were unequal, the 
line PQ would alter in length. 

When therefore we require the velocity of any point P in any 
direction PQ we may replace P by any other point in the line PQ 
so situated that its resolved velocity is more easily found. Usually 
the point N is the most convenient point to use, for without 
quoting a formula, its velocity resolved along PQ is seen by 
inspection to be Fcos h- ojjo. 

If {x, y, d\ {x\ y\ ff) be the coordinates of the two bodies, 
q, q' the perpendiculars from the points {x, y), {x\ y') on the direc- 
tion of any reaction i2, -^ the angle the direction of R makes with 
the axis of x^ the required geometrical equation will be 

X cos -^/r + y sin -^/r 4- ^^r = jp' cos yjt + y sin yp- + 0'q\ 

If the bodies be perfectly rough and roll on each other without 
sliding, there will be two resolved reactions at the point of contact, 
one normal and the other tangential to the common surface of the 
touching bodies. For each of these we shall have an equation 
similar to that just found. But if there be any sliding friction 
this reasoning will not apply. The latter case will be considered 
a little further on. 
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138. Second Method of Solution. Suppose that in a djmamical 
system two bodies of masses M, M\ are pressing on each other 
with a reaction R. Let the equations of motion of M be those 
marked (1) in Art. 135, and let those of M' be obtained from 
these by accenting all the letters except R, ^Ir and t, and writing 
— jR for R, yfr and t being of course unaltered. Let us multiply 
the equations of motion of M by 2xy 2y, 20 respectively, and 
those of M' by corresponding quantities. Adding all these six 
equations, we get 

2M(xx + yy + k'dd) + &c. = 2F(x cos <^ + y sin <^ +p^) + &c. 

+ 2 JB (i; cos -^^ + y sin -^^ + q6) - 2R {x' cosyfr+jjf' sin yjr + q'dy 

The coefficient of R will vanish by virtue of the geometrical 
equation obtained in the last article. Similar reasoning will 
apply to all the reactions between each two of the moving bodies. 

Suppose the body M to press against some external fixed 
obstacle, then R acts only on the body M, and the coefficient 
of 2R will be restricted to the part included in the first 
bracket. But the velocity of the point of contact resolved along 
the direction of R must vanish, and therefore the coefficient of R 
is again zero. 

Let A be the point of application of the impressed* force F, 
and let the velocity of .4 resolved along the direction of action of ^ 
be /. Then we see that the coefficient of 2F is/ It also follows 
from the definition of df that Fdf is what is called in statics the 
virtual moment of the force F. 

We have thus a general method of obtaining an equation free 
from the unknown reactions of perfectly smooth or perfectly 
rough bodies. The rule is, multiply the equations having Mx, 

My, M1^6y &c. on their left-hand sides by i?, y, 6, &c., and add 
together all the resulting equations for all the bodies. The 
coefficients of all the unknown reactions will be found to be zero 
by virtue of the geometrical equations. 

The left-hand side of the equation thus obtained is clearly 
a perfect diflFerential. Integrating we get 

if{i« + y' + &''^}+&c. = a+2/^d/+ 

where C is the constant of integration. 

In practice it is usual to omit all the intermediate steps and 
to write down the equation in the following manner : 

2if {ij« + y« + ifc»^}=:C+2Cr, 

where U is the integral of the virtual moment of the forces. 

This is called the equation of Vis Viva, 

138 a. Another proof. If we make use of the theorems concerning work which 
are proved in statics, we may somewhat simplify the preceding proof by resolving 
each rigid body into its elementary particles. 
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Let m be the mass of any particle ; x, y its coordinates ; mZ» mY the resolved 
forces. Then mx = mX, my=mY, 

Multiplying these by i, y respectively and samming them throughout the whole 
system of particles, we deduce by integration 

2in (i« + y8) = C + 2 /2m (Zda? + ydy). 

The left-hand side is the vis viva of the body and the right-hand side is twice the 
integral of the virtual moments of the forces which act on the particles. 

In this mode of proof the forces on the right-hand side include (1) the internal 
reactions of the several particles which make up each body, (2) the mutual reactions 
of the bodies on each other, (3) the pressures due to any external geometrical con- 
ditions imposed on the system. 

It is proved in statics that the virtual moments of the internal reactions are 
zero, provided the bodies are so rigid that the particles which compose each body 
keep at invariable distances from each other. It is also proved that the virtual 
moments of the reactions between the moving bodies with certain exceptions destroy 
each other. Lastly it is shown that the pressures due to geometrical conditions do 
not appear in the work function, provided these conditions do not involve the time 
explicitly. 

Omitting all these pressures and now including in the expressions mX, mY only 
the external impressed forces which act on the system, let U represent the integral. 

We then have as before J Zmr^ =C+U, 

The chi^f objection to this arrangement of the proof is that the limitations on 
the principle are not distinctly brought into view. In the chapter on vis viva a 
modification of this second proof is given which being founded on the principle of 
virtual work appears to have many advantages. By using this principle we at once 
arrive at a general rule to determine what forces do or do not appear in the equation 
of vis viva. A list of the forces which may be omitted is also given in the chapter 
just referred to. 

As the equation of vis viva is one of the most useful in dynamics, it is important 
to view it in as many ways as possible. The reader will accordingly find it ad- 
vantageous to study the proof founded on virtual work before proceeding further. 
He will probably adopt it as the best proof of the equation of vis viva, 

139. Vi8 Viva of a Body. The left-hand side of the equa- 
tion proved in the last article is called the vis viva of the whole 
system. Taking any one body Jf, we may say that 



vis viva of -if = Jf 



m-m^^m\- 



If the whole mass were collected into its centre of gravity and 
were to move with the velocity of the centre of gravity, k would 
be zero, and the vis viva would be reduced to the two first terms. 
These terms are therefore together called the vis viva of transla- 
tion, and the last term is called the vis viva of rotation. 

If V be the velocity of the centre of gravity, we may write this 
equation vis viva oi M = Mi^ + Ml^ ( ^) * 
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If we wish to use polar coordinates, we have 

where (r, <f}) are the polar coordinates of the centre of gravity. 

If /) be the distance of the centre of CTavity from the instanta- 
neous centre of rotation of the body, pddjdt is clearly the velocity 
of the centre of gravity, and therefore 



vis viva of Jlf = if (p« + F) {^. 



139 a. Another proof. If we adopt the second of the two proofs of the principle 
of vis yiya given in the last article, it becomes necessary to establish the theorem of 
this article in some other way. To do this we notice that Zm (i*'+ y*) is a quadratic 
function of the yariables. Hence by the generalized theorem of parallel axes 
(Art. I-i), this expression is equal to the sum of two terms, (I) its value when the 
whole mass is collected at the centre of gravity O, viz. Mi;', and (2) its value when 
the body is referred to G as origin, viz. 'Lmv'^. In this latter term if w be the 
angular velocity of the body round G, the relative velocity of any particle is i;'=r(tf, 
where r is its distance from G. Hence 27ii»''=2mr". w*. We therefore have as 
before vis viva of If = Mv* + Af &*««. 

The fundamental theorem of this article has been ascribed to Ecenig who pub- 
lished it in the Acta Eruditorum, The following converse of the theorem was given 
by Gauchy, Exercice$ MatMmatiques, seconde ann^e, p. 104. 

Ex. 1. If P be a point fixed in a rigid body and moving with it and be such 
that the vis viva of the body is equal to the vis viva due to the translation of P 
together with the vis viva of the motion relative to P, prove that P lies on the circle 
described on GI as diameter, where I is the instantaneous centre of rotation and G 
the centre of gravity. 

To prove this we notice that if to is the angular velocity of the body about I and 
Q the position of any particle m, the condition of the question gives 

2mgi«w« = 2»iQP«w« + lf.PI«w«. 

Dividing by oi' and substituting for the two terms with 2 their values given in 
Art. 13, we have GI^ = GP* + PI\ which proves the proposition. In three 
dimensions the point P must lie on the cylinder having for base the circle described 
on the perpendicular drawn from G on the instantaneous axis. 

Ex. 2. Prove also that in the last example the velocity of P is equal to the 
resolved part of the velocity of G in the direction of the motion of P. 0. Bonnet, 
Mitnoires de VAecuUmie de Montpellieri Tome i. p. 141. 

140. Force Function and Work. The function U in the 
equation of vis viva is called the force function of the forces. It 
may always be obtained, when it exists, by writing down the virtual 
moment of the forces according to the rules of statics, integrating 
the result and adding a constant. This definition is suflScieqt for 
our present purpose ; for a more complete explanation the reader 
is referred to the beginning of the chapter on Vis Viva. 

When the forces are functions of several coordinates, it may 
be supposed that it will often happen that the virtual moment 
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cannot be integrated until the relations between these coordi- 
nates have been found by some other means. But it will be shown 
in the chapter on Vis Viva that this is not so. In nearly all the 
cases we have to consider the virtual moment will be a perfect 
diflFerential. In the remarks which follow in this and in the next 
three articles it will be convenient to suppose that the function U 
exists, and is a known function of the coordinates of the system. 

In a subsequent chapter we shall discuss more particularly 
the various forms which the force function may assume. For the 
present we shall merely show how to find its form for a system of 
bodies under any constraints which are &lling through the action 
of gravity alone. 

Let Xy y be the horizontal and vertical coordinates of any 

S article of the system and let the latter coordinate be measured 
ownwards. Let m be the mass of the particle. The virtual 
moment is therefore ^mgdy. The force function may therefore be 
written U—flmgdy = ^mgy + C = gy'S.m + G, 

where y is the depth of the centre of gravity of the whole system 
below the axis of x. 

Sometimes to avoid the constant C we take the integral be- 
tween limits. The force function is then called the work of the 
forces as the system passes from the position indicated by the 
lower limit to that indicated by the upper limit. 

The result just arrived at may therefore be stated thus. If as 
a system moves from one position to another, its centre of gravity 
descends a vertical space h, the work dons by gravity is Mgh, where 
M is the whole mass of the system. 

We notice that this result is independent of any changes in 
the arrangement of the bodies which constitute the system, and 
depends solely on the vertical space descended by the centre of 
gravity. 

141. Principle of Vis Viva. Sometimes there are several 
ways in which a system may move from one position to another. 
Perhaps we do not want the intermediate motion but only the 
motion in the later position when that in the earlier is given. In 
such a case we avoid the introduction of the constant C in the 
equation of vis viva by taking the integral in Art. 138 between 
limits. Thus we say that 

the change in) _ [twice the work done 
the vis viva ] \ by the forces. 

In this equation the change in the vis viva is found by subtracting 
from the vis viva in the final position the vis viva in the first. In 
finding the work done by the forces, the upper limit of the integral 
(as already explained) depends on the final position of the system 
and the lower limit depends on the initial position. 
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The great importance of this equation is that we have a result 
free from the reactions or constraints of the system. The manner 
in which the system moves from the first position to the last is a 
niatter of indifference. So far as this equation is concerned, we 
may change the mode of motion in any way by introducing or 
removing any constraints or reactions, provided only that they are 
such as do not appear in the equation of virtual moments as used 
in statics. 

We must notice that some reactions will not disappear from 
the equation of virtual velocities in statics," for example, /rtc^ion 
between two surfaces which slide over each other. In forming the 
equation of vis viva in dynamics this kind of friction, when it 
occurs, will appear along with the other forces on the right-hand 
side of the equation. 

As the system moves from one given position to another, it is 
evident that the change in the vis viva produced by each force 
is twice the integral of the virtual moment of that force. It 
follows that the whole change is the sum of the changes produced 
by the separate forces. Taking then any one force F, we see that, 
when its direction makes an acute angle with the direction of the 
motion of the point A of the body at which it acts, F and df 
have the same sign, and the integral in the equation of vis 
viva is positive. The effect of the force is therefore to increase 
the vis viva. But when the direction of the force is opposed to 
the direction of the motion of A, i.e. when the force makes an 
acute angle with the reversed direction of the ixiotion of A, the 
effect of the force is to decrease the vis viva. This rule will enable 
us to determine the general effect of any force on the vis viva 
of the system. 

142. Suppose, for example, a body to move or roll under the 
action of gravity with one point in contact with a fixed surface, 
which is either perfectly rough or perfectly smooth, so that there 
can be no sliding friction. Let it be started off in any manner, 
so that the initial vis viva is known. The vis viva decreases or 
increases according as the centre of gravity rises above or falls 
below its original level. As the body moves the pressure on the 
sur&ce will change and may possibly vanish and change sign. In 
this case the body will leave the surface. The centre of gravity 
by Art. 79 will then describe a parabola and the angular velocity 
of the body about its centre of gravity will be constant. Presently 
the body may impinge again on the surface, but until such 
impact occurs the equation of vis viva is in no way affected by the 
body leaving the surface. But the case is different when the body 
impinges on the surface. To make this point clearer, let F be the 
reaction of the surface, A the point of the body at which it 
acts, and Fdf its virtual moment as in Art. 138. Then as the 
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body moves on the surface, df is zero, and when the body has 
left the surface, F is zero, so that during the motion before the im- 
pact occurs the virtual moment Fdf'\% zero for the one reason or the 
other. The reaction therefore does not appear in the equation 
of vis viva But when the body impinges on the surface, the 
point A is approaching the surface and the reaction F is resist- 
ing the advance of A so that neither F nor df is zero. Here we 
measure F in the same manner as in the first part of the motion, 
regarding it as a very great force which destroys the velocity 
of -4 in a very short time (Art. 84). During the period of com- 
pression, the force F resists the advance of A^ and therefore the 
vis viva of the body is decreased. But during the period of 
restitution the force assists the motion of A, and thus the vis 
viva is increased. We shall show further on that the vis viva 
is decreased by an impact except in the extreme case in which the 
bodies are perfectly elastic, and we shall investigate the amount 
lost. As a genercd rule we may notice thcU the equation of vis viva 
is altered by an impact 

We may find a superior limit to the altitude y to which the 
centre of gravity can rise above its original level. The equation of 
vis viva may be written 

/vis viva in any\ ^ /initial vis\ _ o if - 
V position J \ viva / ~ ^^* 

where M is the mass of the body. Now the vis viva can never be 
negative, hence the centre of gravity cannot rise so high that 

2Mgy > initial vis viva. 

In order that the centre of gravity should reach this altitude it 
is necessary that the vis viva of the body should vanish, Le. both 
the velocity of translation of the centre of gravity and the angular 
velocity of the body must simultaneously vanish. This cannot 
in general occur if the body jump off the surface, for the 
angular velocity and the horizontal velocity of the centre of 
gravity will not usually both vanish at the moment of the jump, 
and both will remain constant, as explained above, during the 
parabolic motion. After the subsequent impact a new motion may 
be supposed to begin with a diminished vis viva and therefore a 
diminished superior limit to the altitude of the centre of gravity. 

143. Sometimes there is only one way in which the system 
can move. In such a case all we have to find is the velocity of 
the motion. The geometry of the system will determine the x, y, 
of each body in terms of some one quantity which we may call <^. 
The vis viva of the body M, as given by Art. 139, will now take 
the form 

^,iv..ri,.i,{(0.(^)V..Q](#)-i.(#)-. 
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where P is a known function of the coordinates of M. The 
equation of vis viva will therefore take the form 



'•Mt)-''*^''- 



and thus d4>ldt can be found for any given position of the system. 

It follows that, if there %8 only one way in which the system 
can move, that motion will he determined by the equation of via 
viva. But, if there be more than one possible motion, we must 
find another integral of the equations of the second order. What 
should be done will depend on the special case under considera- 
tion. The discovery of the proper treatment of the equations is 
often a matter of great difficulty. The difficulty will be increased 
if, in forming the operations, care has not been taken to give 
them the simplest possible forms. 

144. Bzamples of these Principles. The following ex- 
amples have been constructed to illustrate the methods of applying 
the above principles to the solution of dynamical problems. In some 
cases more solutions than one have been given, to enable the reader 
to compare different methods. The mode of forming each equation 
has been ^nutely explained. Running remarks have been made 
which it is hoped will clear up those difficulties which generally 
trouble a beginner. The attention of the student is therefore 
particularly directed to the diflferent principles used in the follow- 
ing solutions. 

A homogeneous tphere rolls directly down a perfectly rough incWied plane under 
the action of gravity. It is required to find the motion. 

Let a be the inclination of the plane to the horizon, a the radias of the sphere, 
mile' its moment of inertia about a horizontal diameter. Let be that point of the 
inclined plane which was initially toached by the sphere, and N the point of contact 
at the time t. Then it is obviously convenient to choose for origin, and ON for 
axis of X. 

The forces which act on the sphere are, first, the reaction jR perpendicularhr to 
ON, secondly, the friction F acting at N along NO and V 

mg acting vertically at C the centre. The effective ^^'•4< ^ ' </o 

forces are mx, my acting at C parallel to the axes of x f 

and y, and a couple mJ^B tending to turn the sphere I 

round C in the direction NA, Here B is the angle > / 

which any straight line fixed in the body makes with a ' /y 

straight line fixed in space. ' We shall take the fixed 
straight line in the body to be the radius CA, and the 

fixed straight line in space the normal to the inclined 

plane. Then d is the angle turned through by the sphere. 

Besolving along and perpendicular to the inclined plane we have 

mx^mgrnna-F (1), 

my= -i?i^co6a + i2 (2). 

Taking moments about N to avoid the reactions, we have 

iiuid? + in^d'=mpasina (3). 

K. D. 8 
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Since there are two unknown reactions F and R^ we shall require two geome- 
trical relations. Because there is no slipping at N we have 

x=ae (4). 

Also, because there is no jumping, y=a (5). 

Both these equations are of the form required in the first method. Diflfer- 

entiating (4) we get x=a$. Joining this to (3) we have x= -^ -^g sin a (6). 

2 5 

Since the sphere is homogeneous, k^=-a^t and we have x=-0sina. 

o 7 

If the sphere had been sliding down a smooth plane, the equation of motion 
would have been ^'=psina, so that two-sevenths of gravity is used in turning the 
sphere, and five-sevenths in urging the spliere doxcnwards. 

* 15 

Supposing the sphere to start from rest we have clearly a:=:^ . = </ sina . £-, and 

the whole motion is determined. 

In the above solutions only a f^w of the equations of motion have been used, 
and if the motion only had been required it would have been unnecessary to write 
down any equations except (3) and (4). If the reactions also are required; we must 
use the remaining equations. From (1), (2) and (5) we have 

i'^= = m<;fsina, E=mgcoB<u 

It is usual to delay the substitution of the value of k* in the equations until the 
end of the investigation, for this value is aften very complicated. But there ia 
another advantage. It serves as a verification of the signs in our original equations, 
for if equation (6) had been 

we should have expected some error to exist in the solution. It seems clear that the 
acceleration could not be' made infinite by any alteration of the internal structure of 
the sphere. 

Ex. If the plane were imperfectly rough with a coefficient of friction ft less 
than f tan a, show that the angular velocity of the sphere after a time t from rest 

would be -7J- ■- 1. 

2 a 

145. A homogeneous sphere rolls down atiother perfectly rough fixed sphere. 
Find the motion. 

Let a and b be the radii of the moving and fixed spheres, respectively, C and O 
the two centres. Let OB be the vertical radius of the fixed sphere, and ^ = z BOC. 
Let F and R be the friction and the normal reaction at N, Then, resolving 
tangentially and normally to the path of C, we have 

mia+b) $=mg Bin 4»- F. (1), 

m{a + b)4>^^mgcoB^''R (2). 

Let A be that point of the moving sphere which originally coincided with B. 
Then if 9 be the angle which any fixed line, as CA, in the body makes with any 
fixed line in space, as the vertical, we have by taking moments about C 

mk*&=Fa (8). 

It should be observed that we cannot take 6 as the angle AGO because, though 
CA is fixed in the body, CO is not fixed in space. 

The geometrical equation is clearly a{e-^)=:b<f> (4). 
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Ko other is wanted, sinoe in forming equations (1) and (2) the oondtanoy of the 
distance CO has been already assumed. 

The form of equation (4) shows that we can apply the first method. We thus 

obtain -P'= r^ — ^mg sin 0, and are finally 

led to the equation (a + &) ^ = f </ sin 0. 

By multiplying by 2^ and integrating 
we get after determining the constant, 

the rolling body being supposed to start 
from rest at a point indefinitely near B, 

This result might also have been de- 
duced from the equation of vis viva. 
The Tifl viva of the sphere is m {r* + fc^^} 
and r=(a + &)0. The force function by 
Art. 140 is mgy, if y be the vertical space 
descended by the centre. We thus have 

(a + &)*^' + &'^=2i7(a + 6)(l-cos0), \ 

which is easily seen to lead, by the help of (4), to the same result. J 

To find where the body leaves the sphere we must put i2s=0. This gives by (2) I 

(a+6)^=^cos0; .'. Jf&p(l-coB0)=^cos0; .*. cos0=ff. It may be remarked | 

that this result is independent of the magnitudes of the spheres, , 

Ex. 1. ' If the spheres had been smooth the upper sphere would have left the 
lower sphere when co8 0=§. 

Ex. 2. A rod rests with one extremity on a smooth horizontal plane and the 
other on a smooth vertical wall at an inclination a to the horizon. If it then slips 
down, show that it will leave the wall when its inclination is sin~^ (} sin a). 

Ex. 3. A beam of length a is rotating on a smooth horizontal plane about one 
extremity, which is fixed, under the action of no forces except the resistance of the 
atmosphere. Supposing the retarding efifect of the resistance on a small element of 
length dxtohe Adx (vel.)^, then the angular velocity at the time t is given by 

^ ^ ^^* t. [Queens' CoU. 







£x. 4. An inclined plane of mass M is capable of moving freely on a smooth 
horizontal plane. A perfectly rough sphere of mass m is placed on its inclined face 
and rolls down under the action of gravity. If x' be the horizontal space advaticed 
by tiie inclined plane, x the part of the plane rolled over by the sphere, prove that 

(Jlf+m)x'=7fu;cosa, {x-x'cosa^^^t'sina, 
where a is the inclination of the plane to the horizon. 

Ex. 5. Two equal perfectly rough spheres are placed in unstable equilibrium, 
one on the top of the other ; the lower sphere resting on a perfectly smooth table. 
A slight disturbance being given, show that the spheres will continue to touch each 
other at the same points, and that, if be the inclination to the vertical of the 
straight line joining the centres, (/('+a*+a'sin3^)^=2^a(l-cos^). 

Ex. 6. Two unequal perfectly smooth spheres are placed in unstable equili- 
brium one on the top of the other ; the lower sphere resting on a perfectly smooth 
table. A very slight disturbance being given to the system, show that the spheres 
will separate when the straight line joining the centres makes an angle with the 
vertical given by the equation mcos'0=(itf+m)(3cos0-2), where M is the mass 
of the lower and m of the upper sphere. 

8—2 
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Bz. 7. A sphere of mass M and radius a is constrained to roll on a perfectly 
roagh curve of any form and initially the velocity of its centre of gravity is V, If 
the initial velocity were changed to F', show that the normal reaction woald be 
increased by Af (F^- r')/(p-a) and that the friction would be unaltered, p being 
the radius of curvature of the curve at the point of contact. 

Ex. 8. A uniform rod of length 2a is placed at an inclination a to the vertical 
with one extremity touching a horizontal plane. If the rod start from rest show 
that its angular velocity en when it becomes horizontal is given by 2a(iii'=3^co8a 
whether the plane is perfectly smooth or perfectly rough. Show also that the rod 
will in neither case leave the plane. 

Ex. 9. A straight tunnel is constructed from London to Paris. Show that a 
sphere starting from rest at one terminus will arrive at the other in about forty-two 
minutes if the tunnel is smooth, but will take about eight minutes longer if the 
tunnel is perfectly rough. The sphere is supposed to move solely under the action 
of gravity, which inside the earth is supposed to vary as the distance of the sphere 
from the centre of the earth. Would the time be the same from London to Vienna ? 

Ex. 10. A heavy uniform chain occupies a smooth tube of small section whose 
medial line is a quadrant of a circle with one bounding radius vertical. If the chain 
start from rest show that its velocity v on emerging from the tube is given by 
2irr»=pa(ir»-|-8). 

Ex. II. A heavy chain occupies a smooth tube of small section whose form is 
the semi-cardioid r = a (1 + cos B) bounded by the axis. The axis is horizontal, 
one end of the chain is at the apse and its length is 2a, prove that the velocity of 
emergence is given by 10t7"=a^(62-9Ay3). [Coll. Exam. 1877. 

Ex. 12. A fine smooth tube AB of length Z, whose curvature is everywhere 
continuous, is held so that the lower end £ is on a smooth table, and the tangent 
there is horizontal. The whole of the tube is occupied by a uniform string, the 
remainder of which is held coiled up at ^ : the string is released and the tube is 
drawn along with finite acceleration and in such a way that the string runs through 
the tube and is deposited at rest on the table in a straight line. Show that so long 
AS all the string is not uncoiled, the length { on the table after a time t is 

f = (Z - a) log cosh -;^ ^ 

l-a 

where a and h are the lengths of the horizontal and vertical projections of AB. 

[Math. Tripos, 1903. 

As the tube moves each element of string will have a velocity v along the tube 
together with an equal velocity v with the tube. Reverse the acceleration / of the 
tube and take account of the infinitesimal impact when an element d$=ivdt of un- 
coiled string enters the tube. Resolving along the tube we have 

{^+l-\-vdt)(v + dv) = (ii+l)v + (gh+fa+f^)dt. 

Since f=dvldty this is {JL-a^dvldt+v^s^gh. 

Solving this equation we find v and if ^ is the length on the table v = d^ldt. The 
constants of integration are determined by i;=0, ^=0, when (=0. See Art. 800. 

Ex. 18. A perfectly rough cylindrical grindstone of radius a is rotating with 
uniform acceleration about its axis which is horizontal. Show that, if a sphere in 
contact vrith its edge can remain with its centre at rest, the angular acceleration 
of the grindstone must not exceed 5gl2a, [Coll. Exam. 1877. 

146. A rod OA can turn about a hinge at 0, tohiU the end A rests on a ttnooth 
wedge which can slide along a smooth horizontal plane through 0. Find the moHon. 
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Let a=the angle of the wedge, 3f=it8 mass and x=OC Let Z=the length 
of the beam, nt=its mass and 0=AOC. Let i2=the reaction at A, Then we have 

the dynamical equatiofUt Mx = RBina (I), 

tnk^^ =s Rl , cos {a - 6) - mg ^ COB (2), 

and the geometrical equation, j;Bina = 2.8in (a~5) (3). 




It is obvioos that we must apply the second method of solation. Hence 

2Mxx-i'2mk^e&=: - mgl cos e6+2R {sinoi + Zcos (« - ^) ^ }. 

The coefficient of R is seen to vanish by differentiating equation (8). Integrating 

we have Ma^+wk^&^^^C-mglBvaB, 

Thi$ result might have been written down at once by the principle of vie viva. 
For the vis viva of the wedge is clearly Mx^ and that of the rod mlfi^. If y be the 
altitude above OC of the centre of gravity of the rod OA, twice the force function 
is C - 2mgy by Art. 140. Since y — J Z sin ^, this reduces to the result already written 
down. Substituting for x from (8) we have 

\m ^^- co6'^ {a - e)+mk*l &^=C -mgUinO (4). 

If the beam start from rest when 6=p, then C=smgl sin p. 

This equation cannot be integrated any further. We cannot therefore find $ in 
terms of t, but the angular velocity of the beam, and therefore the velocity of 
the wedge, is given by the above equation. 

147. Two rods AB, BC are hinged together at B and can slide freely on a 
imooth horizontal plane. The extremity A of the rod AB is attached by aiwther 
hinge to a fixed point on the table. An elcutic string AC, whose unstretehed length is 
equal to AB or BC, joins A to the extremity C of the rod BC, InitiaUy the two rods 
and the string form an equilateral triangle and the system is started with an angular 
velocity Q round A, Find the greatest length of the eUutic string during the motion. 
Find also the angular velocities of the rods wheji they are at right angles, and the 
least value of Q that this position may be possible. 

The following solution may appear at first sight rather long. The object is to 
illustrate the different methods of using the principles of angular momentum and 
vis viva. They are here minutely explained as this is the first example of the kind. 
It is however usual in practice to write down the equatioru (1) and (2) derived from 
these principles with but little if any explanation. 

Let 2a be the length of either rod, mk* its moment of inertia about its centre of 
gravity, so that ik*=ia^. Let D and E be the middle points of the rods» and let 
X, y be the coordinates of E referred to ^ as origin. 

The only forces on the system are the reaction of the hinge at A and the tension 
of the elastic string AC. If we search for any direction in which the sum of the 
resolved parts of these vanishes, we can find none, since the direction of the 
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reaction ig at present unknown. Bat since the lines of action of both forces 
pass through A, their moments aboat A vanish, and therefore, by Art. 133, the 
angular momentum about A is constant throughout the motion and equal to its 
initial value. Let w, ta' be the angular velocities of AB, BC at any instant t. The 
angular momentum of BC about ^ is • 

»n(ary-yi + *««'), Art. 134. The angular 
momentum ot AB i& hy the same article 
m(k'^-\-a^)u, since AB is turning about A 
as a fixed point. The initial values of 
these are respectively m(8a*+ik')0, and 
m(AE'+a*)0, since w, u' and 6 are each 
initially equal to and r is initially equal 
to the perpendicular from A on the oppo- 
site side of the equilateral triangle formed 
by the system. Hence 

m (A* + a^)ia-k'ni {xy -yx + **«') 

=iii(2A«+4a>)0 (I). 

We may obtain another equation by 

the use of the principle of vis viva. The 

vis viva of the rod -BC is m (i" + y«+ A^w'^), 

Art. 139. The vis viva of AB is by the 

same article m(ft' + a')(i;' since it is turning round ^ as a fixed point. The 

initial values of these are respectively m(3a"+ifc«)0« and TO(*'+a")0*. If T be 

the tension of the string, p its length at time ^ the force function of the tension is 
p 
( - r) dp. According to the rule given in statics to calculate virtual moments. 




/: 



the minus sign is given to the tension because it acts so as to diminish p ; and the 
limits are 2a to p because the string has stretched from its initial length 2a to p. By 



Hooke'slaw T=E 



-B'^-L?£ 



2a 



, so that, by integration, the force function = -E 



- v^PzML 



Since the reaction at A does not appear. Art. 141, the equation of vis viva is 



m 



Ml 



4a 



.(2). 



There are only two possible independent motions of the rods. We can turn AB 
about A and BC about B, all motions, not compounded of these, being inoon- 
sistent with the geometrical conditions of the question. Two dynamical equations 
are sufficient to determine these, and we have just obtained two. All the other 
equations which may be wanted must be derived from geometrical considerations. 

Let ^, ^' be the inclinations of the rods AB, BC to the axis of x and let 
0=^'-^. We have 

j;=2aco6^-f acos^', y = 2aBin^ + asin^', 

i= - 2a sin ^w - a sin ^V, jr=2acos^(ii + acos^V. 

The equations of angular momentum and vis viva then become 

m(ik«+6a«+2a*cos0)«+TO(ifc>+a«+2a*co80)«'=m(2i» + 4a«)O (3), 



(p-2a)« 



...(4). 



iii(Jk«+6a2)««+m(A»+a*)«'«+4ma*««'cos0=m(2*«+4a»)O«-£ ^ 

These equations determine w, c/ in terms of the subsidiary angle 0. 

It U required to find the greatest length of the elaatie string during the motion. 
At the moment when p is a maximum p=0 and the whole system is therefore 
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moTing as if it were a rigid bodj. We therefore have for a single moment w=w'. 
The equations (3) and (4) become, when we have substituted for k* its value |a^, 

(lO + 6oos0)«=7O, (lO+6cos0)ar»=7O*-^5(p-2a)«. 

Eliminating w and remembering that p=4aoos40) we have 

E (3p» + 16a«) {p - 2a) = 28mO«a» (p + 2a). 

This cnbic has one positive root greater than 2a. 

It it cd$o required to find the motion at the in»tant w?ten the rods are at right 
angles. At this moment 4>=iT, and hence (3) and (4) become 

8w + 2«' = 70, 8fci» + 2w'3 = 70* - — (^2 - 1)». 

ma ^^ ' 

From these equations we easily find ta and w'. It is clear that the values of w, ta 
are not real unless 70^ > 10 (^2 - 1)^ Elma. 

Another solution. We may often save ourselves the trouble of some elimination 
?/ we form the equations derived from the principles of angular jnomentum and vis 
viva in a slightly different manner. The rod BC ia turning round B with an angular 
Telodtj ia\ while at the same time B is moving perpendicularly to AB with a 
velocity 2ac«i. The velocity of E is therefore the resultant of aw' perpendicular to 
BC and 2a<a perpendicular to ^^, both velocities, of course, being applied to the 
point E. When we wish our results to be expressed in terms of w, w' we may use 
these velocities to express the motion of E instead of the coordinates (x, y). 

Thus in applying the principle of angular momentum, we have to take the 
moment of the velocity of E about A, Since the velocity 2a(ii is perpendicular to 
AB, the length of the perpendicular from A on its direction ib AB together with the 
projection of BE on AB^ which is 2a + a cos ^ Since the velocity ato' is perpen- 
dicular to BE, the length of the perpendicular from A on its line of action is BE 
together with the projection of AB on BE, which is a + 2a cos 0. Hence the angular 
momentum of the rod BC about A is, by Art. 134, 

mk^uf' + 2maci; (2a + a cos 0) + maw' (a + 2a cos 0). 

The principle of angular momentum for the two rods gives therefore 

iii(it» + oa» + 2a8cos0)w + TO(i2+a« + 2a«cos0)w'=m(2Af« + 4a«)O. 

The right-hand side of this equation, being the initial value of the angular momen- 
tum, is derived from the left-hand side by putting cos0= -^ and ia=iu/=Q, 

In applying the principle of vis viva, we require the velocity of E, Regarding it 
as the resultant of 2acu and aca' we see that, if v be its value, 

V* = (2au)^ + (aw')* + 2 . 2a w . a«' cos 0. 

The initial value being found, as before, by putting cos0=-i, w=:w'=0, the 
principle of vis viva gives, by Art. 141, 

m (k» + 5a^) to^+m (&« + a«) «'« + 4ma« ww' cos = iw (2*» + 4a^) 0« - £ ^^— , 

the force function being found in the same manner as before. Since ^^ta'-ta 
and p = 4acos^0, we have just three equations to find w, w', and 0. If these 
quantities are all that are required, as in the two cases considered above, this form 
of solution has the advantage of brevity. 

Ex. 1. Two rods AB, BC of equal mass are hinged together at B and the 
extremity A is fixed. They fall from any initial position under the action of gravity. 
If their lengths are respectively 2a and 2& and their inclinations to the horizon at 
any time B, 0, prove that 

J- { 16a*^ + 46* + 6a& cos (0 -$){& + 0) } = 9ap cos 9 + Zhg cos 0, 

8a»^'»-|-2&*0*4-^6cos(0- tf)^0=9a(/8ind-|-86(7sin0+C, 
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The first equation is obtained by taking the angular momentum about A for hoih 
bodies as explained in Art. 78. The seoond is the equation of vis viva. [Coll. Ex. 

Ex. 2. A uniform rod of length 2a has a particle attached to it by a string h ; 
the rod and string are placed in a straight line on a smooth table, and the particle 
is projected with a velocity V perpendicularly to the string, prove that the greatest 
angle that the string can make with the rod is given by sin^i0=a(l+n)/126, 
where n is the ratio of the mass of the rod to that of the particle. Prove also 
that the angular velocity then is F/(a + &). [Coll. Ex. 

The common centre of gravity Q moves in a straight line with uniform velocity. 
The vis viva and the angular momentum about Q are each constant. 

Ex. 8. Three equal uniform bars, formed of such material that any particle 
repels any other with intensity proportional to the product of their masses and 
directly as the distance between them, are loosely jointed at their ends so as to form 
an equilateral triangle. If one of the connexions at the angles be severed, prove 
that the angular velocity of either of the outer bars when all three are in a straight 
line is V(^*^) ^o^^ their angular velocity when they are at right angles to the 
middle bar. [Math. Tripos, 1878. 

Ex. 4. Four equal rods OA^ AC, CB, BO are freely hinged at their ends so as 
to form a rhombus and the angle AOB is a. The system rotates in its own plane 
with an angular velocity Q about O which is fixed in space, the comers O, C being 
connected by a string. The string gives way and w, cj' are the angular velocities of 
the rods at any subsequent time. Prove that 



(«-«T=2(H-ioo8«) (q^-^"') . 

\ u + u J 



148, The bob of a heavy pendulum contains a spherical cavity which is filled 
uHth water. It is required to determine the motioti. 

Let be the point of suspension, G the centre of gravity of the solid part of the 
pendulum, MK^ its moment of inertia about 0, and let OG = h. Let C be the centre 
of the sphere of water, a its radius and OC=c, Let m be the mass of the water. 

If we suppose the water to be a perfect fluid, the action between it and the case 
must, by the definition of a fluid, be normal to the spherical boundary. There will 
therefore be no force tending to turn the fluid round its centre of gravity. As the 
pendulum oscillates to and fro the centre of the sphere will partake of its motion, 
but there will be no rotation of the water. 

The effective forces of the water are by Art. 131 equivalent to the effective force 
of the whole mass collected at its centre of gravity together with a couple mk^ta, 
where u is the angular velocity of the water, and mk* its moment of inertia about 
a diameter. But <a has just been proved zero, hence this couple may be omitted. 
It follows that in all problems of this kind where the body does not turn, or turns 
with uniform angular velocity, we may collect the body into a single particle placed 
at its centre of gravity. 

The pendulum and the collected fluid now form a rigid body turning about 
a fixed axis, hence if ^ be the angle made by CO a fixed line in the body with the 
vertical, the equation of motion by Art. 89 is 

(Afi:«+ffkj>)6f+(Af/*+?Fu?)</sind=0, 

where, in finding the moment of gravity, 0, G and C have been supposed to lie in 
a straight line. The length L' of the simple equivalent pendulum is, by Art. 92, 

M K*+mc^ 
" Mh-^mc 
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Let ml^ be the moment of inertia of the sphere of water about a diameter. 
Then, if the water were to become solid and to be rigidly connected with the case, 
the length L of the simple equivalent pendulum would be, by similar reasonings 

~ M /t + me 

It appears that L'<L, so that the time of oscillation is less than when the 
whole is solid. 

That U should be less than L follows from the principle of vis viva. For if, 
with the same arc, gravity has to do the additional work of rotating the sphere of 
water, the pendulum must move more slowly. 

149. Characteristics of a body. If we refer to the 
equations of motion of a body given in Art. 135, we see that 
the motion depends on (1) the mass of the body, (2) the position 
of the centre of gravity, (3) the external forces, (4) the moments 
of inertia of the body about straight lines through the centre 
of gravity, (5) the geometrical equations. Two bodies, however 
different they may really be, which have these characteristics the 
same, will move in the same manner, i.e. their centres of gravity 
will describe the same path, and their angular motions about their 
centres of gravity will be the same. It is often convenient to use 
this proposition to change the given body into some other whose 
motion can be more simply found. 

For example, let a body have an eccentric spherical cavity, 
filled with a heavy fluid. Since the sphere of fluid either does 
not rotate or rotates with uniform angular velocity, the motion is 
unaltered by collecting the fluid into a particle placed at the 
centre. Thus (the particle being always at the same point C of 
the body) the system has been simplified into a single rigid body. 

As for the fourth characteristic we may observe that the 
moment of inertia of the body and the particle about any axis 
differs from that of a solidified system about the same axis by 
mk^ which is the moment of inertia of the fluid about a diameter. 
When the density of the fluid is the same as that of the body, 
this is independent of the position of the cavity. This however is 
not a simplification of any importance. 

The motion of a uniform triangular area moving under the 
action of gravity is another example. If we replace the area by 
three wires forming its perimeter but without weight, the geome- 
trical conditions of the motion will in general be unaltered, and if 
we also place at the middle points of these wires three particles, 
each one-third of the mass of the triangle, this body will have 
all its characteristics the same as that of the real triangle, and 
may replace it in any problem. 

Ex. 1. A triangalar area at rest is struck by a blow perpendicular to its plane 
at the middle point of one side, show that the instantaneous axis biBects the other 
two sides ; but if the blow be delivered at a comer the instantaneous axis divides 
in the ratio of 3 : 1 each of the sides which meet at that corner. 
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This is not strictly a case of motion in two dimensions, but we may deduce the 
results from first principles, by taking moments about a straight line which passes 
through the point of application of the blow and one of the equivalent particles. 

Ex. 2. A triangular area ABC oscillates about one side ^B as a horizontal 
axis under the action of gravity, show that the pressures on the fixed axis are 
equivalent to a vertical pressure at a point which bisects AB, and a pressure in 
the plane of the triangle which bisects the distance between and the projection N 
of C on AB. The first is J IT, the second is equal to the tension of a string 
pendulum whose length is ^ CN and bob weight g W, where W is the whole weight. 

When a string connecting two parts of a dynamical system 
passed over a rough pulley, it was formerly the custom to take 
account of the inertia of rotation by replacing the pulley by 
another of the same size but without mass and loaded with a 
particle at its circumference. If a be the radius of the pulley, 
k its radius of gyration about the centre, m its mass, the mass 
of the particle is mk^/a^, so that for a cylindrical pulley the mass 
of the particle is half that of the pulley. This mass must then 
be added on to the other particles attached to the string. For 
example, if two heavy masses if, M' are connected by a string 
passing over a cylindrical pulley of mass tw, which can turn freely 
about its axis, the equation of motion is 

where v is the velocity. Here the inertia of the pulley is taken 
account of by simply adding ^m to the mass moved. If the pulley 
be moveable in space as well as free to rotate, its inertia of trans- 
lation is as usual taken account of by collecting the whole mass 
into its centre of gravity. As this representation of the inertia 
of rotation is not often used now, the demonstration of the above 
remarks, if any be needed, is left to the reader. 

£x. 3. A rod AB whose centre of gravity is at the middle point C of AB has 
its extremities A and B constrained to move along two straight lines Ox, Oy 
at right angles and is acted on bj any forces. Show that the motion is the same as 
if the whole mass were collected into its centre of gravity and aU the forces reduced 
in the ratio a^+fc' : a\ where 2a is the length AB and k the radius of gyration 
about the centre of gravity. 

Ex. 4. A circular disc whose centre of gravity is in its centre rolls on a perfectly 
rough curve under the action of any forces, show that the motion of the centre is 
the same as if the curve were smooth and all the forces were reduced in the ratio 
a^-^-lc^ : a^y where a is the radius of the disc and k its radius of gyration about 
the centre. The systems start from rest. But the normal pressures on the curve in 
the two cases differ by Xk^l{a^-\-k^)y where X is the force on the disc resolved 
along the normal to the rough curve. 

150. On the stress at any point of a rod. A rod OA 

being in' equilibrium under the action of any forces, it is required to 
determine the action across any section of the rod at P, This 
action may be conceived to be the resultant of the tensions 
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positive or negative of the innumerable fibres which form the 
material of the rod. We know by statics that these may be 
compounded into a single force R acting at any point Q which we 
may choose and a couple 0, Since each portion of the rod is in 
equilibrium, these must also balance all the external forces which 
act on the rod on one side of the section at P. If the section be 
indefinitely small it is usual to take Q in the plane of the section, 
and these two, the force iZ and the couple (j, will together measure 
the stress at the section. 

If the rod be bent by the action of the forces, the fibres on 
one side will all be stretched and on the other compressed. The 
rod will begin to break as soon as these fibres have been suffi- 
ciently stretched or compressed. Let us compare the tendencies 
of the force R and the couple G to break the rod. Let A be the 
area of the section of the rod, then a force F pulling the rod will 
cause a resultant force R = F, and will produce a tension in the 
fibres which, when referred to a unit of area, is equal to F/A. The 
same force F acting on the rod at a distance p firom P will 
cause a couple G=^Fp^ which must be balanced by the couple 
formed by the tensions. Let 2a be the mean breadth of the 
rod, then the mean tension produced by G referred to a unit of 

F V 
area is of the order -j . - . Now if the section of the rod be very 

small pja will be large. It appears therefore that the couple, when 
it exists, will generally have much more efiFect in breaking the 
rod than the force. This couple is therefore often taken to 
measure the whole effect of the forces to break the rod. The 
tendency of the forces to break a rod OA at any point P is mea^sured 
numerically by the moment about P of all the forces which act on 
either of the segments OP, PA of the rod. 

The resolved part of the force R perpendicular to the rod is 
called the shear. This is equal to all the forces which act on either 
of the segments OP, PA, resolved perpendicular to the rod. 

If the rod be in motion the same reasoning will, by D'Alem- 
bert's principle, be applicable ; provided that we include the re- 
versed effective forces among the forces which act on the rod. 

In most cases the rod will be so little bent that in finding 
the moment of the impressed forces we may neglect the effects 
of curvature. 

If the section of the rod be not very small, this measure of 
the " tendency to break " becomes inapplicable. It then becomes 
necessary to consider both the force and the couple. The case 
does not come within the limits of the present treatise, and the 
reader is referred to works on elastic solids. 

In the case of a string the couple vanishes and the force acts 
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along a tangent to the string. The stress at any point is therefore 
simply measured by the tension. 

151. Ex. 1. A rod OA, of length 2a, and mass m, which can turn freely about 
one extremity 0, falls in a vertical plane under the action of gravity. Find the 
tendency to break at any point P. 

Let du be any element of the rod distant u from P and on the same side of P as 
the end A of the rod, and let OP=x. Let $ be the angle the rod makes with the 
vertical at the time t» The effective forces on du are 



du, .d^ , du, Jdey 



respectively perpendicular to and along the rod. The impressed force ism^ g acting 

vertically downwards. Let L be the stress-couple at P measured clockwise when 
acting on PA, By D'Alembert's principle, the moment of the effective forces 
on PA about P is equal to the moment of gravity plus that of the couple L. Henoe 

f du, ^ d^ f du . ^ r 
Jifi~(x + u)tt— ,=/m^^usin^ + L, 

the limits being from u=0 to u = 2a-x. This equation may also be obtained 
by equating - L to the moment of gravity plus that of the reversed effective forces 
on PA, Also, taking moments about 0, the equation of motion is 

ia^d^e 
m~Y j^=nigaBm$, 

Henoe we easily find L = , ^ « x(2a-x)^. 

To find where the rod, supposed equally strong throughout, is most likely to 
break, we must make L a maximum. This gives dLldx=0 and therefore dx=2a. 
The point required is at a distance from the fixed end equal to one-third of the 
length of the rod. Its position is independent of the initial conditions. 

To find the shear at P we resolve perpendicularly to the rod. We have 

, du . .d*$ f du . ^ V 

where Y is the shear and the limits are the same as before. This gives 

^='"li° *<*•-«) (2a -3x), 

which vanishes when the tendency to break is a maximum, and is a maximum at a 
distance from the fixed end equal to two-thirds of the length of the rod. 

To find the tension at P we resolve along the rod. If the tension X when acting 
on PA be measured in the direction OA, we have 

{ du, ^ ./dsy . du ^ „ 

'fm^ix + u){^^j =-fm^gcoB0 + X. 

If the rod start from rest at an inclination a to the vertical, we find, by integrating 
the equation of motion, I.-) =57 (®°* * ~ ^^^ ^)- Hence 

-Y=^j (2a - x) { ~ 4a cos d + 3 (cos a - cos $){2a + x)}. 

From these equations we may deduce the following results. (1) The magnitudes 
of the stress couple and the shear are independent of the initial conditions. 
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(2) The magnitnde of either the ooaple or the shear at any given point of the rod 
varies as the sine of the inclination of the rod to the vertical. (3) The ratio of the 
magnitades of the stress ooaples at any two given points of the rod is always the 
same, and the same proposition is also true of the shears. (4) The tension depends 
on the initial conditions, and, unless the rod starts from rest in the horizontal 
position, the ratio of the tensions at any two given points varies with the position 
of the rod. 

When a tall chimney has to be taken down, it is usual to remove some bricks 
at the base on one side, replacing each by a wooden prop. When these have been 
set on fire the chimney, being unsupported on one side, falls like the rod OA and 
usually breaks at some point of its length. If the chimney were equally strong 
throughout its length the point of fracture should be one-third up. In an instan- 
taneous photograph seen by the author this was nearly true. 

Ex. 2. ^F is a fixed smooth vertical rod, AG 9k rod freely jointed to ^ F at the 
fixed point A^ BC a rod freely jointed to AC and arranged so that B can slide on 
AVy and a string is attached to the joint C, carrying a mass M, The system 
rotates with a uniform angular velocity u about AV. Obtain equations to find the 
inclinations [6^ 0) of AC and the string to the vertical, and show that the bending 
moment at a point P on ^C at a distance x from A is 

mx (x -a) . f _ . 

17- — ^sin e {3g-u^ (x + a) cos 0\, 

where a is the length, m the mass of each of the rods AC and BC, 

[Coll. Exam., 1904. 

The system is turning uniformly round A V, hence the only efifective force on an 
element dm of mass of the rod AC distant u from ^ K is u^udm. All these parallel 
forces are evidently equivalent to a resultant ^mw'a sin ^ tending from AV and 
acting at a point distant 2a/3 from A. See also Arts. 47, 114. 

Let X, Y he the horizontal and vertical components of the reaction at A^ let 
x = AP. By taking moments about P for the portion AP of the rod AC we find 
(if A is above B) 

L= - nua^ sin cos Bw--\-mg sin d -- - Xx cos e+Yx sin = 0. 

This is also numerically equal to the moment of the effective forces on PC together 
with that of the reactions at the end C of the rod taken with proper signs. But 
both these moments vanish when P is at C, hence L =0 when x=a. Putting x=a, 
we have two equations which immediately lead to the given value of L. 

The result is not independent of Af, for this mass enters into the equation 
implicitly through which has not been determined above. 

152. Ex. 1. A rigid hoop completely cracked at one point rolls on a perfectly 
rough horizontal plane and is acted on by no forces but gravity. Prove that the 
wrench couple at the point of the hoop most remote from the crack will he a maximum 
whenever^ the crack being lower thaji the centre^ the inclination of the diameter 
through the crack to the horizon is tan-^ 2/t. [Math. Tripos, 1864. 

Let ta be the angular velocity of the hoop, a its radius. The velocity of any 
point P of the hoop is the resultant of a velocity ata parallel to the horizontal plane 
and an equal velocity ata along a tangent to the hoop. The first is constant in 
direction and magnitude and therefore gives nothing to the acceleration of P. The 
latter is constant in magnitnde but variable in direction and gives a<a^ as the 
acceleration, which is directed along a radius of the hoop. Let A be the cracked 
point, B the other end of the diameter, C the centre, $ the inclination of ACB to 



126 MOTION IN TWO DIMENSIONS. [CHAP. IV. 

tbe horizon. Let PP* be any element on the upper half of the cirole, BCP=«f» 
Then the wrenoh couple, or tendency to break, at ^ is proportional to 



/: 



[ - ai^a sin ^+g{a cos ^ - a cos (0 + ^)}] ad0= - 2a^(i^+ga^ (rcos 5-*-2 sin 0), 


This is a maximum when tan ^=2/ir. 

Ex. 2. Two of the angles of a heavy square lamina, a side of which is a, are 
connected with two points equally distant from the centre of a rod of length 2a, so 
that the square can rotate about the rod. The weight of the square is equal to the 
weight of the rod, and the rod when supported by its extremities in a horizontal 
position is on the point of breaking. The rod is then held by its extremities in a 
vertical position, and an angular velocity <o is impressed on the square. Show that 
the rod will break if (ua^>Sg, [Coll. Exam. 

Let Bf Che comers of tbe square ; A, D the ends of the rod ; Mg the weight of 
the square. First, place the rod A BCD in a horizontal position, the stress couple 
is greatest at the middle point and is equal to iMga, the weight of the portion 
OA being collected at its centre of gravity B. This is therefore the breaking stress. 
Next, place the rod in a vertical position, the moment of its own weight about any ' 
point P in the rod being zero, the stress couple L at P is equal to the moment 
> of some of the reactions at ^, B, C, D. Hence X> is a linear funetion of the distance 

X of P from A and can have no maxima or minima at any point except A^B^ C, D. 
The stress couples at ^, D evidently vanish and at B, C are respectively equal to the 
moments of the reactions at A, D. The reaction at the highest point A being 
greater than that at D, the rod breaks at P. The given result is obtained by 
equating the moment of the reaction at A about B to the breaking stress. 

Ex. 8. A semicircular wire AB of radius a is rotating on a smooth horizontal 
plane about one extremity A with a constant angular velocity u>. If a<^ be the arc 
between the fixed point A and the point where the tendency to break is greatest, 
prove that tan 0= ir - 0. If the extremity B be suddenly fixed and the extremity A 
let go, the tendency to break is greatest at a point P where } tan PBA =^PBA, 

[Biath. Tripos, 1886. 

Ex. 4. A wire in the form of the portion of the curve r = a (I + cos 0) cut o£f by 
the initial line rotates about tbe origin with angular velocity <a. Prove that the 

IT 12\/2 

tendency to break at the point ^= a ^^ measured by m - w'a'. [St John's Coll. 

Ex. 5. A heterogeneous rod OA is swung as a pendulum about an horizontal axis 
through 0. Prove that if the rod break it will be at a point P determined by the 
condition that the centre of gravity of PA is the centre of oscillation of the pendulum. 

[Math. Tripos, 1880. 

On Friction between Imperfectly Rough Bodies, 

153. Components of a Reaction. WheD one body rolls 
on another under pressure, the two bodies yield slightly, and are 
therefore in contact along a small area. At every point of this 
area there is a mutual action between the bodies. The elements 
just behind the geometrical point of contact are on the point of 
separation and may tend to adhere to each other, those in front 
may tend to resist compression. The whole of the actions across 
the elements are equivalent to (1) a component iZ, normal to the 



s. 
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common tangent plane, and usually called the reaction; (2) a 
component F in the tangent plane usually called the friction ; 
(3) a couple L about an axis Ijdng in the tangent plane, which 
we shall call the couple of rolling friction ; (4) if the bodies have 
any relative angular velocity about their common normal, a couple 
i\r about this normal as axis which may be called the couple of 
twisting friction. 

The two couples are found by experiment to be in most cases 
very small and are generally neglected. But wfien the fHction 
'^orces are also small it may be necessary to take account of them. 
We shall therefore consider first the laws which relate to the 
friction forces, as being the most important, and afterwards those 
which relate to the couples. 

154. Laws of Friction. In order to determine the laws 
of friction forces we must make experiments on some simple cases 
of equilibrium and motion. Suppose then a symmetrical body to 
be placed on a rough horizontal table and acted on by a force so 
placed that every point of the body is urged to move or does move 
parallel to its direction. It is found that if the force be less than 
a certain amount the body does not move. The first law of friction 
is therefore that the friction acts in such a direction and has such 
a magnitude as to be just sufficient to prevent sliding. 

Next, let the force be gradually increased, it is found by 
experiment that no more than a certain amount of friction can 
be called into play, and that when more is required to keep the 
body from sliding, sliding begins. The second law of friction 
asserts the existence of this limit to the amount of friction which 
can be called into play. Its value is called the limiting friction. 

The third law of friction found by experiment is that the 
magnitude of the limiting friction bears a ratio to the normal 
pressure which is very nearly constant for the same two bodies in 
contact, but is changed when either body is replaced by another 
of different material. This ratio is called the coefficient of friction 
of the materials of the two bodies. Its constancy is generally 
assumed by mathematicians. 

Though all experimenters have not entirely agreed as to the 
absolute constancy of the coefficient of friction, yet it has been 
found generally that, if the relative motion ot the two bodies be 
the same at all points of the area of contact, the coeffi/yient of 
friction is nearly independent of the extent of the area of contact 
and of the relative velocity. 

155. Coulomb has pointed out a distinction which exists 
between statical friction and dynamical friction. The friction 
which must be overcome to set a body in motion relatively to 
another is greater than the friction between the same bodies when 
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in motion under the same pressure. He found also that if the 
hodies remained in contact for some time under pressure in a 
position of equilibrium, the friction which had to be overcome was 
greater than if the bodies were merely placed in contact and 
immediately started from rest under the same pressure. In some 
bodies the difference between the statical and the dynamical 
friction was found to be very slight, in others it was considerable*. 
The experiments of Morin in general confirmed its existence. Ac- 
cording to some experiments of Fleeming Jenkin and J. A. Ewing, 
described in the Phil, Trans, for 1877, the transition from statical 
to dynamical friction is not abrupt. By means of an apparatus 
which differed essentially from any previously employed they were 
able to make definite measurements of the friction between surfaces 
whose relative velocity varied from about one hundredth of a foot 
per second to about one five-thousandth of a foot per second. 
Between the limits of these evanescent velocities the coefficient 
of friction was found to be decreasing gradually from its statical 
to its dynamical value as the velocity increased. 

The experiments of Coulomb and Morin were made with bodies 
moving at moderate velocities, but some experiments have been 
lately made by Capt. Douglas Qalton on the friction between cast- 
iron brake blocks and the steel tyi-es of wheels of engines moving 
with great velocities. These velocities varied from seven feet to 
eighty-eight feet per second, i,e. from five to sixty miles per hour. 
Two results followed from his experiments: (1) the coefficient of 
friction was very much less for higher than for lower velocities, 
(2) the coefficient of friction became smaller after the wheels had 
been in motion for a few seconds. See the Report of the British 
Association for the meeting in Dvblin, 1878. The reader will find 
an account of some experiments on roUing friction by Prof. Osborne 
Reynolds in the Phil. Trans, for 1876. 

156. When bodies are said to he perfectly rough it is usually 
meant that they are so rough that the amount of friction necessary 
to prevent sliding under the given circumstances can certainly be 
called into play. The coefficient of friction is therefore practically 
infinite. By the first law of friction, the amount which is called 
into play is that which is just sufficient to prevent sliding. 

157. Application of the laws of Friction. Let us now 

extend the theory deduced from these experiments to the case in 
which a body moves or is urged to move in any manner in one 
plane. It is a known kinematical theorem, which will be proved 
at the beginning of the next chapter, that such a motion may 
be represented by supposing the body to be turning round some 

* The results of Goulomb^s experiments are given in his Thiorie des machinet 
simple*, Mimoirei des Savants Strangers, tome x. This paper gained the Prize 
of the AcadSmie des Sciences in 17S1 and was published separately in Paris, 1809. 
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instantaneous centre of rotation. Let be the centre of rotation, 
then any point P of the body is moving or tends to move in 
a direction perpendicular to OP. 

The friction at P, by the first rule just given, must also act 
perpendicular to OP but in the opposite direction. If P move, 
the amount of friction at P is limiting friction and is equal 
to fiR, where R is the pressure at P and /i the coeflScient of 
friction. Thus in a moving body the direction and the magnitude 
of the friction at every sliding point are known in terms of the 
coordinates of and the pressure at the point. 

Suppose for example that it is required to find the least couple 
requirea to move a heavy disc resting by several pins on a hori- 
zontal table, the pressures at the pins being known. By resolving 
in two directions and taking moments about a vertical axis we 
obtain three equations. From these we can find the required 
couple and the two coordinates of 0. 

It sometimes happens that coincides with one of the points 
of support of the body. In this case the friction at this point of 
support is not limiting. It is only just sufficient in amount to 
prevent the point from sliding. 

Ex. A heavy body rests by three pins A, B, C on a roagh horizontal table, the 
pressures at the pins being P, Q, R, If the body be acted on by a oouple so that it 
is just on the point of moving, show that the centre of rotation is at a point such 
that the sines of the angles AOB, BOC, CO A are as R, P, Q. But if the point O 
thus determined does not lie within the triangle ABC, the centre of rotation coincides 
with one of the pins. These results follow immediately from the triangle of forces. 

158. Discontinuity of Friction. The reader should, par- 
ticularly notice the discontinuity just mentioned. The friction at 
any point of support which slides is /ii2, where R is the normal 
pressure. But if the point of support does not slide, the friction 
is some quantity F, which is unknown, but must be less than 
fjiR. Its magnitude must be found from the equations of motion. 

Let a moving body be placed with one point A in contact 
with a fixed rough plane and let the initial velocity of il be zero. 
The point A may either begin to slide on the plane or the body 
may only roll. To determine which of these motions occurs, we 
may adopt either of two methods. 

In the first method, we investigate the friction required to 
keep A at rest. Assuming then that the body rolls, we write 
down the equations of motion. The friction F is unknown, but 
we have a geometrical equation to express the condition that the 
tangential velocity of A is zero. Solving these equations we find 
the ratio FjR. If this ratio is less than the coefficient of friction /l(, 
enough friction can be called into play to keep A at rest. The 
body therefore will begin to roll and will continue to roll as long as 

B. D. 9 
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the ro^'o F/Ii continiiea to be less than /jl. If the ratio F/R is greater 
than fA the body slides at A. When this happens the equations 
written down do not represent the true motion, and we adopt the 
second method. 

In the second method, we form the equations of motion on the 
supposition that the point A slides on the plane. The friction is 
then fiR instead of F and the geometrical equation which expresses 
the fiict that there is no slipping at A is absent. Solving these 
equations we find the tangential velocity of the point A of the 
body. If this velocity is not zero and is opposite to the direction 
in which the friction fiR acts when fju has a proper sign given to 
it, the true motion has been found. The body will slide at A and 
will continue to slide as long as the velocity at A does not vanish. 
When this occurs we again use the first method. 

159. Discontinuity may also arise in other ways. When, for 
example, one body is sliding over another, the friction is opposite 
to the direction of relative motion, and numerically equal to the 
normal reaction multiplied by the coefficient of friction. If then, 
during the course of the motion the direction of the normal reaction 
should change sign, while the direction of motion remains unaltered, 
or if the direction of motion should change sign while the normal 
rea^ctUm remains unaltered^ the sign of the coefficient of friction must 
be changed. This may modify the dynamical equations and alter 
the subsequent solution. The same cause of discontinuity operates 
when a body moves in a resisting msdiumy the law of resistance 
being an even fwnction of the velocity , i.e. any function which does 
not change sign when the dii^ction of motion is changed. 

160. Indeterminate Motion. In some cases the motion 
may be rendered indeterminate by the introduction of friction. 
Thus we have seen in Art. 112 that, when a body swings on two 
hinges, the pressures on the hinges resolved in the direction of 
the straight line joining them cannot be found. The sum of these 
components can be found, but not either of them. But there 
is no indeterminateness in the motion. If however the hinges 
were imperfectly rough, there would be two friction couples, one 
at each hinge, acting on the body, their common axis being the 
straight line joining the hinges. The magnitude of each would be 
equal to the pressure multiplied by a constant depending on the 
roughness of the hinge. If the hinges were unequally rough, the 
magnitude of the resultant couple would depend on the distribution 
of the pressure on the two hinges. In such a case the motion of 
the body would be indeterminate. 



161. Bympi— of rrl ciioi ii Ex. 1. A homogenemu tphere i$ placed at re»t 
on a rough inclined plane, the coefficient of friction being /t, determine whether the 
$phere will elide or roll. 

Let F be the friction requiied to make the sphere roll. The problem then 
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beeomes the same as that disotissed in Art. 144. We haye, therefore, F=^R tan a, 
where a is the inohnation of the plane to the horizon. 

If then f tana be not greater than /a, the soiution given in the article referred 
to is the correct one. But if /A<f tan a the sphere begins to slide on the inclined 
plane. The snbseqaent motion is given by the equations 

mx=mgBina-fiR, 0= -mg cob a -{-Rt maH'hml^^fngaBma. 

Eliminating R and remembering that the sphere starts from rest, we have after 

integration x^^gt^ (sin a-fi cos a), $ = \fA- t* cos a. 

The velocity of the point of the sphere in contact with the plane is 

x-a&=gt (sin a-^ft. cos a). 

But since, by hypothesis, m is less than f tan a, this velocity can never vanish. 
The friction therefore will never change to rolling friction. See also Art. 186. The 
motion has thus been completely determined. 

Ex. 2. A uniform rod is placed at rest with one end in contact with a horizontal 
plane whose coefficient of friction is m,. If the inclination of the rod to the vertical 
is a, show that it will begin to slide If /a (1 + 3 cos^a) < 3 sina oosa. [Coll. Ex. , 1881. 

Determine also if the rod will slide when fA has this limiting value. 

Considering only the last part of the question let $ be the angle the rod makes 
with the vertical at any subsequent time. We find on solving the equations of 
motion that the friction F necessary to prevent the sliding is given by 

F ^BinS cos 9+2 sin $ (cos $ - cos a) 
J3 "* f - sin*9 + 2 cos (cos 6 - cos a) 

when $=a, this makes Fsz /aR, We now put 0=a+^ where ( is a small angle. We 
find after some easy reductions 



^ ( ^(l+7^s2aU_ ) 

R '^ r bin 2a (6 + 3 cos 2a) ^•"r 



Now ( is positive, and if 1 + 7 cos 2a is also positive more friction will be 
required after a short time to keep the end of the rod at rest than called into 
play. 

162. A hamogeiuout sphere is rotating about a horizontal diameter, and is gently 
placed on a rough horizontal plane, the coefficient of friction being ft. Determine 
the n^sequent motion. * 

Since the velocity of the point of contact with the horizontal plane is not zero, 
the sphere evidently begins to slide, and the motion of its centre is along a 
straight line perpendicular to the initial axis of rotation. Let this straight line be 
taken as the axis of x, and let $ be the angle between the vertical and that radius of 
the sphere which was initially vertical. Let a be the radius of the sphere, mk^ its 
moment of inertia about a diameter, and O the initial angular velocity. Let R be 
the normal reaction of the plane. Then the equations of motion are clearly 

mx^fiR, 0=mg-R, mk^'d- -fiRa (1), 

whence we have ^=Hfi a^= -if^ (2). 

Integrating, and remembering that the initial value of ^ is 0, we have 

x = i/Jigt*, 9=0«-^At^t» (3). 

a 

But it is evident that these equations cannot represent the whole motion, for 

9—2 
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they make x, the velocity of the centre of the sphere, increase continually, a result 
quite contrary to experience. The velocity of the point of the sphere in contact 

with the plane is i - a^= - oQ + i/Jtgt, 

aQ 
This vanishes at a time ti = l — (^)- 

At this instant the friction suddenly changes its character. It now heoomes 
of magnitude only sufficient to keep the point of contact of the sphere at rest. Let 
F be the friction required to efifect this. The equations of motion will then be 

mif=F, 0=mg-R, mk*$=-Fa (6), 

and the geometrical equation will be j;=a^. 

Differentiating this twice, and substituting from the dynamical equations, we 
get F(a'+ft')=0, and therefore F=0. That is, no friction is required to keep 
the point of contact of the sphere at rest, and therefore none will be called into 
play. The sphere will therefore move uniformly with the velocity which it had 
at the time tj . Substituting the value of t^ in the expression for i obtained from 
equations (3) we find that this velocity is }aO. It appears therefore that the 
sphere will move with a uniformly increasing velocity for a time f^aQ/fAg and will 
(then move uniformly with a velocity faO. It may be remarked that this velocity is 
independent of /i» 

If the plane be very rough, fi is very great and the time t^ is very small. Taking 
the limit when fi is infinite we find that the sphere begins immediately to move with 
its uniform velocity. 

163. In this investigation the couple of rolling friction has been neglected (see 
Art. 153). Its effect is to diminish the angular velocity. The velocity of the lowest 
point of the sphere tends to be no longer zero, and thus a small sliding friction is 
required to keep that point at rest. Suppose the moment of the friction-couple 
to be measured by frng, where / is a constant. Introducing this into the equations 
(5) the third is changed into 

mk*B= -Fa-fmg, 

the others remaining unaltered. Solving these as before we find f = - y^f, . 

Hence F is negative and retards the sphere. The effect of the eoupU U to call into 
play a friction-force which gradually reduces the sphere to rest. 

As the sphere rolls we may wish to determine the effect of the resistance of the 
air. The chief part«of this resistance may be pretty accurately represented by 
a force mfiv^Ja acting at the centre in the direction opposite to motion, v being the 
' velocity of the sphere and p a constant whose magnitude depends on the density of 
the air. Besides this there is also a small friction between the sphere and the air 
whose magnitude is not known so accurately. Let us suppose it to be represented 
bj^ a couple whose moment is myv^ where 7 is a constant of small magnitude. The 
equations of motion can be solved without difficulty, and we find 

where V is the velocity of the sphere at the epoch from which t is measured. 

164. Friction couples. In order to determine by experi- 
ment the magnitude of rolling friction, let a cylinder of mass M 
and radius r be placed on a rough horizontal plane. Let two 
weights whose masses are P and P+p he suspended by a fine 
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thread passing ov^r the cylinder and hanging down through a slit 
in the horizontal plane. Let F be the force of friction, L the 
couple at the point of contact A of the cylinder with the horizontal 
plane. Imagine p to be at first zero, and to be gradually increased 
until the cylinder just moves. When the cylinder is on the point 
of motion, we have by resolving horizontally F=^0, and by taking 
moments L ^pgr. Now in the experiments of Coulomb and Morin 
p was found to vary as the normal pressure directly, and as r 
inversely. When p was great enough to set the cylinder in motion, 
Coulomb found that its acceleration was nearly constant, whence 
it followed that the rolling friction was independent of the 
velocity. M. Morin found that it was not independent of the 
length of the cylinder. 

The laws which govern the couple of rolling friction are similar 
to those which govern the force of friction. The magnitude is 
just sufficient to prevent rolling. But no more than a certain 
amount can be called into play, and this is called the limiting 
rolling couple. The moment of this couple bears a constant ratio 
to the magnitude of the normal pressure. This ratio is called 
the coefficient of rolling friction. It depends on the materials in 
contact, it is independent of the curvatures of the bodies, and, in 
some cases, of the angular velocity. 

No experiments seem to have been made on bodies which touch 
at one point only and have their curvatures in different directions 
unequal. But, since the magnitude of the couple is independent 
of the curvature, it seems reasonable to assume that the axis of the 
rolling couple, when there is no twisting couple, is the instantaneous 
axis of rotation. 

165. In order to test the laws of friction let us compare the 
results of the following problem with experiment. 

Frletion of a eanrlas«. A carriage on n pairs of wheels is dragged on a level 
horizontal plane by a horizontal force 2P with uniform motion. Find the magnitude 
of P, 

Let the radii of the wheels be respectively r^ , r,, &c., their weights ir|, ir,, (fee., 
and the radii of the axles Pi, P|, <fec. Let 2 FT be the whole weight of the carriage, 
2Q], 2Q,, &c. the pressures on the several axles, so that W='LQ, Let the pressares 
between the wheels and axles be 12j, iZ,, (fee. and the pressures on the ground 
R^\ i?,', &c. Let C be the common centre of any wheel and axle, B their point of 
contact, and A the point of contact of the wheel with the ground. Let the angle 
ACB=$, supposed positive when B is behind AC. Let ft be the coefficient of the 
force of sliding friction at B and / the coefficient of the couple of rolling friction 
at A. The equations of equilibrium for any wheel, found by resolving vertically 
and taking moments about A, are 

E' = Q+w (1), fiR{rcoB$-'p)-RrBin0=:fB' (2). 

The friction force at A does not appear because we have not resolved horizontally. 
The equations of equilibrium of the carriage, found by resolving vertically and 
horizontally, are 

Reoae+fLRsme^^Q (8), 2(i2 8in^-AJ2oos9)+P=0 (4). 
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The efFeetiye forces have been omitted beoaoee the carriage is supposed to move 
uniformly, so that the Mv of the carriage and the nift'w of the wheel are both 
zero. The first three of these equations give, by eliminating R and Bf^ 






.(5). 



This gives the value of $. In most wheels p/r and w/Q are both small as well as/. 
In such a case ^i cos 9- sin ^ is a small quantity. If therefore Ai=tan€ we have 
0sz€ very nearly. The third and fourth of the equations give, by eliminating i2, 



p_- MC08g-sintf 
"" jusin^+cos^ 



«=2l-^idT55i«7«+f («+">!' 



the latter by equation (5). If p/r be small, it will be sufficient to substitute for $ in 
the first term its approximate value e. This gives 

P=Z {rine^g+Z^^^f (6). 

Here we have neglected terms of the order (p/r)' Q, 

If all the wheels are equal and similar we have, since ZQ * TT, 

P=«n,-V+/^'? (7). 

Thus the force required to drag a carriage of given weight with any constant 
velocity is very nearly independent of the number of wheels. 

In a gig the wheels are usually larger than in a four-wheel carriage, and there- 
fore the force of traction is usually less. In a four-wheel carriage the two fore 
wheels must be small in order to pass under the carriage when turning. This will 
cause the term fiincQipJri in the expression for P, depending on the radius r, of 
the fore wheel, to be large. To diminish the effect of this term, the load should be 
so adjusted that its centre of gravity is nearly over the axle of the large wheels, 
when the pressure Qi in the numerator will be small. 

Numerous experiments were made by a French engineer, M. Morin, at Metz in 
the years 1837 and 1838, and afterwards at Courbevoie in 1839 and 1841, with a 
view to determine with the utmost exactness the force necessary to drag carriages 
of different kinds over ordinary roads. These experiments were undertaken by 
order of the French Minister of War, and afterwards under the direction of the 
Minister of Public Works. The effect of each variation was determined separately, 
thus the same carriage was loaded with different weights to determine the effect of 
pressure, and dragged on the same road in the same state of moisture. Then, the 
weight being the same, wheels of different radii but of the same breadth were used, 
and BO on. 

The general result was that for carriages on equal wheels, the resistance varied 
as the pressure directly, and the diameter of the wheels inversely, whilst it was 
independent of the number of wheels. On wet soils the resistance increased as the 
breadth of the tire decreased, but on solid roads the resistance was independent of 
the breadth of the tire. For velocities which varied from a foot pace to a gallop, the 
resistance on wet soils did not increase sensibly with the velocity, but on solid roads 
it did increase with the velocity if there, were many inequalities on the road. As 
an approximate result it was found that the resistance might be expressed by a 
function of the form a+bV, where a and 5 were two constants depending on the 
nature of the road and the stiffness of the carriage, and V was the velocity. 
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IC Morin's analytical determination of the yalue of P does not altogether agree 
with that given here, bat it so happens that this does not materially affect the 
comparison between theory and observation. See his Notions FondamentaUs de 
M€caniquet Paris, 1855. It is easy to see that M. Morin's experiments tend to 
confirm the laws of rolling friction stated in a previous article. 

166. Woblaina on Frietioii. Ex. 1. A homogeneous sphere is projected 
without rotation directly up an imperfectly rough plane, the inclination of which 
to the horizon is a, and the coefficient of friction i*.. Show that the whole time 
during which the sphere ascends the plane is the same as if the plane were smooth, 
and that the time during which the sphere slides is to the time during which it rolls 
as 2 tan a : Ifju 

Ex. 2. A homogeneous sphere rolls down an imperfectly rough fixed sphere, 
starting from rest at the highest point. If the spheres separate when the straight 
line joining their centres makes an angle with the vertical, prove that 

cos + 2jii sin ^ = Ae^*^^ 

where il is a function of ii only. [Coll. Exam. 

Proceeding as in Art. 145, we show that R remains positive and that the sphere 
rolls until 2sin0/^i=17cos0- 10. The sphere then slides and R changes sign 
when satisfies the equation given in the question. 

Ex. 8. A rough cylinder of mass 2nm capable of motion about its horizontal 
axis has a particle of mass m and coefficient of friction /i placed on it vertically 
above the axis. The system is then slightly disturbed. Show that the particle will 
slip on the cylinder after it has moved through an angle $ given by 

(ii + 3) cos 9 - 2=:n sin $lfk, 

Ex. 4. A homogeneous sphere of mass M is placed on an imperfectly rough 
table, the coefficient of friction of which is /i. A particle of mass m is attached to 
the extremity of a horizontal diameter. Show that the sphere will begin to roll or 

slide according as u is greater or less than „,,- T^iTT"^ — =— •• If m he equal to 
® '^ ^ 71f' +17itfm+6w* 

this value, show that the sphere will begin to roll if 5m'<ilf'+ 113fm. 

Ex. 5. A ring of radius a is fixed on a smooth horizontal table ; a second ring 
is placed on the table inside the first and in contact with it, and is projected with 
Telocity V, but without rotation, in a direction parallel to the tangent at the point 
of contact. Find the time that elapses before slipping ceases between the rings if 
the coefficient of friction between them is fi and prove that the point of contact will 
in this time describe an arc of length (alog2)//;i. Discuss the motion that will 
ensue if at the moment slipping ceases the fixed ring be released and left fre^ 
to move, and prove that during the time that the inner ring rolls half round the 

outer one the centre of the latter will be displaced a distance ^ (a - b) (^(r*+4) 

where m, M are the masses of the inner and outer rings and 5 is the radius of the 
inner ring. [Math. Tripos, 1900. 

£x. 6. A rod AB has two small rings at its extremities which slide on two 
rough horizontal rods Ox, Oy at right angles. The rod is started with an angular 
velocity when very nearly coincident with Ox, Show that, if the coefficient of 

friction is less than J2, the motion of the rod is given by ^= log f 1 + J*^ ^ \ 
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until tan ^=2//i, and that when the rod reaches Oy its angular velocity is w, where 

f^ tan-i - 



-rv^'° '^_ (2+M5J44V) 



and $ is the angle the rod makes with Ox. What is the motion if /i3>2 ? 

We deduce from the equations of motion that when m'<2, both the reactions at 
the beginning of the motion act outwards from the quadrant in which the rod lies. 
During the motion one reaction changes sign while the corresponding friction con- 
tinues to act in the same direction as before : the angular velocity is found not to 
vanish. 

167. Rigidity of Cords. After having used the apparatus 
with a fine cord described in Art. 164 to determine the laws of 
friction, Coulomb replaced the cord by a stiflfer one and repeated 
his experiments with a view to obtain a measure of the rigidity 
of cords. His general result may be stated as follows. Suppose 
a cord ABGD to pass over a pulley of radius r, touching it at B 
and (7, and moving in the direction ABGD, Then the rigidity 
may be represented by supposing the cord to be perfectly 
flexible, and the tension T of the portion AB of the cord which 
is about to be rolled on the pulley to be increased by a quantity 

jB. The force R measures the rigidity and is equal to , 

where a and b are constants depending on the nature of the cord. 

It appears therefore that, in the equation of moments about 
the axis of the pulley, the rigidity of the cord which is being wound 
on the pulley is represented by a resisting couple of magni- 
tude a+bT, where T is the tension of the cord which is being 
bent, and a, 6 are two constants depending on the nature of 
the cord. The rigidity ot* the cord which is being unwound will 
be represented by a couple whose magnitude is a similar function 
of the tension of that cord. But as its magnitude is very much 
less than the first it is generally omitted. 

Besides the experiments just alluded to, Coulomb made many 
others on a different system. He also constructed tables of the 
values of a and b for ropes of different kinds. The degrees of 
dryness and newness and the number of independent threads 
forming the cord were all considered. Rules were given for com- 
paring the rigidities of cords of different thicknesses. 

On Impulsive Forces. 

168. Equations of motion. In the case in which the 
impressed forces are impulsive the general principle enunciated in 
Art. 131 of this chapter requires but slight modification. 

Let (u, v), {v!y v) be the velocities of the centre of gravity of 
any body of the system resolved parallel to any rectangular axes 
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respectively just before and just after the action of the impulses. 
Let fi» and to be the angular velocities of the body about the 
centre of gravity at the same instants. Let Ml^ be the moment of 
inertia of the body about the centre of gravity. Then the eflFective 
forces on the body are equivalent to two impulsive forces 
measured by M{u—u) and M{v' — v) acting at the centre of 
gravity parallel to the axes of coordinates together with an 
impulsive couple measured by Mh^ {(U) — w). 

The resultant eflFective forces of all the bodies of the system 
may be found by the same rule. By D'Alembert's principle 
these are equivalent to the impressed forces. The equations of 
motion may then be found by resolving in such directions and 
taking moments about such points as may be found most con- 
venient. 

To take an example, let a single body be acted on by a blow 
whose components are X, Y and whose moment round the centre 
of gravity is L, The equations of motion are evidently 

In many cases it will be found that by using the principle of 
virtual work the elimination of the unknown reactions may be 
eflTected without difficulty. 

169. We notice that these expressions for the eflFective forces 
depend on the diflTerences of the momenta just before and just 
after the action of the impulses. We may therefore conveniently 
sum up the equations obtained by resolving in any direction and 
taking moments about any point in the two following forms : 

/Res. Lin. Mom.\ /Res. Lin. MomA __ /Resolved\ 

\ after impulse / \ before impulse/ \ impulse / ' 

/Ang. Momentum\ /Ang. MomentumX _ /Moment of\ 

\ after impulse ) \ before impulse / " \ impulse / ' 

An elementary proof of these two results is given in Art. 87. 
The expression for the Linear Momentum is given in Art. 74, 
and various expressions used for Angular Momentum are given 
in Art. 134. 

When a single blow or impulse acts on a system, we may 
conveniently take moments about some point in its line of action, 
and thus avoid introducing the impulse into the equations. We 
then deduce from the equation of moments that the angular 
momentum of a system about any point in the line of auction of an 
impulse is unaltered by that impulse. 

170. Ex. 1. A string i$ wound round the circumference of a circular reel, and 
the free end attached to a fixed point. The reel is then lifted up and let fall so that, 
at the moment when the string becomes tight, it is vertical and a tangent to the reel. 
The whole motion being supposed to be parallel to one plane, determine the effect 
of the impulse. 
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The reel in the first instance falls vertically without rotation. Let v be the 
velocitj of the centre at the moment when the string becomes tight; v\ t/ the 
velocity of the centre and the angular velocity just after the impulse. Let T be 
the impulsive tension, mk^ the moment of inertia of the reel about its centre of 
gravity, a its radius. 

In order to avoid introducing the unknown tension into the equations of motion, 
let us take moments about the point of contact of the string with the reel ; we 

then have m(w'-i?)a+m*V=0 (1). 

Just after the impact the part of the reel in contact with the string has no 

velocity. Hence t7'-a«'=0 (2). 

^2 2 V 2 

Since &>=— , we have »'=--, i;'=- v. If it be required to find the impulsive 
2 Sao 

tension, we have by resolving vertically m (w' - 1?) = - T, /. T—\mv. 

To find the subsequent motion. The centre of the reel hegim to descend 
vertically, and there is no horizontal force on it. Hence it will continue to descend 
in a vertical straight line, and throughout all the subsequent motion the string is 
vertical. The motion may therefore be easily investigated as in Art. 144. If we 
put a = ir, and F for the finite tension of the string, it may be shown that F is one- 
third of the weight, and that the reel descends with a uniform acceleration |^. 
The initial velocity v' of the reel has been found in this article, so that the space 
descended in a time t after the impact is v't + \gt\ 

Ex. 2. A $phere with any initial conditions moves in a vertical plane which 
intersects a fixed inclined plane along the line of greatest slope. If the sphere be 
rough and elastic prove that the expression U=au + lfiu-agtsina is unaltered by 
any impact on the plane and is constant throughout the motion, where wis the angular 
velocity of the sphere ^ u the velocity of its centre resolved parallel to and down the 
plane at any time t, a the radius and a the inclination of the plane to the horizon. 

We notice that the impulse acts at the point of contact. Taking moments about 

this point we have an' + i^(a' siau-k- ft'w, 

u', J being the values of u, w after the impact. The expression V is therefore 
unchanged by an impact. 

No geometrical equation has been used in arriving at this result. It is therefore 
true whether the body be elastic or not and whether it rolls or slides. 

If the body rebound and leave the plane, its centre of gravity will describe a 
parabola. We know that u-gt sin a and « will then each be constant. The 
expression V therefore remains unchanged during the parabolic motion. 

If the body again impinges on the plane we see as before that the expression V 
is unaltered by this second or any subsequent impulse. 

If the body simply rolls or slides on the plane without rebounding we have as 

in Art. 144 max + mk^C» — mga sin a. 

Hence by integration the expression U remains unchanged during this motion. 

If after any number of rebounds the sphere passes over some part of the plane 
which is so rough and inelastic that the sphere rolls we have in addition the 
equation u—cua. Joining this equation to the condition that the expression U is 
equal to its initial value, we have two equations to find the values of u and w. 
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171. Impact of a ilngle Inelastic body. A disc of any 
form is moving in its own plane in any numner. Suddenly a point 
on it is seized and mxide to move in some given manner. Find 
the initial motion of the disc. 

Let OiT, Oy be two rectangular directions to which it is con- 
venient to refer the motion. As explained in Art. 168, let (u, v) 
be the resolved velocities of the centre of gravity O in these 
directions and q> the angular velocity of the body just before the 
motion of is changed. Thus if 0(c can be chosen conveniently 
parallel to the direction of the motion of the centre of gravity we 
have the simplification t; = 0. Let {u\ v) be the resolved velocities 
of the centre of gravity in the same directions and a the angular 
velocity just after the change. Let (ic, y) be the coordinates of 
the centre of gravity referred to the axes Ox, Oy at the instant of 
the change, and let OG — r. 

Since the angular momentum of the body about the point of 
space through which is passing is unchanged by the blow, we 
have, by Art. 134, 

M{x}/ — yu' + Vo)) ^ M {xv - yu + i*a>). 

Let {U\ V) be the resolved parts of the velocity of just 
after the change. Then we have by Art. 137, 

u =U' — y(i)\ V = F' + xa. 

From these three equations we easily find 

Let 2/, L' be the moments round the centre of gravity of the 
velocities of just before and just after the fixing, then 

L = (u + y<o) y — (w — xaoi) x, U — U'y — V'x. 

The equation to find to' becomes 

where L, L\ oj, &>' are ail measured the same way round 0. Another 
proof is given in Art. 207. 

If the point be suddenly fi^xed we have U' = 0, F' = 0, and 

then we find (A* + r*) o)' = aw — y i* + A:'©. 

To find the blow a/t necessary to produce the given change. 

Let X, F be the components of the blow parallel to the axes 
Ox, Oy. Then by Art. 168 we have, resolving parallel to the 

axes if(tA'-u)«Z, J/(t;'-t;)«F. 

If we take the axis of x to pass through the centre of gravity, 
we have y = 0. We then find by substitution 

X M{u-U'), Y=Mj^{r^-v+V'\ 
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171 a. Ex. 1. A circular area is tumiDg about a fixed point A on its ciroam- 
ferenoe. Suddenly A is loosed and another point B on the circumference is fixed. 
If AB is & quadrant show that the angular velocity is reduced to one- third of its 
value. It A Bib & third of the circumference the area is reduced to rest. 

Ex. 2. A disc, moving in its own plane, is reduced to rest by suddenly fixing a 
point 0. Prove that O lies in a straight line which is parallel to the direction 
of motion of the centre of gravity G and is distant k^uju from it, where u is the 
velocity of G, 

172. Work of an impulse. A body of mass M is acted an 
at a given point P by an impulsive force R, To find the change in 
the vis viva. 

An impulse is the limit of a great force acting for a very short 
time (Art. 84), and from this definition we may deduce the work 
done by the impulse and thence the loss or gain of vis viva (Art. 
141). This is the course adopted in the first section of Chap. vii. 
We shall however here deduce the result directly from the equa- 
tions of impulses given in Art. 169. 

Let the axis of ^ be parallel to and distant y from the line of 
action of the impulse. Then, the origin being at the centre of 
gravity, the equations of motion are by Art. 168 

u'-u^R/M, t;'-t; = 0, to' -w^- Ry/Mk". 
The gain of vis viva is by Art. 139 

= M (w'» + v'* + AV«) - Jlf (w« + 1;» + ifc»a>*) 

^R{2{u'-y(o) + R (y« + Jk»)/Myfc«}. 

But by (1) u-to'y^u-toy + R {f+](^)IM¥\ 

.'. gain of vis viva = i2{(M — y©) + (u' — y V)} (2). 

The gain of kinetic energy is of course the half of this 
quantity. If V and V are the velocities of the point of applica- 
tion of the blow resolved in the direction of the blow just before and 
just after the impulse, then the gain of kinetic energy is J ( F' + F) iJ. 
This result is due to Kelvin. 

In the same way the vis viva of the relative motion is 

M {u - w)«+ Jlf (t;' - 1;)« + Mh'ito - ©)» 

^M'^l&^^ {(u'-a)'y)-(t/ - ^y)l 

It follows immediately that the kinetic energy of the reUUive motion 
of th£ system just before and just after the action of the impulse 
jRwi(r- V)R, 

Both these results and the two last examples in Art. 178 5 are special oases of 
much more general theorems, which apply to any system of bodies and any number 
of impulses. These, with some others equally important, are given at tiie end of 
Chapter vii., with demonstrations founded ou the principle of virtual velocities. 
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172 a. If the impulse R make an angle <f> with the axis of a;, 
let JT = -B cos ^, Y — Rsm<j) be its components. Let also ( V^, Vy), 
( Vx\ Vy) be the components of the velocities of the point P just 
before and just after the blow. The gain of kinetic energy then 
bec€>me8 by similar reasoning 

^X(V,+ V,') + ^7iVy+V„') (3). 

When therefore we find the gain of energy due to the com- 
ponents X, Y we may treat each component separately as if it 
were the only impulse acting on the body and then add the 
results. 

In some cases of impact the direction of the impulse R is not fixed in space. 
To Qse the rule in Art. 172 we resolve each element dJLot R into two fixed directions ; 
let these components be dX^ dY, The body may now be regarded as acted on by 
t^o impulses X^ y, the direction of each being constant. The gain of energy dae to 
these is given by (3). There is a further discussion of this point in Arts. 192 — 196, 
327 — 329, and in the first section of Chap. vn. 

173. Impact of two bodies. When two bodies impinge on 
each other, we may deduce from Art. 172 an expression for the 
gain or loss of kinetic energy. Let S be the magnitude of the 
blow, which we suppose fixed in direction during the whole 
impact, Art. 172 a. Since 8 is negative for the impinging body, 
the gain of energy is 

where Fi, F/ are the components of velocity of the point of 
impact of the striking body, Fj, F/ those for the body struck, and 
f7=Fi— Fa, [7'=F/— Fa' are the velocities of the point of 
contact of the striking body relative to those of the body struck, 
all resolved in the direction of the blow on the latter body. The 
loss of kinetic energy is there/ore the product of the blow by the 
mean of the resolved relative velocities just before and just after 
impoict. 

When the bodies are smooth and inelastic, there is only a normal 
reaction jR, which is such that the bodies do not separate just 
after impact. Hence CT' = and the loss of energy is ^RU, where 
IT is the relative normal velocity of the points of contact just 
before impact. 

When the bodies are sufficiently rough to destroy sliding there 
is also a frictional impulse F, which is such that the tangential 
velocities of the two bodies become equal. Hence U' is again 
zero and the loss of energy due to the friction is i^FU, where u is 
now the relative tangential velocity of the points of contact before 
impact. In this case, if S be the resultant blow, and the bodies 
are inelastic, the loss of energy is \SU where U is here the relative 
velocity of the points of contact resolved in the direction of the 
blow S, Art. 172. 



142 MOTION IN TWO DIMENSIONS. [CHAP. IV. 

173 a. If the impinging bodies are smooth with a coefficient of 
restitution e, we may obtain a corresponding rule for the loss of 
energy. We see by Art. 172 that the resolved velocity of the 
point of application of a blow is 

Hence, wlien two smooth bodies impinge, the normal velocities 
of the points of contact (and therefore also the relative normal 
velocity) are, at any stage of the impact, linear functions of the 
reaction up to that stage (Art. 179). VP'e write therefore 

where U is the normal relative velocity just before impact, U" 
that at any stage defined by the magnitude of R, ana // is a 
constant which is independent of R but depends on the form 
of the impinging bodies. At the instant of greatest compression 
(Art. 179) when jB=jRo, i7" = 0. When the impact is concluded 
and JB=siJo(l +«), let 17' be the normal relative velocity. We 
thus have 

0=J7 + iiio, U'^U + LR,{l+e), .-. U'^-eU. 

The ratio of the normal relative velocities of the points of contact 
just after and just before impact is therefore equal to — e. 

By (4) of Art. 173, the loss of kinetic energy due to an impact 
is ^S(U+ Uy Hence, if /5 represent the whole blow, that is 
i2o(l + e), the loss of kinetic energy is ^8U{1 — e), where U is the 
normal relative velocity just before impact 

173 6. Ex. 1. ProTe that the loss of kinetic energy at the impact of two per- 
fectly rough inelastic uniform spheres of masses If,, itf„ is -}-r~z — ,^-, , where 

• 14(M|+J2]) 

u, V are the relative velocities before impact of the points of contact tangentiaUy 
and normally. [Coll. Exam. 1904. 

Ex. 2. A disc at rest is acted on by an impulse in its own plane. Prove that 
the vis viva generated by the impuUe is greater when the body is free than when it 
is constrained to turn round some fixed point. 

Ex. 3. Two straight lines Ox^ Oy are drawn at right angles In the plane of a 
disc which Is at rest. Suddenly the point is made to move with a given velocity 
in the direction Ox. Prove that the vis viva generated when the body U free 
is less than if it were constrained to turn about a fixed point C which lies in Oy, 

174. Bzamplaa of difltewit kinds of Zmpacta. Ex. 1. An inelastio sphere 
of radius a, sliding with a velocity r on a smooth horizontal plane, impinges on 
a perfectly rough fixed point or peg at a height c above the plane. Show (1) that 

unless the velocity V be greater than / 2gc - j-r, the sphere will not jump over 
the peg. Supposing the velocity V to have this value show (2) that the sphere 
will immediately leave the peg if - be greater than ^-« — r, . In this latter case 
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show (8) (hat the sphere will again hit the peg after a time t, given hy the lesser 
root of the equation i gH^ - U Bin ag t + U^-ag cos a =0, where l7'=2pc-5 — r; and 

oo6a= 1 - - . Show also that the roots of this quadratic are real and positive. 

Ex. 2. A rough inelastic sphere rolls down over the rungs of a sloping ladder 
without slipping or jumping, leaving each rung in turn as it impinges on the next. 
Show that the descent may be made without gathering or losing speed only if the 
elope B of the ladder is less than the acute angle 9^ given by the equation 

tan (^0 + •) oota=2 - sin^i / ( 1 + t^ ) • 

and greater than the acute angle $i given by the equation 

tan ^^2=sin a (1 - cos a) [ cos'a + -^ ) ; 

r being the radius of the sphere, k its radius of gyration about a diameter and 
2rsina the distance between consecutive rungs of the ladder. 

[Math. Tripos, 1898. 

Let » be the angular velocity with which the sphere begins to turn round any 
rung just after impact, and u' that with which it arrives at the next rung. The 
principle of vis viva supplies one equation connecting w, u' and $, We have a 
second equation because the angular momentum is not altered by the impact, 
Art. 171. We obtain an inferior limit to the value of w because the vis viva must 
be sofficiently great to carry the centre of gravity over its highest position. We 
have a superior limit because the angular velocity mast not be so great that the 
sphere leaves the rung before it arrives at the next rung. 

Ex. 3. A rectangular parallelepiped of mass 8m, having a square base ABCD, 
rests on a horizontal plane and is moveable about CD as a hinge. The height of 
the solid is 3a and the side of the base a. A particle m moving with a horizontal 
-velocity r strikes directly the middle of that vertical face which stands on AB 
and lodges there without penetrating. Show that the solid will not upset unless 
9r' > 58^0. [King's CoU. 

Ex. 4. A vertical column in the form of a right circular cylinder rests on 
a perfectly rough horizontal plane. Suddenly the plane is jerked with a velocity V 
in a direction making an angle e with the horizon. Show that the column will not 
be overturned unless (1) the direction of the jerk be such that a parallel to it drawn 
through the centre of gravity does not cut the base, and (2) the velocity of the 

jerk be greater than U, where U is given by l7*=^pZ(16 + co8'tf) — j—r — . . 

Here 22 is the length of a diagonal of the cylinder and $ is the angle any diagonal 
makes with the vertical. 

Ex. 5. If the velocity of the jerk of the horizontal plane be exactly equal to C/, 
find the vertical pressure of the cylinder on the plane. Show that the cylinder 
will not continue to touch the plane during the whole ascent of the centre of 
gravity unless 1 + i sin^<3co8 9. What is the general character of the motion 
if this condition is not satisfied? 

Let the cylinder touch the ground at the point A of the rim, and let be the 
angle made by the diagonal through A with the vertical. Then by the principle of 

vis viva we have (fc* + P) 0* = (7 - 2y 2 cos 0, 

where k*=P {\ toi^B -\-i sm^B), by Art. 17, Ex. 8. If the angular velocity of the 
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cylinder vanishes when the centre of gravity is at its highest we have C=2gl, Let 

mR be the vertical reaction at A, where m is the mass of the cylinder. Then 

d* 

(I cos <^)=R-g, From these equations we find 



dt^ 



i?— ^ = 3cos«0-2co8 0+icos«d + JsiD«^. 



If R vanish we have cos = |(1 db J sin 0). In order that 12 may keep one sign both 
these values of must be excluded by the circumstances of the case, i.e. both these 
values of 4> must be greater than 0. This leads to the result given above. 

175. Bartliqnakea, The last two problems are interesting from their connection 
with Mallet's theory of earthquakes. Let us suppose that the action of an earth- 
quake on any building may be represented by such a motion of the base as that 
of the plane just described. Then the direction and the magnitude of the equivaUnt 
jerk are both independent of the building operated on, and depend only on the 
nature of the earthquake at the place. 

On these principles Mr Mallet has constructed a seismometer of great simplicity. 
A set of six right cylinders is turned in some hard material such as boxwood. 
The cylinders are all of the same height but vary in diameter. They stand upright 
on a plank fixed to a level floor in the order of their size, with a space between 
each pair greater than their height, so that when one falls it does not strike its 
neighbour. When a shock passes, some of the cylinders are overturned and some 
left standing. Suppose the jerk to knock over the narrow based cylinders 4, 5, 6, 
leaving the broader based cylinders 1, 2, 8 standing, then the jerk must have be<:n 
greater than that required to overturn cylinder No. 4, but not great enough to 
overturn cylinder No. 3. 

The formula used is that given in Ex. 4, which is ascribed by Mr Mallet to 
Dr Haughton. The value of e is small when the origin or focus of the earthquake 
is distant, so that as a first approximation we may put e=0. It does not appear 
to have been noticed that if we are to use this formula for the standing cylinders 
they must be such as to satisfy the conditions given in Ex. 6. 

In December, 1857, an earthquake of great violence occurred in the southern 
provinces of Italy. Mr Mallet visited the place early in the next yeai* for the 
express purpose of determining the circumstances of the shock. The problem to 
be solved was to some extent a mechanical one. Given the positions of the over- 
turned columns and buildings, to find the depth and position of the focus or origin 
of the earthquake, the velocity of the earthquake wave, and the magnitude of the 
jerk at any place. In this case the depth of the focus was about three miles 
below the surface of the earth, the velocity of the wave was about 800 feet per 
second, while the velocity of the jerk, which upset several buildings, was as little as 
12 feet per second. This last ia about the same velocity as that acquired by a 
particle falling from rest under gravity through a height of between two and three 
feet. See The Great Neapolitan Earthqttake of 1857, two volumes, 1862, by B. Mallet. 
The observations made during the earthquake of Dec. 1884 in Spain and that of 
August 1886 at Charleston indicated a depth of focus very much greater than that 
above given. See Flammarion, UAstronomie^ Oct. 1887. 

The column seismometer described above has not been very successful in 
practice. The displacement of the earth is not a simple rectilinear motion, but 
rather a prolonged series of motions in different directions. These give rotational 
motions to the columns which therefore fall in different directions. A model, by 
means of a long copper wire, of the actual path of a point on the earth's surface 
during a severe earthquake in Jan. 1887 in Japan has been constructed by Prof. 
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Sekiya and is described in Nature, Jan. 26, 1868. Whateyer degree of aoouraoy this 
may have, it tends to show the complicated nature of the displacement. For an 
aoconnt of modem seismometers the reader may consult Milne's Earthquakes^ 1886, 
Nature, April 12, and Jaly 26, 1888, and PhiL Mag., April 1887. Some experi- 
ments in connection with earthquakes are also described in the Proeudings of tJie 
Royal Society for Dec. 1881. The velocities and amplitndes of the waves of direct 
and transverse vibration were separately determined. The motion of a point on the 
earth's snrface was fonnd to be snch as wonld result from the composition of two 
harmonic motions of different periods and in different directions. 

176. Impaet of a OomponBd XiMlastle body. Four equal rodt each of length 
2a and mass m are freely jointed so as to form a rhombus. The system fails from 
rest with a diagonal vertical under the action of gravity and strikes against a fixed 
horizontal inelastic plane. Find the subsequent motion. See Art. 408. 

Let AB, BCj CD, DA be the rods and let ^C be the vertical diagonal impinging 
on the horizontal plane at A, Let V be the velocity of every point of the rhombus 
just before impact and let a be the angle any rod makes with the vertical. 

Let u, V be the horizontal and vertical velocities of the centre of gravity and w 
the angular velocity of either of the upper rods just after impact. Then the 
effective forces on either rod are equivalent to the force m(v-V) acting vertioally 
and mu horizontally at the centre of gravity and a couple mk^w tending to increase 
the angle a. Let R be the impulse at C, the direction of which by the rule of 
symmetry is horizontal. To avoid introducing the reactions at B into our equa- 
tions, let us take moments for the rod BC about B and we have 

mk^<a+m (r- r)asina-miiaco8a=: -R . 2a cos a (1). 

Either of the lower rods begins to turn round its extremity ^ as a fixed point. 
If w' be its angular velocity just after impact, the moment of the momentum about 
A just after impact is m(ft>+a>)w' and just before is mFa sin a. The difference 
of these two is the moment about A of the effective forces on the rod. We may 
now take moments about A for the two rods AB, BC together and we have 

jn(t«-|-a*) fc/-iiiFaBina-m*'w + iii(t?- F)asina4-mtf .8acosa=JR .4acoBa...(2). 

The geometrical equations may be found thus. Since the two rods must make 
equal angles with the vertical during the whole motion we have w'=w (3). 

Again, since the two rods are connected at B, the velocities of their extremities 
must be the same in direction and magnitude. Resolving these horizontally and 

vertically, we have t(+awco8a=2a(i)'coBa (4), 

t;-awBina=2aw'8ina (5). 

These five equations are sufficient to determine the initial motion. 

Eliminating R between (1) and (2), and substituting for u, v, ta' in terms of w 

3 V sin a 

from the geometrical equations, we find w = ^ • -n — o • • v (6)' 

2 a (1 + 3 em' a) ' 

In this problem we might have avoided the introduction of the unknown 
reaction R by the use of virtual work. Let us give the system such a displacement 
that the inclination of each rod to the vertical is increased by the same quantity ba. 
The virtual work of any couple, such as mA^w, is found by multiplying its moment 
by the angular displacement, viz. ba. The work of any force, such as mu, is found 
by multiplying its magnitude by the linear displacement of the point of application. 
The principle of virtual work then gives 

mkha^ -m(v-V)i (Sa cos a) -hmud (a sin a) + iii(**-i-a») ta'ba + mVZ (aoos a) = 0, 

R. D. 10 
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whioh redaoes to (2*»+i»«)M- Fa sin a + 3 (v- r)a 8iiia+uaoo8a=0, 

and the solntion may be continued as before. 

Ex. 1. Show that the direction of the impulsive action at the hinge B makes 
with the horizon an angle whose tangent is (3 sin^a - 2) cot a. 

Ex. 2. If the coefficient of restitution of the plane be e, show that the value of v 
given bj (6) must be multiplied bj 1 + e ; see Art. 404. 

To find the ntbsequent motion. This may be found very easily by the method 
of Vis Viva, But in order to illustrate as many modes of solution as possible, 
we shall proceed in a different manner. The effective forces on either of the 
upper rods are represented by the differential coefficients mv, miHt mk^Wt and 
the moment for either of the lower rods is m (Ifi + a^) u'. Let ^ be the angle any 
rod makes with the vertical at the time L Taking moments in the same way as 

before, mk^C9+mvaBin$-miUiooB$= -R. 2acoB$ + mgaBin$ (1)', 

m{J^ + a^Cl/- mk^w+mva sin ^+mu . 3a cos ^=12 . 4acos^+2m^a sin ^...(2)', 

The geometrical equations are the same as those given above, with $ written 
for a. Eliminating R and substituting for u, v, we get 

(2*«+ o") ^+^*J9 8i° ^ J* i^ si^ ^) + 00S ^ -J (w cos $n =4ga sin $ ; 

then multiplying both sides by w=^ and integrating, we get 

{2 (*» + a») + 8a« sin*^} w» = C- 8pa cos 6. 

Initially, wheJi $=a, w has the value given by equation (6). Hence we find 
that the angular velocity u when the inclination of any rod to the vertical is 

is given by /, « • 9^ q 9^* Bin^a Sg . .. 

* ^ (1 + 3 am"^) <^=-r-5 - , . q « + — (cos a - cos $), 

^ ' 4a* l + Ssm'^a a ^ ' 

176 a. As a further example of the use of virtual velocities in cases of impact, 
let us suppose that iht rhombtu of rods described aMve is placed at rest on a smooth 
table and is struck by a given blow at a given point of one of the rods in a direction 
perpendicular to that rod. It is required to find tJie initial motion of each rod. 

Let E, F,G,Uhe the centres of gravity of the rods AB, BC, CD, DA taken in 
order, 2a the acute angle at the corners B or D. Let w be the initial angular velocity 
of AB or CD, ia' that of BC or AD ; let T be the initial velocity of the centre of 
gravity of the system. Let a blow R be applied at a point K of the rod CD in a 
direction perpendicular to that rod, where CK=:a + x. 

We reduce the initial motion of to rest by applying to every particle of the 
system a reversed velocity V. Since 4mF=JR this is equivalent to applying to O a 
blow R opposite to that at K. 

The effective force at the centre of gravity of each of the rods AB, CD is maia' 
acting in a direction perpendicular to the straight line joining that point to O, and 
the effective couple is mJ^ia. Those for the rods BC, DA are moM and mkha\ We 
now use the principle of virtual velocities and displace the system through an 
tkugle 80 ; keeping F and H fixed. Then 

(2maia') (add) + {2mk^<a') 8d=R{a QOB2a50). 

Next displace the system, keeping E and G fixed, we find 

(2maw) (add) + {2mk'^<a) 5e = R {xSe). 
These equations give 

2m (a* + k*) w' = Ra cos 2a, 2 to (a^ + &«) ta = Rx. 
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Two ieparate diBplaoements are necessary for the solution of the problem, because 
ve have to find &e two unknown quantities ta and ta\ 

177. Ex. 1. A square is moTing freely about a diagonal with angular yelocity or, 
when one of the angular points not in that diagonal becomes fixed ; determine the 
impulsive pressure on the fixed point, and show that the instantaneous angular 
velocity will be w/7. [Christ's Coll. 

Ex. 2. Three equal rods placed in a straight line are jointed by hinges to one 
another ; they move with a velocity v perpendicular to their lengths ; if the middle 
point of the middle one become suddenly fixed, show that the extremities of the 
other two will meet in a time 4ira/9i;, a being the length of each rod. [Coll. Exam. 

Ex. 3. The points A BCD are the angular points of a square ; AB, CD are two 
equal similar rods connected by the string BC. The point A receiving an impulse 
in the direction AD, show that the initial velocity of A is seven times that of the 
point D. [Queens' Coll. 

Ex. 4. A series of equal beams AB, BC, CD is connected by hinges; the 

beams are placed on a smooth horizontal plane, each at right angles to the two 
adjacent, so as to form a figure resembling a set of steps, and an impulse is given 
at the end A along AB : find the impulsive action at any hinge. [Math. T. 

Resuit. If X^ be the impulsive action at the n^ angular point, show that 
Z^^i - 6X,„^ - 2X,„4^ = and that X^^ - 6Xj^+i - 2X^ = 0. Thence &nd X^. 

Ex. 5. Two uniform rods AB, BC of equal length and mass, smoothly 
hinged at B, lie upon a smooth horizontal table ; the end A is struck so as to begin 
to move with a given velocity in a direction which makes angles 9, respectively 
with the rods, show that, if sin (20-^) =3 sin ^, AB will begin to move without 
rotation. [Coll. Exam. 1880. 

Take moments for the rod BC about B and for both rods about A according to 
the rule in Art. 169. 

Ex. 6. Three equal and similar rods moveable about one common extremity 
are held at right angles to each other so that the three other extremities are in a 
horizontal plane with the common extremity either above or below. Show that if 
they are dropped on a smooth inelastic horizontal plane, the velocity of their centre 
of gravity is diminished by one-half. 

Ex. 7. A uniform circular disc of mass m touches internally a uniform circular 
ring of mass M. An impulse is applied to the ring, directed towards its centre, at 
a point the angular distance of which from the point of contact is a( <ir/2). Show 
that if the bodies are inelastic and rough, the disc will at first roll or slide according 
as the coefficient of friction is greater or less than tan a {M+m)l(dM+2m). 

[Math. Tripos, 1904. 

Ex. 8. Three uniform rods AB, BD^ DC of equal mass freely jointed at B and 
D are at rest forming the opposite sides and a diagonal of a square ABCD, A blow 
J is applied at A in the direction DA. Prove that the kinetic energy imparted is 

-7-7 — where m is the mass of a rod. [Math. Tripos, 1902. 

114 m 

178. TlM blow bofor« and behind. A free inelastic lamina of any form is 
turning in its own plane about an instantaneous centre of rotation 5, and impinges on 
an obstacle at P situated in the straight line joining the centre of gravity G to S. To 
find the poiiiX P when the magnitude of the blow is a maximum. Poinsot, Sur la 
percussion des corps, Liouville*s Journal, 1857; translated in the AnnaU of 
Philosophy, 1858. 

10—2 
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Firstly, let the obstacle P be a fixed point Let GP=iXf and let R be the foroe of 
the blow. Let SG = h, and let <a, v' be the angular velocitieB about the centre of 
gravity before and after the impact. Then fua is the linear velocity of G just before 
the impact ; let 1/ be its linear velocity just after the impact. We have 

'''-"=iiF. «^-*»=-| (1). 

and supposing the point of impact to be reduced to rest, v* + x<a' = (2). 

From these equations we find R in terms of x and make R a maximum. We 
thus find two values of x, one positive and the other negative. Both these corre- 
spond to points of maximum percussion, but in opposite directions. There is a 
point P with which the body strikes in front and a point P* with which it strikes in 
rear of its own translation in space more forcibly than with any other point. 

The two points P, P' are equally distant from S, and if O be the centre of 
oscillation with regard to S as a centre of suspension, SP* = SG . SO. If P be made 
a point of suspension, P' is the corresponding centre of oscillation, and PP* is 
harmonically divided in G and 0. Also the magnitudes of the blows are inversely 
proportional to the distances from G. 

Secondly, let the obstacle be a free particle of mass m. Then, besides the 
equations (1), we have the equation of motion of the particle m. Let V be its 
velocity after impact, then mV'=R, The point of contact in the two bodies will 
have after impact the same velocity, hence instead of equation (2) we have 
V^=v' + x<a'. We then find x as before by making R a maximum. There are 
two values of x. 

There are other singular points in a moving body whose positions may be 
found ; thus we may inquire at what points a body must impinge against a fixed 
obstacle, firstly, that the linear velocity of the centre of gravity may be a maximum, 
and secondly, that the angular velocity may be a maximum. These points, 
respectively, have been called by Poinsot the centres of maximum reflexion and 
conversion. These points are however not of sufficient importance to require a 
detailed discussion. 

Ex. A free lamina of any form is turning in its own plane about an instanta- 
neous centre of rotation S, and impinges on a fixed obstacle P situated in the 
straight line joining the centre of gravity G io S, Find the position of P, firstly^ 
that the centre of gravity may be reduced to rest, secondly, that its velocity after 
impact may be the same as before but reversed in direction. 

Result, In the first case, P coincides either with G, or with the centre of 
oscillation. In the second case if SG = h, x = GP the points are found from the 
equation 2/rar> =k^(x-h), [Poinsot. 

179. Elastic smooth bodies. Two bodies impinge on each 
other, to explain the nature of the action which takes place. 

When two spheres of any hard material impinge on each 
other, they appear to separate almost immediately, and a finite 
change of velocity is generated in each by the mutual action. 
This sudden change of velocity is the characteristic of an im- 
pulsive force. Let the centres of gravity of the spheres be 
moving before impact in the same straight line with velocities 
u and t;. Then after impact they will continue to move in the 
same straight line; let u, v he their velocities. Let m, w! be 
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the masses of the spheres, R the action between them, then we 
have by Article 168, 

w' — w = — , t/ — 1; = — , (1). 

m m 

These equations are not sufficient to determine the three 
quantities u\ v\ R. To obtain a third equation we must consider 
what takes place during the impact. 

Elach of the balls is slightly compressed by the other, so that 
they are no longer perfect spheres. Each also in general tends 
to return to its original shape, so that there is a rebound. The 
period of impact may therefore be divided into two parts. Firstly, 
the period of compression, during which the distance between the 
centres of gravity of the two bodies is diminishing, and secondly 
the period of restitution, in which the distance between the centres 
of gravity is increasing. The second period terminates when the 
bodies separate. 

The arrangement of the particles of a body being disturbed by 
impact, we ought in strictness to determine the relative motions 
of the several parts of the body. Thus we might regard each body 
as a collection of free particles connected by mutual actions. These 
particles being set in motion might continue always in motion 
oscillating about some mean positions in the body. 

It is however usual to assume that the changes of shape and 
structure are so small that the effect in altering the position of the 
centre of gravity and the moments of inertia of the body may be 
neglected ; also that the whole time of impact is so short that the 
displacement of the body in that time may be neglected. If for any 
bodies these assumptions are not true, the effects of their impact 
must be deduced from the equations of the second order. We 
may therefore assume that at tne moment of greatest compression 
the centres of gravity of the two spheres are moving with equal 
velocities. 

The ratio of the magnitude of the action between the bodies 
during the period of restitution to that during compression is 
found to be different for bodies of different materials. It depends 
on the quickness or slowness with which the bodies tend to regain 
their original shapes. If they do this very slowly the separation 
takes place while the bodies are still regaining their proper forms, 
and in this case the action during restitution is less than that 
during compression. If the bodies return to their original forms 
so quickly that the separation only occurs when they have regained 
their natural forms the action during restitution is equal to that 
during compression. 

In some cases the force during the period of restitution may be 
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neglected. The bodies are then said to be inelastic. In this case 
we have just after the impact u' = v\ This gives 

r» fn,m , V 1 / mu + fnv 
it « — fu — v\ whence u = 7- . 

If the force of restitution cannot be neglected, let R be the 
whole action between the balls, Ro the action up to the moment 
of greatest compression. The magnitude of R must be found by 
experiment. This may be done by determining the values of u and 
v\ and thus determining R by means of equations (1). Such 
experiments were made in the first instance by Newton, and led to 
the result that R/Ro is a constant ratio depending on the materials 
of the balls. Let this constant ratio be called 1 -h c The quantity 
e is never greater than unity ; in the limiting case when e = l the 
bodies are said to he perfectly elastic. The constant e is called 
sometimes the coefficient of elasticity and sometimes the coefficient 
of restitution. 

The value of e being supposed known the velocities after 
impa.ct may be easily found. The action R^ must be first calcu- 
lated as if the bodies were inelastic, when the whole value of R 
may be found by multiplying by 1 + e. This gives 

i2= — — ^(w-i;)(l+e), 
m + m ^ 

whence u' and v may be found by equations (1). 

180. As an example, let us oonsider bow the motion of the reel diacussed in 
Art. 170 would be affected if the string were so slightly elastic that we could apply 
this theory. 

Since the point of the reel in contact with the string has no velocity at the 
moment of greatest compression, the impulsive tension found in the article referred 
to, measures the whole momentum communicated to the reel from the beginning of 
the impact up to the moment of greatest compression. By what has been said in 
the last article, the whole momentum communicated from the beginning to the 
termination of the period of restitution will be found by multiplying the tension 
found in Art. 170 by 1 + «, if « be the measure of the elasticity of the string. This 
gives T=^mv (1 + tf). The motion of a reel acted on by this known impulsive force 
is easily found. Resolving vertically we find m[v'-v)= -^mv {1 + e). Taking 
moments about the centre of gravity, mkW = ^mva (1 + e), whence v' and ta' may 
be found. 

Ex. A uniform beam is balanced about a horizontal axis through its centre 
of gravity, and a perfectly elastic ball is let fall from a height h on one extremity ; 
determine the motions of the beam and the ball. 

Remit. Let M, m be the masses of the beam and the ball, 2a the length of the 
beam, F, V the velocities of the ball at the moments just before and after impact, 

w' the angular velocity of the beam. Then b»'s=—— — , F'= K . = ^k • 

" "^ (Af+3m)tt 8m + Al 

181. Rough bodies. Hitherto we have only considered the 
impulsive action normal to the common surface of the two bodies. 
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If the bodies are rough an impulsive friction will clearly be called 
into play. Since an impulse is only the integral of a very great 
force acting for a very short time, we might suppose that impulsive 
friction obeys the laws of ordinary friction. But these laws are 
founded on experiment, and we cannot be sure that they are 
correct in the extreme case in which the forces are very great. 
This point M. Morin undertook to determine by experiment at 
the express request of Poisson. He found that the frictional 
impulse between two bodies which strike and slide bore to the 
normal impulse the same ratio as in ordinary friction, and that 
this ratio was independent of the relative velocity of the striking 
bodies. M. Morin's experiment is described in his Notions Fonda- 
mentales de Mdcanique, 1855, and a short account is given in the 
following article. 

182. A box AB which can be loaded with shot so as to be of 
any proposed weight has two vertical beams AC, BD erected on 
its lid; CD is joined by a cross-piece and supports a weight 
equal to mg attached to it by a string. The weight of the loaded 
box is Mg, A string AEF passes horizontally from the box over 
a smooth pulley E and supports a weight at ^ equal to {M + m)gfM, 
The box can slide on a horizontal plane and therefore (the coefficient 
of friction being fi) having been once set in motion, it moves 
in a straight line with a uniform velocity which we will call V, 
Suddenly the string supporting mg is cut, and this weight falls 
into the box and immediately becomes fixed to the box. There 
clearly is an impulsive friction called into play between the box 
and the horizontal plane. If the velocity of the box immediately 
after the impulse be again equal to V, the coefficient of impulsive 
friction is equal to that of finite friction. 

The argument may be made evident as follows. Let t be the 
time of the fall. When the weight strikes the box, it has a hori- 
zontal velocity equal to V and a vertical velocity equal to gt. The 
box itself has a horizontal velocity V+/t, where 



/= 



fimf^ 



Let F and R be the horizontal and vertical components of the 
impulse between the box and the horizontal plane. There will 
be an impulse between the falling weight and the box and an 
impulsive tension in the string AEF] by means of these the 
momenta generated by the external blows F and R are spread 
over the whole system. Let V be the common velocity of the 
whole system just after the impulses F and R are completed. 
This velocity V is found by experiment to be equal to V. Re- 
solving horizontally and vertically as in Art. 168, we have 

[M'\-m'{-{M^-m)iJi] F'-fjIf + (Jf + w)/ij (F+yj)-mF=-i?', 

vngt^^R. 
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Putting F'= Fand substituting for/, we find that F=^fjuR. 

We may notice (though it is not necessary to the argument) that the resaltant 
impulse between the box and the falling weight is yertical because the horizontal 
component of the Telocity of the weight is V both before and after the impulse. 

183. Let us generalize the theory of impact explained in Art. 
179. Let two bodies of any form impinge on each other at some 
point Af and let the changes of shape and structure be neglected 
as before. The relative tangential and normal velocities of the 
points of contact of the two bodies when calculated by the rule in 
Art. 137 are not zero. These are called the relative velocities of 
sliding and compression. Thus two reactions will be called into 
play, a normal force and a friction, the ratio of these two being /it, 
the coeflBcient of friction. As the impact proceeds the relative 
normal velocity gets destroyed, and is zero at the moment of 
greatest compression. Let R be the whole momentum transfeiTed 
normally from one body to the other in this very short time. This 
force i2 is an unknown reaction, to determine which we have the 
geometrical condition that just after impact the normal velocities 
of the points in contact are equal. This condition must be ex- 
pressed in the manner explained in Art. 137. 

The relative sliding velocity at A is also diminished. If it 
vanishes before the moment of greatest compression, then during 
the rest of the impact there is called into play only so much friction 
and in such a direction, as is necessary (if any be necessary) to 
prevent the points in contact at A from sliding, provided that 
this amount is less than the limiting friction. Let F be the 
whole momentum transferred tangentially from the one body to 
the other. This reaction F is to be determined by the condition 
that just afrer impact the tangential velocities of the points 
in contact are equal. If, however, the sliding motion does not 
vanish before the moment of greatest compression, the whole 
of the friction is called into play in the direction opposite to that 
of relative sliding, and we have F = fiR, Generally we may dis- 
tinguish these two cases in the following manner. In the first 
case it is necessary that the values of F and R found by solving 
the equations of motion should be such that F<fiR. In the 
second case, the final relative velocity of the points in contact at 
A must be in the same direction after impact as before. These 
are however not sufficient conditions, for it is possible that, in the 
more complicated cases, the sliding may change, or tend to change, 
its direction during the impact. See Art. 187. 

184. If the impinging bodies be elastic, there may be both 
a normal reaction and a friction during the period of restitution. 
Sometimes we shall have to consider this stage of the motion as a 
separate problem. The motions of the bodies at the moment of 
greatest compression having been determined, these are to be 
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regarded as the initial conditions of a new state of motion under 
different impulses. The friction called into play during restitu- 
tion must follow the same laws as that during compression. Just 
as before, two cases will present themselves ; there will be sliding 
either during the whole period of restitution or during only a 
portion of it. These cases' are to be treated in the manner already 
explained. 

185. There is one very important difference between the con- 
ditions of compression and restitution. During the compression 
the normal reaction is unknown. The motion of the body just 
before compression is given, and we have a geometrical equation 
expressing the fact that the relative normal velocity of the points 
in contact is zero at the termination of the period of compression. 
From this geometrical equation we deduce the force of compres- 
sion. The motion of the body just before restitution is thus 
found, but the motion just after is what we have to deter- 
mine. For this we have no geometrical equation, but the normal 
force of restitution bears a given ratio to the normal force of 
compression, and is therefore known. 

186. Blstorleal amnnuury. The problem of the impact of two smooth ineUutic 
bodies is considered by Poisson in his Traits de M€canique, Seconde Edition, 1833. 
The motion of each body just before impact being supposed given, he forms six 
equations of motion for each body to determine the motion just after impact. 
These contain thirteen unknown quantities, viz., the resolved velocities of the 
centres of gravity of the bodies along three rectangular axes, the resolved angular 
velocities of the bodies about the same axes, and, lastly, the mutual reaction of the 
two bodies. Thus the equations are insufficient to. determine the motion. A 
thirteenth equation is then obtained from the principle that tlie impact terminates 
at the moment of greatest compression, i.e. at the moment when the normal 
velocities of the points of contact of the two bodies which impinge are equal. 

When the bodies are elastic, Poisson divides the impact into two periods. The 
first begins at the first contact of the bodies and terminates at the moment of 
greatest compression. The second begins at the moment of greatest compression 
and terminates when the bodies separate. The motion at the end of the first period 
is found exactly as if the bodies were inelastic. The motion at the end of the 
second period is found from the principle that the whole momentum communicated 
by one body to the other during the second period bears a constant ratio to that 
communicated during the first period of the impact. This ratio depends on the 
elasticity of the two bodies and can be found only by experiments made on some 
bodies of the same materials in simple cases of impact. 

When the bodies are roughs and slide on each other during the impact, Poisson 
remarks that there will also be a frictional impulse. This is to be found from the 
principle (Art. 181) that the magnitude of the friction at each instant must bear a 
constant ratio to the normal pressure and the direction must be opposite to that of 
the relative motion of the points in contact. He applies this to the case of a sphere, 
either inelastic or perfectly elastic, impinging on a rough plane, the sphere turn- 
ing before the impact about a horizontal axis perpendicular to the direction of 
motion of the centre of gravity. He points out that there are several cases to be 
considered ; (1) when the sliding is the same in direction during the whole of the 
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impact and does not vanish, (2) when the sliding vanishes during the impact and 
remains zero, (3) when the sliding vanishes and changes sign. This third case, 
however, contains an unknown quantity and his formuhe therefore fail to determine 
the motion. Poisson points out that the problem becomes very complicated if the 
sphere have an initial rotation about an axis not perpendicular to the vertical plane 
in which the centre of gravity moves. This case he does not attempt to solve, bat 
passes on to discuss at greater length the impact of smooth bodies. 

M. Coriolis in his Jen de Billard (1835) considers the impact of two rough spheres 
nliding on each other during the whole of the impact. He shows that if two rongh 
spheres impinge on each other the direction of sliding is the same throughout the 
impact. 

M. Ed. Phillips in the fourteenth volume of Liouville^s Journal^ 1849, considers 
the problem of the impact of two rough inelastic bodies of any form when the 
direction of the friction is not necessarily the same throughout the impact, assuming 
that the sliding does not vanish during the impact. He divides the period of impact 
into elementary portions and applies Poisson's rule for the magnitude and direction 
of the friction to each elementary period. He points out how the solution of the 
equations may be effected, and in particular discusses the case in which the two 
bodies have their principal axes at the point of contact parallel each to each and 
also each body has its centre of gravity on the common normal at the point of 
contact. He deduces for this case two results, which will be given in the chapter 
on Momentum. 

M. Phillips does not examine in detail the impact of elcLstic bodies, though he 
remarks that the period of impact must be divided into two portions which must be 
considered separately. These however, he considers, do not present any further 
peculiarities when the same suppositions are made. 

The case in which the sliding vanishes and the friction becomes discontinuous, 
does not appear to have been examined by him. 

In this chapter we shall discuss the theory of impulses only so far as motion in 
one plane is concerned. In the chapter on Momentum the theory will be taken up 
again and extended to bodies of any form in space of three dimensions. 

187. General Problem of impact. Two bodies of any 

form impinge on each other in a 
given manner. It is required to 
find the motion just after impact. 
The bodies are smooth or roughs 
inelastic or elastic. 

Let Cr, 0' be the centres of 
gravity of the two bodies, A the 
point of contact. Let (7, V be 
the resolved velocities of G just 
before impact, parallel respective- 
ly to the tangent and normal at 
A\ u, V the resolved velocities 
at any time t after the commence- 
ment of the impact, but before 
its termination, so that t is in- 
definitely small Let O be the 
angular velocity of the body, 
whose centre of gravity is G, 
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just before impact, ea the angular velocity after the interval t 
These are to be taken as positive when the rotation is like the 
hands of a watch. Let M be the mass of the body, k its radius of 
gyration about 0, Let ON be a perpendicular from on the 
tangent at A, and let AN = Xy NG^y. Let accented letters 
denote corresponding quantities for the other body. 

188. Let the bodies be inelastic and so rough that at the 
termination of the impact the relative velocity of sliding and the 
relative velocity of compression are both zero (see Art. 156). In 
this case, taking t to be equal to the whole duration of the impact, 
the letters u, v, «, u\ i/, to will refer to the motion just after 
impact. We then have, by Art 137, 

u — yo) — u' — y'fc = 

t; + a;a> — v' — x'te! = Of * 

Resolving parallel to the tangent and normal at the point of con- 
tact we have, by Art. 169, 

and by taking moments for each body about the point of contact 
i/A:»(ft)-fl) + Jf(u- TI)y'-M(y-y)x^(S 

These six equations are sufficient to determine the motion just 
after impact. 

189. If the bodies are 'perfectly smooth and inelastic, the first 
of these six equations does not hold, and instead of the third we 
have the two equations 

obtained by resolving parallel to the tangent for each body 
separately. 

190. If the bodies are smooth and elastic we must introduce 
the normal reaction into the equations. We write down the equa- 
tions (1) and (2) as ^ven below in Art. 191, except that F= 0. 
Then equation (4) gives the velocity C of compression at any 
instant of the impact. Putting (7 = 0, we have, by equation (6), 
the value of R up to the moment of greatest compression, viz. 
R = Co/a'. Multiplying this by 1 4- 6 we have, by Art. 179, the com- 
plete value of R for the whole impact. Substituting this value of 
R in equations (1) and (2), we find the values of t^, v, a>, u\ v\ a}\ 

191. Next, let the bodies be imperfectly rough and elastic. In 
this case, as explained in Art. 158, the friction which can be 
called into play is limited in amount. The results obtained in 
Art. 188 will not apply to the case in which this limited amount of 
firiction is insufficient to reduce the relative sliding to zero. To 
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determine this, we must introduce the frictional and normal im- 
pulses into the equations. 

Let R be the whole momentum communicated to the body M 
in the time t of the impact by the normal pressure, and let F be 
the momentum communicated by the frictional pressure. We 
shall suppose these to act on the body whose mass is M in the 
directions NG, NA respectively. Then they must be supposed to 
act in the opposite directions on the body whose mass is M\ 

Since R represents the whole momentum communicated to 
the body M in the direction of the normal, the momentum com- 
municated in the time dt is dR. As the bodies can only push 
against each other, dR must be positive, and, by Art. 136, when 
dR vanishes, the bodies separate. Thus the magnitude of R may 
be taken to measure the progress of the impact. It is zero at the 
beginning, gradually increases throughout, and is a maximum at 
the termination of the impact. It will be found more convenient 
to choose R rather than the time t as the independent variable. 

The dynamical equations are by Art. 169 

M{v-V) = R \ (1), 

Mk" {(0'-n) = Fi/ + Rx 

M'(u'-U') = F 

M\v'-V')^-R \ (2). 

The relative velocity of sliding is by Art. 137 

S^u-yco-u'-j/o)' ....(3), 

and the relative velocity of compression is by the same article 

C= t;'4-a;V — V — a?ft) (4). 

Substituting in these equations from the dynamical equations 

we find S = So-aF-bR (5), 

C^Co-bF^a'R (6), 

where So= t/' - yft - fT' - y'fl' (7), 

Co= F'+a?'n'- F-a?ft (8), 

-JL Jl yL y'^ 

"^^^^w^m^w <^^^' 

Ml? 3fT* ^ ^' 
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These may be called the constants of the impact. The first 
two, So, Co represent the initial velocities of sliding and com- 
pression. These we shall consider to be positive; so that the 
body M %8 sliding over the body M' at the beginning of the com- 
pression. The other three constants a, a\ b are independent of 
the initial motion of the striking bodies. The constants a and a 
are essentially positive, while b may have either sign. It will be 
found useful to notice that (w! > b\ 



192. l^omm of Bn«rnr. By treating the eqaations (1) and (2) in exactly the 
same manner as those in Art. 172, we find that the gain of kinetic energy due 

to the impact is -FSo-RCQ + i{aF*+2hFR-\-a'E^) (1), 

where Sq, Cq, a, 5, a' stand for the quantities given in equations (7) to (11). By 
multiplying (5) and (6) hy F and R respectively we obtain 

aF^ + 2bFR-\-a'E^=F(SQ^S)+R(CQ-C). 

The los9 of kinetic energy is therefore 

iF(5o + S) + il«(Co + C) (2). 

Here F, R are the whole tangential and normal forces called into play, as explained 
in the following articles. Also S^, C^ are the tangential and normal relative 
velocities of the points of contact just before impact and S, C the corresponding 
velocities just after impact. This result includes in a convenient form all those 
discussed in Art. 173. 

The expression (1) gives the loss of energy in terms of the relative velocities 
before impact and of the forces. We may eliminate the forces and express the loss 
of energy solely in terms of the relative velocities before and after impact. The 

result is - (aCo «- 265oCo + a-V) - {aC*-2hSC + a'S^) 

2 aa' - fc* 

193. The Representative Point. It often happens that 
& = 0, and in this case the discussion of the equations is very 
much simplified. But certainly in the general case, and even in 
the simple case when 6 = 0, it is found more easy to follow the 
changes in the forces if we adopt a graphical method. 

The point which we have to consider is this. As R proceeds from 
zero to its final maximum value by equal continued increments dR, 
F proceeds also from zero by continued increments dF, which may 
not always be of the same sign and which are governed by a dis- 
continuous law, viz. either dF= ± fidR, or dF is just sufficient to 
prevent relative motion at the point of contact, as explained in 
Art. 158. We want therefore some rule to discover the value of F. 

To determine the actual changes which occur in the frictional 
impulse as the impact proceeds, let us draw two lengths AR, AF 
along the normal and tangent at A in the directions iV(?, AN re- 
spectively, to represent the magnitudes of R and F at any moment 
of the impact. Then, if we consider AR and .4 i^ to be the co- 
ordinates of a point P referred to ARy AF as axes of R and Fy the 
changes in the position of P will indicate to the eye the changes 
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that take place in the forces during the progress of the impact. 
At the beginning of the impact the forces R and F are zero, 
the representative point P is therefore situated at the origin A. 
As the impact proceeds the force R continually increases, hence 
the abscissa AR of P will also continually increase, i.e. the, motion 
of the representative point resolved parallel to the axis of R 
will be always in the positive direction of the axis of R, The 
ordinate J^ of P is measured in the direction opposite to that 
in which the friction acts on the body M ; it follows that the 
motion of the representative point resolved parallel to the axis 
of F will indicate to the eye the direction in which the body M 
is sliding. This may sometimes be in one direction during the 
impact and sometimes in the other. 

It will be convenient to trace the two loci determined by S == 0, 
C = 0. By reference to (5) and (6) we see that they are both 
straight lines. These we shall call the straight lines of no sliding 
and of greatest compression. To trace them, we must find their 
intercepts on the axes of F and R. Take 

AC = ^, AS^^, AG' = ^, AS'=^^\ 
a a 

then S8\ CC will be these straight lines. Since a and a are 
necessarily positive, while b has any sign, we see that the inter- 
cepts on the axes of F and -R respectively are positive, while their 
intercepts on the axes of R and F must have the same sign. 
Since a^i' > 6*, the acute angle made by the line of no sliding with 
the axis of i^ is greater than that made by the line of greatest 
compression, i.e. the former line is steeper to the axis of jFthan 
the latter. It easily follows that the two straight lines cannot 
intersect in the quadrant contained by RA produced and FA 
produced. 

194. In the beginning of the impact the bodies slide over 
each other, hence, as explained in Art. 158, the whole limiting 
friction is called into play. The point P therefore moves along 
a straight line AL, defined by the equation F = fiR, where fi is 
the coefficient of friction. The friction continues to be limiting 
until P reaches the straight line SS\ If -Ro be the abscissa of 

or 

this point we find Rq = — ^^. This gives the whole normal 

blow, from the beginning of the impact, until friction can change 
from sliding to rolling. If Rq is negative, the straight lines AL 
and SS' do not intersect on the positive side of the axis of F, 
In this case the friction is limiting throughout the impact. 
If Rq is positive the representative point P reaches SS\ After 
this only so much friction is called into play as suffices to 
prevent sliding, provided that this amount is less than the limiting 
friction. If the acute angle which >S'^' makes with the axis of it 
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is less than tan~* ii, the friction dF necessary to prevent sliding is 
less than the limiting friction fidK Hence P must travel along 




SS' in such a direction that the abscissa R continues to increase 
positively. In this case the friction does not again become limiting 
during the impact. 

But if the acute angle which SS' makes with the axis of R 
is greater than tan"* /a, the ratio of dF to dR is numerically 
greater than /i, and more friction is necessary to prevent sliding 
than can be called into play. The friction therefore continues 
to be limiting, and P, after reaching SS\ must travel along a 
straight line, making the same angle with the axis of R that AL 
does. This straight line must lie on the opposite side of SS' 
because the acute angle which SS' makes with AR is greater than 
the angle LAR. Also since the point P has crossed SS' the 
direction of relative sliding and therefore the direction of friction 
is changed. In this case it is clear that the friction continues 
limiting throughout the impact. 

An example of each of these three cases is given in the triple 
diagram. The figures differ in the position of the line of no 
sliding. In all the three figures the representative point travels 
from A along a straight line AL such that the angle LAR is 
equal to tan~* ii. In fag. (1) the line of no sliding, viz. SS\ makes 
so large an angle with AR that AL does not intersect it in the 
positive quadrant. The friction therefore retains its limiting 
value throughout the impact. In the other two figures AL and 
SS' intersect in some point Q. In tig. (2) the angle SS'A is less 
than the angle LAR, the representative point therefore after 
reaching Q travels along QS'. In fig, (3) the angle SS'A is greater 
than the angle LAR, the representative point therefore after 
reaching Q travels along a straight line QB on the other side 
of SS' such that the angle QBA is equal to the angle QAR 

When P passes the straight line CO", compression ceases and 
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restitution begins. But the passage is marked by no peculiarity 
except this. If iZ, be the abscissa of the point at which P crosses 





Fig.l. 



Fig. 2. 




CC\ the whole impact, for experimental reasons, is supposed to 
terminate when the abscissa of P is iJj = iJ, (1 + «), 6 being the 
measure of the elasticity of the two bodies. 

It is obvious that a great variety of cases may occur according 
to the relative positions of the three straight lines AL^ SS' and 
CC\ But in all cases the progress of the impact may be traced 
by the method just explained, which may be briefly summed up 
in the following rule. The representative point P travels along AL 
untU it meets SS\ It then proceeds either along SS\ or along a 
straight line making the same angle with the aocis of R as AL does, 
but lying on the opposite side of SS', The one along which it 
proceeds is the steeper to the axis of F, It travels along this line in 
such a direction as to make the abscissa B increase, and continues 
to be in this straight line to the end of the impact The complete 
value of M for the whole impa^ct is found by multiplying the abscissa 
of the point at which P crosses CC by 1 + e, The complete vcUue 
of F is the corresponding ordinate of P. Substituting these in the 
dynamical equations (1) and (2), the motion just after impact mcy 
be eoMy found. 

If 5^0 = 0, we have S = — aP- bR. In this case the line of no 
sliding passes through the origin A. If the acute angle which 
this straight line makes with the axis of R is less than tan"*^ fi, i.e. 
if b/a is numerically less than fi, the representative point travels 
along this straight line in such a direction that its abscissa R 
continually increases. The friction is therefore less than its 
limiting value throughout the impact. 

If the acute angle which the line of no sliding makes with the 
axis of R is greater than tan~^ fi, i.e. if b/a is numerically greater 
than fi^ the representative point travels along a straight line AL 
making with the axis of i2 an acute angle LAR equal to tan~^ fjL 
This straight line lies on the positive or negative side of AR 
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according as /S is positive or negative. Since the numerical value 
of 6 is greater than a^i, and -P= ± fiR, the term — hR governs the 
sign of Sy hence 8 has the opposite sign to h. It follows that the 
straight line AL lies within the cumte angle which the line of 
no sliding makes with AR. Thus in fig. (1), AL is on the positive 
side, in fig. (2) on the negative side of AR, As AL cannot again 
meet the line of no sliding the friction has its limiting value 
throughout the impact. 





Fig. 1. 



Fig. 2. 



The representative point continues its journey along either 
SS' or ALySS the case may be, to the end of the impact. The 
complete value of R for the whole impact is found by multiplying 
the abscissa of the point at which P crosses GO' by 1 + c. The 
complete value of F is the corresponding ordinate of P. Sub- 
stituting these in the dynamical equations the motion just after 
impact may be found. 

195. If the bodies are smooth, the straight line AL coincides 
with the axis of R, The representative point P travels along 
the axis of R, and the complete value of R for the whole impact 
is found by multiplpng the abscissa of (7 by 1 + 6. 

If the bodies are perfectly rough (Art. 156), the straight line 
AL coincides with the axis of F, The representative point P 
travels along the axis of F until it arrives at the point S, It 
then travels along the line of no sliding SS' until it reaches the 
line CC of greatest compression. If the bodies are inelastic, the 
coordinates jBj, P,, of this intersection are the values of R and F 
required. Bpt if the bodies are imperfectly elastic the representa- 
tive point continues its journey along the line of no sliding. The 
complete value of R for the whole impact is then iJ, = iJi (1 + e), 
and the complete value of F may be found by substituting this 
value for R in the equation of the line of no sliding. 

196. It is not necessary that the friction should keep the 
same direction during the impact. The friction must keep one 
sign when P travels along AL. But when P reaches SS\ its 
direction of motion changes, and the friction dF called into play 
in the time dt may have the same sign as before or the opposite. 
But it is clear that the friction can change sign only once during 

B.D. 11 
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the impact. I( b — 0, the straight line SS' is perpendicular to the 
axis of F, and in this case it is clear that the friction cannot 
change sign. 

It is possible that the friction may continue limiting through- 
out the impact, so that the bodies slide on each other throughout. 
The necessary conditions are that either the straight line SS' 
must be less steep to the axis of F than AL, or the point P 
must not reach the straight line SS' until its abscissa has be- 
come greater than H^. The condition for the first case is that 
6 must be greater than /la. The abscissae of the intersections 

S 
of AL with SS' and 'CC are respectively Rq= — ^ and 



C„ 



a/1 + 6 



Ri = T , . The necessary conditions for the second case are 

that iJi must be positive, and Rq either negative or positively 
greater than Ri(l+ e), 

197. Ex. 1. B«boiind of a balL A spherical hall, moving without rotation on 
a imooth horizontal plane, impinges with velocity V against a rough vertical wall 
whose coefficient of friction is /x. The line of motion of the centre of gravity before 
incidence making an angle a with the normal to the waU, determine the motion just 
after impact. 

This is the general problem of the motion of a spherical ball projected without 
initial rotation against any rough elastic plane. Thus it applies to a billiard ball 
impinging against a cushion, or to a "fives" ball projected against a wall, or to 
a cricket ball rebounding from the ground. When the ball has any initial rotation 
the problem is, in general, a problem in three dimensions and will be discussed 
further on. 
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In the figure the plane of the paper represents a horizontal plane drawn 
through the centre of the ball. The vertical plane against which the ball impinges 
intersects the plane of the paper in AS. 

Let u, V be the velocities of the centre at any time t after the oommenoement 
of the impact resolved along and perpendicular to the wall. Let <a be the angular 
velocity at the same instant. Let R and F be the normal and frictional blows from 
the beginning of the impact up to that instant. Let M be the mass and r the 
radius of the sphere. Then we have 

M{u-VBma)=-F, i»f (i; + rco8o) = B, Mli\>=^Fr, 



\ 
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The velocity of sliding of the point of contaot is S=« - rw= F sin o rj— -^ . 

13 

The velocity of compression of the point of contact is 0= - v = Fcos a - ^ • 

Measure a length AS in the figure to represent -^ — rj3fFsina, and a length 

JC to represent ifFcos a, along the axes of F and R respectively. Then SB and 
CB drawn parallel to the directions of R and F will be the lines of no sliding and 

of greaiett c<nnmre$nan. Also we see that tan BACs^:^ — ^ tan a = } tan a. In the 

f* + »■ 

beginning of the impact the sphere slides on the wall, hence the representative 
point P, whose coordinates are R and F, begins to describe the straight line F=fiR, 

If Ai>f tan a, this straight line cnts the line of no sliding SB in some point L 
before it cats the line of greatest compression. Hence the representative point 
describes the broken line ALB, At the moment of greatest compression, F and R 
are the coordinates of B. 

Therefore F= f MV sin a, R=MV cos a. 

These results are independent of /x because we see from the figure that more 
-than enough friction could be called into play to destroy the sliding motion. 

If /i< f tan a, the straight line F=fiR cuts the line of greatest compression CB 
in some point H before it cuts the line of no sliding. The friction is therefore 
insufficient to destroy the sliding. At the moment of greatest compression F and R 

are the coordinates ot H, F= ixMV cos a, R= MV cos a. 

If the sphere be inelastic we have only to substitute these values of F and R in the 
equations of motion to find the values of u, v, w just after impact. 

If the sphere be imperfectly elastic with a coefficient of elasticity €, the repre- 
sentative point P will continue its progress until its abscissa is given by 

J2=Jtfrcosa(l + «). 

Take ^C to represent this value of R, and draw CB' parallel to CB, Then, as 

2 tana 

hefore, we see that tan B'AC'=^ i . 

7 1+e 

If fL>„ .. — , the representative point describes some broken line like ALB\ 
and cuts SB' before it cuts B'C In this case P and 12 are the coordinates of B', 

F=f3fF8ino, i2 = J»fFcosa (1 + e). 

If /i < ;= ^j , the representative point describes some unbroken line like AHK, 

and cuts B'C before it cuts SB', In this case F and R are the coordinates of K, 

f=/AMFcoso(l + «), R = MV COB a (I -{-e). 

Let /3 be the angle the direction of motion of the centre of the ball makes with 

the normal to the wall after impact, then tan/3=K/i;. We see therefore that 

^ 5 tan a tana-ii(l + e) ,. • .. i xi_ 2tano 

tan P=fj » or= -~ , according as ju is greater or less than « f • 

I e e I A "n e 

Ex. 2. An imperfectly elastic cricket ball is projected so that it is rotating 
with an angular velocity about a horizontal axis perpendicular to the plane of 
the parabola described by its centre. Just before it strikes the ground the velocity 

11—2 
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of the centre is F, and the direction of motion makes an angle a with the normal. 
Show that the angle of rebound p is given by either 

«tanj9=-tana + ^ ,, -, or =tano-xi(l+«), 

^7 TV COS a r-\ ,1 

2 (. ta ) I 



2 ( 
according as fi is greater or less than ~ jtan a '^ 



7 i Fcosai l + «* 

Ex. 3. A sphere of radius a rolls on the ground with velocity U and impinges 
normally against a vertical wall whose coefficients of friction and elasticity are ft 
and e. If fi (!+«)> f the sliding will terminate before the end of the period of 
impact, and the sphere will therefore rebound with a horizontal velocity - Ue and 
a vertical velocity ^ U [this follows by taking moments about the point of contact]. 
The centre of the sphere will then describe a parabola and the sphere will after- 
wards impinge on the ground. If the ground be inelastic and have a coefficient of 
friction m' < «+f the sliding will not terminate before the end of the impact. At 
the end of the impact the centre of the sphere has a velocity -V{e-}fji') and the 
angular velocity is (2 - 5m') Ujla. The friction continues to act as a finite force so 
that the sphere finally roUs on the ground with a uniform velocity - f ^ (« - A)- 

Ex. 4. A thin uniform hemispherical shell of radius a with its base vertical is 
rotating with an angular velocity about a horizontal axis through its centre of 
gravity pafallel to the base. It is placed with a point on its base in contact with a 
fixed rough horizontal plane. Prove that if the coefficient of elasticity is equal to 
e and the coefficient of friction is greater than 2, the point of contact with the plane 
begins after the impact to move vertically with a velocity -^(uQ. 

198. Ex. 1. Show that the representative point P as it travels in the manner 
described in the text must cross the line of greatest compression, and that the 
abscissa R of the point at which it crosses this straight line must be positive. 

Ex. 2. Show that the conic whose equation referred to the axes of R and F ia 
aF*-\-2bFR + a'R^=e, where e is some constant, is an ellipse, and that the straight 
lines of no sliding and greatest compression are parallel to the conjugates of the 
axes of F and 12 respectively. Show also that the intersection of the straight 
lines of no sliding and greatest compression must lie in that angle formed by the 
conjugate diameters which contains or is contained by the first quadrant. 

Ex. 3. Two bodies, each turning about a fixed point, impinge on each other^ 
find the motion just after impact. 

Let (r, G', in the figure of Art. 187, be taken as the fixed points. Taking 
moments about the fixed points, the results will be nearly the same as those given 
in the case considered in the text. 

Initial Motions. 

199. Breakage of a support. Let a system of bodies be in 
equilibrium and let one of the supports suddenly give way. It is 
required to find the initial motions of the several bodies and the 
initial values of the reactions which exist between them. 

The problem of finding the initial motion of a dynamical 
system is the same as that of expanding the coordinates of the 
moving particles in powers of the time t. Let {x, y, d) be the 
coordinates of any body of the system. For the sake of brevity 
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let the saffix zero denote initial values. Thus Xo denotes the 
initial value of x. fiy Taylor's theorem we have 

^ = a + a?o|2 + *o|3 + (1): 

the term Xq is omitted because we suppose the system to start 
from rest. 

Firstly, let only the initial valves of the reactions be required. 
The dynamical equations contain the coordinates, their second 
dififerential coefficients with regard to t, and the unknown 
reactions. There are as many geometrical equations as re- 
actions. From these we have to eliminate the second differential 
coefficients and find the reactions The process, which is really 
the same as the first method of solution described in Art. 135, 
is as follows. 

Write down the geometrical equations, differentiate each twice 
and then simplify the results by substituting for the coordinates 
their initial values. Thus, if we use Cartesian coordinates, let 
4> (^» y» ^) = be any geometrical relation, we have since x^ = 0, 

yo = 0, ^0 = 0, d<l> dif> d<t>u _ 

The process of differentiating the equations may sometimes 
be much simplified when the origin has been so chosen that the 
initial values of some at least of the coordinates are zero. We 
may then simplify the equations by neglecting the squares and 
products of all such coordinates. For if we have a term a?, its 
second differential coefficient is 2 {xx + aP), and if the initial value 
of ^ is zero, this vanishes. 

The geometrical equations must be obtained by supposing the 
bodies to have their displaced positions, because we require to 
differentiate them. But this is not the case with the dynamical 
equations. These we may write down on the supposition that 
each body is in its initial position. These equations may be 
obtained according to the rules given in Art. 135. The forms 
there given for the effective forces admit in this problem of some 
simplifications. Thus, since fo~0, <^o = ^» the accelerations along 
and perpendicular to the radius vector take the simple forms r^ 

and r^o* So again the acceleration f^jp along the normal vanishes. 
If, for example, we know the initial direction of motion of the 
centre of gravity of any one of the bodies, we may conveniently 
resolve along the normal to the path. This will supply an equation 
which contains only the impressed forces and such tensions or re- 
actions as may act on the body. If there be only one reaction, 
this equation will suffice to determine its initial value. 
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The rule may be shortly stated thus. Write down the geome^ 
trical equations of the system in its general position. Differentiate 
each twice and then simplify the resvlts by substituting for the co- 
ordinates their initial values. Write down the dynamical equations 
of the system supposed to be in its initial position. Eliminate the 
second differential coefficients and we shall have sufficient equations 
to find the initial values of the reactions. 

We may also deduce from the equations the values of ^o> yoi ^o, 
and thus by substituting in equation (1) we have found the initial 
motion up to terms depending on t^. 

200. Secondly y let the initial motion be required. As differential 
coefficients of a high order sometimes present themselves in this 
part of the problem it will be more convenient to use accents 
instead of dots to represent the differential coefficients with regard 
to the time. Thus x will be written x'\ 

The number of terms of the series (1) which it may be necessary 
to retain depends on the nature of the problem. Suppose the 
radius of curvature of the path described by the centre of gravity 
of one of the bodies to be required. We have 

Putting u = x'y" — y V we have after differentiation 

tt sxxy —yx , 
u" = xy - ya^"" + xy" - y V, 
u'" = xy - y V + 2 {xy - y V^). 

Substituting in Taylor's Theorem and remembering that 

xY - y V = i (^0 V" - < V) t'-^i ( W^ - ^0* V) ^ + — 
similarly (a?'« + y'«)» = (x,"^ + y,'y ^ + . . . . 

If then the body start from rest, the radius of curvature is 
zero. But if a?o"yo" *~ ^o"'yo" = 0, the direction of the acceleration 
is stationary for a moment. We then have 

— «*'o yo *o yo • 

r 

To find these differential coefficients we may proceed thus. 
Differentiate each dynamical equation twice and then reduce it 
to its initial form by writing for Xy y, 0, &a their initial values, 
and for x\ y\ ff zero. Differentiate each geometrical equation 
four times and then reduce each to its initial form. We shall 
thus have sufficient equations to determine xi\ x^'\ x^^, &c. 
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iJof -Ro'. -Ho"> &c» where R is any one of the unknown reactions. 
It is often of advantage to eliminate the unknown reactions from 
the equations before differentiation. We then have only the un- 
known coetKcients a?©", ^o'"> &c. entering into the equations. 

These operations may in general be mach abbreviated by some simple con- 
siderations. Let a dynamical equation be of the form 

■ 

where L, 3/, X, P are fanotions ol x^y^O only. Differentiating twice and putting 
ac^'=0, yj'=0, ^o'=0, we have 

where ^-< L^y^" ly^'^' i' 

If we write x^x^-^^, y=yo + ^t <^<^- ^ ^^^^ d *r* ^* ^^ small quantities it is easy 
to see that all the terms in L, 3f , (fee. which contain ^, 17', &c. disappear from the 
final equation. When therefore we have to find x^'*, y,'*, 0^", by differentiating the 
dynamical equations, it U only neceisary ttuit the coefficients L, J(f, dbc. thotUd be 
correct to thejirtt power of the small quantities. 

In the same way if (x, y, ^) = be a geometrical equation, we see that its 
fourth differential ooefl&eient reduces to 

It is therefore only neoessary that the geometrical equations should he correct to the 
second power of the small quantities. 

In the same way if we require the initial values of the sixth differential oo- 
efficients we must form the dynamical equations correct to the second order and the 
geometrical equations to the third order. 

We shall afterwards see that these initial differential coefficients may be more 
easily deduced from Lagrange's equations. 

If we know the direction of motion of one of the centres of 
gravity under consideration, we can take the axis of y a tangent 

to its path. We then have p = ^- , where x is of the second 

order and y of the first order of small quantities. We may therefore 
neglect the squares of x and the cubes of y. This will greatly 
simplify the equations. If the body start from rest we have 

sco' =» 0, and if Xq" = 0, we may then use the formula p = 3 ^ . 



The corresponding formula for p in polar coordinates may be obtained in the 
same way. We have when r^ (r^" C' - V" ^0") = ^ 

201. Bz. 1. A circular disc is hung up by three equal strings attached to three 
points at equal distances on its circumference ^ and fastened to a peg vertically over 
the centre of the disc. One of these strings being cut, determine the initial tensions 
of the other two. 
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Let be the peg, AB the circle seen by an eye in its plane. Let OA be the 

string which is cat, let C be the middle 

point of the chord joining the points of 

..'*' \ the circle to which the two other strings 

are attached. Then the two tensions, 
each equal to T, are throughout the 
motion equivalent to a resultant tension 

J g J Q R along CO, If 2a be the angle between 

the two strings, we have R=2TooBa. 

Let I be the length of OC, /3 the angle OOC, a the radius of the disc. Let {x, y) 
be the coordinates of the displaced position of the centre of gravity with reference 
to the origin O, x being measured horizontally to the left and y vertically down- 
wards. Let be the angle which the displaced position of the disc makes with AB, 

By drawing the disc in its displaced position it will be seen that the coordinates 
of the displaced position of C are x-lsinfi cos $ and y - Z sin j9 sin 0. Hence since 
the length OC remains constant and equal to I, we have 

OB? + y« - 2Z sin /3 (« cos ^ + y sin ^) = !• cos" /5. 

Since the initial tensions only are required, it is sufiQcient to differentiate this 
twice. Since we may neglect the squares of small quantities, we may omit x*, and 
put cos^ = l, sin^=^. The process of differentiation will not then be very long, 
for it is easy to see beforehand what terms will disappear when we equate the 
differential coefficients (i, y, 6) to zero, and put for (x, y, 0) their initial values 

(0, Z cos j8, 0). We get y^ cos j8 = sin j8 ( jf© + Z cos pd^). 

This equation may also be obtained by an artifice which is often useful. The 
motion of G is made up of the motion of C and the motion of O relatively to C, 
Since C begins to describe a circle from rest, its acceleration along CO is zero. 
Again, the acceleration of G relatively to C when resolved along CO is GCBoo&p. 
The resolved acceleration of (r is the sum of these two, but it is also equal to 
J/o cos /9 - ^0 sin j9. Hence the equation follows at once. 

In this problem we require the dynamical equations only in their initial form. 

These are toXq = i^o sin /3, myo = mp - J^o cos j8, mk^^ = RqI sin^oosfi, 

where m is the mass of the body. Substituting in the geometrical equation we find 

The tension of any string, before the string OA was cut, may be found by the 
rules of statics, and is clearly Tj = J m^r sec 7, where y is the angle A OG. Hence the 
change of tension can be found. 

Ex. 2. A number of uniform straight rods of the same weight and length, 
freely jointed end to end, are supported in a horizontal straight line, with the 
extreme end of the last rod fixed. If the supports are all removed at once, obtain 
equations to determine the initial angular accelerations of the different rods and 
prove that if w,,, cii^^, w„44 are those of any three adjacent rods, 

w^ + 4w„+i + w„4^ = 0. [Math. Tripos, 1903. 

Let Wq, »! ... w„, be the angular accelerations of the m+ 1 rods, Uq, u^ ... u^^ the 
vertical accelerations of their centres, Rq, 22^ ... R^^i the reactions at the ends of 
the rods. Since k^^a^/St we have 

4a«n = ^n+l + ^ni J ««n+l = ^*+8 + ^»+l » &« W* 
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and by geometry ii,^ + cua^ = tt,^i - aw,^^^ . 

These give li,^ + 4i2^i+ J2^=0 (3), 

It immediately follows by substitution from (1) that ctfn+2+^^i»+i + "n=^- 

To find the initial aooelerations Wq ... w^, we solve the equation of di£Ferenoe8 
(3) by putting R^=Ae^. This gives c" + 4c + 1 =0, henoe if a, /3 are the roots of the 
quadratic, R^=Aa^+Bp^. To find il, B we examine the geometrical conditions 
at the ends. It is given that one end is fixed, hence Ug- awo=0, .*. A - B=gl2»JS, 
If the other end is free, -R„n-i=^t .'. -4o"^' + Bj8^+^=0. These two conditions 
determine A and B, 

The problem might also have been solved by Lagrange's method. 

202. Ex. 1. Two strings of equal length have each an extremity tied to a 
weight C and their other extremities tied to two points il, B in the same horizontal 
line. If one be cut the tension of the other will be instantaneously altered in the 
ratio 1 : 2 cos' i C. [St Pet. CoU. 

Ex. 2. An elliptic lamina is supported with its plane vertical and transverse 
axis horizontal by two weightless pins passing through the foci. If one pin be 
released show that, if the eccentricity of the ellipse be ^ ^10, the pressure on the 
other pin is initially unaltered. [Coll. Exam. 

Ex. 3. Three equal particles A, B, C repelling each other with any forces, are 
tied together by three strings of unequal length, so as to form a triangle right- 
angled At A. If the string joining B and C be cut, prove that the instantaneous 
changes of tension of the strings joining BA, CA will be ^TcosB and ^rcosC 
respectively, where B and C are the angles opposite the strings joining CA, AB 
respectively, and T is the repulsive force between B and C. 

Ex. 4. Two uniform equal rods, each of mass m, are placed in the form of 
the letter X on a smooth horizontal plane, the upper and lower extremities being 
connected by equal strings ; show that, whichever string be cut, the tension of the 
other is the same function of the inclination of the rods, and initially is f mp sin a, 
where a is the initial inclination of the rods. [St Pet. Coll, 

Ex. 5. A horizontal rod of mass m and length 2a hangs by two parallel 
strings of length 2a attached to its ends : an angular velocity w being suddenly 
communicated to it about a vertical axis through its centre, show that the initial 
increase of tension of either string equals imac^, and that the rod rises through 
a space a^d^/^g. [CoU. Exam. 

Ex. 6. A particle is suspended by three equal strings of length a from three 
points forming an equilateral triangle of side 26 in a horizontal plane. If one 
string be cut the tension of each of the others will be instantaneously changed in 

the ratio _ , «— tov • * [Coll. Exam. 

2 (a* - 6*) ■■ 

Ex. 7. A sphere resting on a rough horizontal plane is divided into an infinite 
number of solid lunes and tied together again with a string ; the axis through which 
the plane faces of the lunes pass being vertical. Show that if the string be cut 
the pressure on the plane will be instantaneously diminished in the ratio 45r':2048. 

[Emm. Coll. 1871. 

Ex. 8. A smooth sphere rests on a horizontal plane and an equal sphere is 
supported on it, the line of centres making an angle with the vertical ; prove that 
just after the supports are removed the ratio of the pressures on the plane and 
between the spheres is 2 : cos 0. [Coll. Exam. 



170 MOTION IN TWO DIMENSIONS. [CHAP. IV. 

Ex. 9. A small ring of mass p is strung on a rod, of mass m and length 2a, 
capable of turning about one extremity as a fixed point. The system starts from 
rest with the rod horizontal and the ring at a distance c from the fixed point. Show 
that the polar coordinates of the ring referred to the fixed point are c + r^^t^ft^ and 
9^1^12. Find also Bq , and prove that r^^^^gSQ + 2c^q'. Thence find the initial radias 
of carvature of the path of the particle. [^&y Exam. 18B8. 

Ex. 10. A solid hemisphere of mass 3/ rests on a perfectly rough horizontal 
plane and a particle of mass m is gently placed on it at a distance c from the 
centre. Prove that the initial radius of curvature of the path described by the 
particle is 9nu^lMk*, where k is the radius of gyration of the hemisphere about a 
tangent at the vertex. [Math. Tripos, 1888. 

Ex. 11. A garden roller is at rest on a horizontal plane, rough enough to 
prevent sliding, the handle being so held that the plane through the axis of the 
cylinder and the centre of gravity of the handle makes an angle a with the 
horizon. Show that when the handle is let go the initial radius of curvature of 
the path described by the centre of gravity is 

c (sin* o + » cos* ay In where {n-1) M (1^+ a*) = ma*^ 

c is the distance of the centre of gravity of the handle from the axis of the 
cylinder, m its mass, Mk* the moment of inertia of the cylinder about its axis, and 
a its radius. [Math. Tripos, 1894. 

Ex. 12. A uniform rod of mass m and length 2a has masses equal to m 
attached to its ends. A string, one end of which is attached to the middle point 
of the rod, passes over a smooth pulley and sustains at its other end a weight 3m. 
The system is in equilibrium, the rod being horizontal. The particle m falls off 
from one end of the rod ; prove that (1) the initial acceleration of the mass 3m 
equals 7p/17 ; (2) the initial angular acceleration of the rod is 18^/17a ; (3) the 
radius of curvature of the initial path of the other end of the rod is 2a (11/18)'. 

[Coll. Exam. 1904. 

Ex. 18. A uniform cube of edge 2a and mass M rests symmetrically on two 
shelves, each of length 4a and mass fiM and is hinged to one shelf at the edge of 
the cube, and the shelves are attached to smooth hinges at a distance 8a apart, 
being supported in a horizontal position. If that shelf is released to which the 
cube is hinged, prove that the initial pressure on the edge of the fixed shelf is 

-^l ^-/.--^t fti^d that the initial reaction at the hinge to which the cube is 
45 + 16^1 

attached is inclined to the horizon at an angle tan-^ 5/3. [Coll. Exam. 1904. 

On Relative Motion or Moving Axes, 

203. In many dynamical problems the relative motion of 
the different bodies of the system is all that is required. In such 
cases it will be an advantage if we can determine this without 
finding the absolute motion of each body in space. Let us suppose 
that the motion relative to some one body {A) is required. There 
are then two cases to be considered, (1) when the body {A) has 
a motion of translation only, and (2) when it has a motion of 
rotation only. The case in which the body {A) has a motion both 
of translation and rotation may be regarded as a combination of 
these two cases. Let us consider them in order. 
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204. The Fundamental Theorem. Let it be required to 
find the motion of any dynamical system relative to some moving 
point (7. We may clearly reduce G to rest by applying to eveiy 
element of the system an acceleration equal and opposite to that 
of G. It is also necessary to suppose that an initial velocity equal 
and opposite to that of G has been applied to each element. 

Let /be the acceleration of C at any time t If every particle 
fn of a body be acted on by the same accelerating force / parallel 
to any ^ven direction, it is clear that these are together equi- 
valent to a force ySm acting at the centre of gravity. Hence to 
reduce any point (7 of a system to rest, it will be sufficient to 
apply to tne centre of gravity of each body in a direction opposite 
to that of the acceleration of G a force measured by Mf^ where 
M is the mass of the body and /the acceleration of G, 

The point G may now be taken as the origin of coordinates. 
We may also take moments about it as if it were a point fixed 
in space. 

Let us consider the equation of moments a little more minutely. 
Let (r, 0) be the polar coordinates of any element of a body 
whose mass is m referred to C as origin. The accelerations of the 

particle are ji^ ■"^(;j7) ^^^ ''WtV^ltr ^^^^S ^^^ perpendicular 
to the radius vector r. Taking moments about G we get 

I moment round G of the impressed forces 

y —(r^ ^\ = J P^*^^ ^^^ moment round G of the reversed 
db\ dt) I effective forces of G supposed to act at the • 

y centre of gravity. 

If the point G be fixed in the body and move with it, ddjdt 
will be the same for every element of the body, and, as in Art. 88, 

205. From the general equation of moments about a moving 
point G we learn that we may use the equation 

dw moment of forces about G 
dt moment of inertia about G 

in the following cases. 

Firstly. If the point G be fixed both in the body and in space ; 
or if the point (7, oeing fixed in the body, move in space with 
uniform velocity ; for the acceleration of G is zero. 

Secondly, If the point G be the centre of gravity ; for in that 
case, though the acceleration of G is not zero, yet the moment 
vanishes. 
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Thirdly. If the point G be the instantaneous centre of rota- 
tion, and the motion be a small oscillation or an initial motion 
which starts from rest. At the time t the body is turning about (7, 
and the velocity of C is therefore zero. At the time t + dt, the 
body is turning about some point C very near to G. Let GG' = d<r, 
then the velocity of G is wao-. Hence in the time dt the velocity 
of G has increased from zero to a>d<7, therefore its acceleration is 
(odajdt To obtain the accurate equation of moments about G we 
must apply the effective force Xm,a)da-ldt in the reversed direction 
at the centre of gravity. But in small oscillations a> and dc/dt 
are both small quantities whose squares and products are to be 
neglected, and in an initial motion <k> is zero. Hence the moment 
of this force must be neglected, and the equation of motion will 
be the same as if (7 had been a fixed point. 

It is to be observed that we may take moments about any 
point very near to the instantaneous centre of rotation, but it will 
usually be more convenient to take moments about the centre in 
its disturbed position. If there be any unknown reactions at the 
centre of rotation, their moments will then be zero. 

206. If the accurate equation of n^oments about the instan- 
taneous centre be required, we may proceed thus. Let L be the 
moment of the impressed forces about the instantaneous centre, 
G the centre of gravity, r the distance between the centre of 
gravity and the instantaneous centre G, M the mass of the body ; 
then the moment of the impressed forces and the reversed 

effective forces about C is i — Mw -^ . r cos OG'G, 

dt 

If & be the radius of gyration about the centre of gravity, the 

equation of motion becomes Jf (A;* + r") -7. = i — Mtor -^ , 

writing for cos OG'G its value dr/da; 

207. Impulsive forces. The argument of Art. 204 may 
evidently be also applied to impulsive forces. We may thus obtain 
very simply a solution of the problem considered in Art. 171. 

A body it moving in any manner when suddenly a point O in the body is con- 
strained to move in some given manner ^ it is required to find the motion relative to 0. 

To reduce to rest, we must apply at the centre of gravity O a momentam 
equal to Mf^ where/ is the resultant of the reversed velocity of after the change 
and the velocity of before the change. If w, w' be the angular velocities of the 
body before and after the change, and r=OGt we have by taking moments about 0, 

(r* + fc') (w' - w) = moment of / about O. 

Now the moment about O of a velocity at G is equal and opposite to the moment 
about G of the same velocity applied at 0. Hence if L, U be the moments about 



ART. 209.] ON RELATIVE MOTION OR MOVING AXES. 173 

G of the velocity of just before and just after the change, and k be the radias 
of gyration aboat the centre of gravity, we have «' - «= Kg — j • 

208. Ex. Two heavy particlet whose mastet are m and m' are connected by an 
inextenrible string^ which is laid over the vertex of a 'double inclined plane whose 
moMs is M, and which is capable of moving freely on a smooth horizontal plane, 
Find, the force which mttst act on the wedge that the system may be in a state of 
relative equilibrium. 

Here it will be convenient to reduce the wedge to rest by applying to every 
partiole an acceleration / eqaal and opposite to that of the wedge. Supposing this 
done the whole system is in equilibrium. If F be the required force, we have by 
resolving horizontally {M-\-m + m')f=F. 

Let a, a' be the inclinations of the sides of the wedge to the horizontal. The 
particle nt is acted on by mg vertically and mf horizontally. Hence the tension 
of the string is m(p8in a+/co6a). By considering the particle m', we find the 
tension to be also m' {g sin a' -/cos a'). Equating these two we have 

m' sin o' - m sin a 
"tn'coso' + mcoso 

Hence F is found. Since /, and therefore also the horizontal and vertical 
accelerations of either particle, are constants, it follows that the path of either 
particle in space is a parabola, whose axis is parallel to the direction of the resultant 
acceleration of that particle. 

209. A cylindrical cavity whose section is any oval curve and whose generating 
lines are horizontal is made in a cubical mass which can slide freely on a smooth 
horizontal plane. The surface of the cavity is perfectly rough and a sphere is placed 
in it at rest so that the vertical plane through the centres of gravity of the mass and 
the sphere is perpendicular to the generating lines of the cylinder, A momentum B 
is communicated to the cube by a blow in this vertical plane. Find the motion of the 
sphere relatively to the cube and the least value of the blow that the sphere may not 
leave the surface of the cavity. 

Simultaneously with the blow B there will be an impulsive friction between the 
cube and the sphere. Let 3f , m be the masses of the cube and sphere, a the radius 
of the sphere, k its radius of gyration about a diameter. Let Vq be the initial 
velocity of the cube, Vq that of the centre of the sphere relatively to the cube, w^ the 
initial angular velocity. Then by resolving horizontally for the whole system, and 
taking moments for the sphere alone about the point of contact, we have 

w(t;o+Fo) + 3fFo=B, a(t;o+Fo)+A»«o=0 (1), 

and since there is no sliding VQ-a(aQ=0 (2). 

To find the subsequent motion, let (x, y) be the coordinates of the centre of the 
sphere referred to rectangular axes attached to the cubical mass, x being horizontal 
and y vertical, then, the equation to the cylindrical cavity being given, y is a known 
function of x. Let ^ be the angle which the tangent to the cavity at the point of con- 
tact of the sphere makes with the horizon, then tan }J/=dyldx. Let V be the velocity 



.(3). 



of the cubical mass, then, by Art. 132, m ( — +FJ + afF=B 

If 7*0 be the initial vis viva and i/q the initial value of y, we have by the 
equation of vis viva 



nt 



|(lt'+'')'+0*'*"*'^+^''*=^«"''"*<^"''«> ^*'>' 
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where w is the angular velocity of the sphere at the time t. If v be the velocity of 
the centre of the sphere relatively to the cabe, we have since there is no sliding 
17=00;. Eliminating V and (a from these equations, we have 

{^)\ j(l + Un.^)(l + ^^) -^j = C,-?^ (5). 

where Cg=: ■ _ + 2^o W- 

(M + m) |Af+(M + m)-2 

This equation gives the motion of the sphere relatively to the cube. 

210. £z. 1. A spherical hollow of radius a is made in a cube of glass of 
mass M, and a particle of mass m is placed within. The cube is then set in motion 
on a smooth horizontal plane so that the particle just gets round the sphere, 
remaining in contact with it. If the velocity of projection is V, prove that 

V^=&ag + iagmlM. [Coll. Exam. 

Let us reduce the cube to rest. Let 12 be the normal pressure on the cube, the 
angle the radius of the particle makes with the downward vertical. The whole 
horizontal effective force on the cube is i2 sin ^. By Art. 204 we apply to every 
particle an acceleration R sin dJM and an initial velocity equal and opposite to F. 
The particle m is then acted on by a force mR sin OjM in a horizontal direction in 
addition to the reaction R and the weight mg. The equations of motion of the 

particle are 

fit 
ma8= - =r^R%indco^$-mgviuO (1), 



ma&*=iR+^ Rsm^ e -mg co&e (2). 

Put 6=1 (a and S=<adialdd and eliminate R, we find 

dcj 
2aay -r^{M+m sin^ 0) + 2aiahn sin ^ cos ^ = - 2Mg sin 6 [M+m), 
do 

.-. a«> (If + m sin* e) = C + 2g(M+ m) cos $. 

To find C we notice that »= V/a when ^=0. 

.-. a«w«(Jlf+msin«^)=JfF«-2^a(Af+m)(l-coB^) (3). 

This equation follows also from the principle of vis viva, as in Art 209. 

From (2) we obtain 

J?(Af+msin«^)=Jtfm(a«>+^cos^) (4). 

In order that the particle may not leave the surface of the hollow and fall inside, it 
is necessary that R should not be negative. Hence, when the particle just goes 
round R must vanish at the point P where i2 is a minimum. It follows that both 
12 and dRjdO must vanish at P. Differentiating (4) as it stands, we have 

adu^ld$=g Bind, au^= -gcosO (5). 

Differentiate (3) as it stands and substitute these values of ur and dia^fdd. After 
a slight reduction, we find 

(il/+msin«^)sin^=0 (6). 

This equation gives ^=r, showing that the point P is at the highest point of the 
hollow. It follows from (3) that the particle will just not leave the cube if K* has 
the value given in the enunciation. 
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In order that the particle may go all round and not oscillate it is also neoessaiy 
thai the valne of w* given by (3) should not vanish. This clearly cannot happen 
w^hen V* has the given value. 

Ex. 2. A perfectly rough ball is placed within a hollow cylindrical garden-roller 
&t its lowest point, and the roller is then drawn along a level walk with a uniform 
Telocity V, Show that the ball will roll quite round the interior of the roller, if 
F*be >^p(6-a)» a being the radius of the ball, and b that of the roller. 

211. Moving Axes. Next, let us consider the case in which 
we wish to refer the motion to two straight lines Of, Off at right 
angles, turning round a fixed origin with angular velocity &>. 

Let Ox, Oy be any fixed axes at right angles and let the 
angle a?Of = 0, Let f = J/, 17 = PM be the coordinates of any 
point P. Let u, v be the resolved velocities and X, Y the resolvea 
accelerations of the point P in the directions Of, O17. 

It is evident that the motion of P is made up of the motions 
of the two points M, N 
by simple addition. The 
resolved parts of the 
velocity of M are d^jdt 
and fa> along and per- 
pendicular to OM, The 
resolved parts of the ve- 
locity of N are in the 
same way drildt and rtw 
along and perpendicular 
to ON. By adding these with their proper signs we have 




df 



dri 



Since acceleration is the rate of increase of velocity just as 
velocity is the rate of increase of space, we obtain the correspond- 
ing formula) for X, Y by writing u, v for x, y. We thus have 

^ du V dv ^ 



In the same way by adding the accelerations of M and N we 
have 



^'^^-^<^-lli^^<^)' 



dp 

d-r, 



Id 



^-li-^^Ut^^'^^- 



By using these formulae instead of , 
the motion to the moving axes Of, Ori. 



d'y 



J, and ^i^ we may refer 



dP 
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212. Ex. 1. Let the axes 0(, Off be obliqae and make an angle a with eacli 
other, prove that, if the velocity in space be represented by two components u, v 
parallel to the axes, 

u=: $ - u( cot a - U17 cosec a, v = 1; + on; cot a + »( coseo a. 

In this case PM is parallel to O1;. The velocities of M and N are the same as 
before. Their resultant is, by the question, the same as the resultant of u and v. 
By resolving in any two directions and equating the components we get two equa- 
tions to find u and v. The best directions to resolve along are those perpendicular 
to 0( and O17, for then u is absent from one of the equations and v from the other. 
Thus either u or v may be found separately when the other is not wanted. 

Ex. 2. If the acceleration be represented by the components X and K, prove 

X=u- wtf cota- bwcoseca, y=0 + wvoota + (imoo860a. 

These may be obtained in the same way by resolving velocities and accelerations 
perpendicular to 0( and O1;. 

Ex. 3. If u, V be the velocities of a point P referred to rectangular moving axes 
rotating with an angular velocity w , prove that the radius of curvature of the path 

of P in tpcLce is given by (u* + »•) /p = ur - tm + (u* + r*) w. 

By taking fixed axes coincident for a moment with the moving axes the left side 
of this equation is seen to be xy-xy. Substituting x=Uj y = v, and for x=X, 
y:=Y their values given above the result follows at once. 

The ordinary expression for p in polar coordinates follows from this by writing 
u=rf v = rd, ia=$. If the independent variable is we have ^=:1. 

Ex. 4. In the case of initial motions which start from rest the formula for p in 
the last example becomes nugatory. Show by proceeding as in Art. 200 that p=0 
unless uV'Uv + 2 (u* + v') w=0, and that in that case 

where u, u &c., v, v <ftc. represent their initial values, the suffix zero being omitted 
for the sake of brevity. 

213. Ex. A particle under the action of any forces moves on a imooth curve 
which is constrained to turn with angular velocity <a about a fixed axis. Find the 
motion relative to the curve. 

Let us suppose the motion to be in three dimensions. Take the axis of Z aa 
the fixed axis, and let the axes of {, 1; be fixed relatively to the curve. Let the 
mass be the unit of mass. Then the equations of motion are 



(1). 



where X, Y, Z are the resolved parts of the impressed accelerating forces in the 
directions of the axes, R is the pressure on the curve, and (Z, m, n) the direction- 
cosines of the direction of R. Then since R acts perpendicular to the curve 

^dP dn dz ^ 
ds ds ds 
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Suppose the moving curve to be projected orthogonally on the plane of {, 17, 
let <r be the arc of the projection, and v'^dffjdt the resolved part of the velocity 
parallel to the plane of projection. Then the eqaations may be written in the form 

The two terms %av' ~ and - 2iav' ^- are the resolved parts of a force 2«iw' acting 

in a direction whose direction-cosines are 2'= 3^» ^'=-r^t n'=0. 

<Ur (Ur 

These satisfy the equation '' ^ + *»*' j^ + «' j^ =0. 

Hence the force is perpendicular to the tangent to the curve, and also perpen- 
dicular to the axis of rotation. Let B! be the resaltant of the reaction R and of 
the force 2uv'. Then R' also acts perpendicularly to the tangent, let {V\ m'\ n**) be 
the direction-cosines of its direction. 

The equations of motion therefore become 



(2). 



These are the equations of motion of a particle moving on a fixed curve, and 
acted on in addition to the impressed forces by two extra forces, viz. (1) a force oiV 
tending directly from the axis^ where r is the distance of the particle from the axiSf 
and (2) a force rdu/dt perpendicular to the plane containing the particle and tJie axis, 
and tending opposite to the direction of rotation of the curve. 

In any partictdar problem we may therefore treat the curve as fixed. Thus 
suppose the curve to be turning round the axis with uniform angular velocity. 

dv dx dy dz n dr 
Then resolving along the tangent we have v -^^^'Jl "*" '^T^'^^lji "^ Im* 

where r is the distance of the particle from the axis. Let V be the initial value of 
t?. To that of r. Then v*'-V^=2j{Xdx+Ydy-hZdz) +uf»{f^-r^^. 

Let Vq be the velocity the particle would have had under the action of the same 
forces if the curve had been fixed. Then V - F' = 2/ {Xdx -hYdy + Zdx). 

Hence t7a-Po'=«'(r»-ro«). 

The pressure on the moving curve is not equal to the pressure on the fixed curve. 
Since V=drfld<r, m'= -d^lda, we see that the force 2(uv' acts parallel to the normal 
to the projected curve in the direction opposite to that due to the rotation or. 
Hence, reversing this force, the pressure R on the moving curve is the resultant of 
the pressure R' on the fixed curve and a pressure 2iav' acting perpendicularly both 
to the carve and to the axis, the last pressure being taken positively in the direction 
of motion of the curve. 

B. D. 12 
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Thofi suppose the ourve to be plane and revolving uniformly about an axis 
perpendicular to its plane, and that there are no impressed forces. We have, 

resolving along the normal, - = - «V sin + iZ'* 

P 

where <f> is the angle which r makes with the tangent. If p be the perpendicular 

drawn from the axis on the tangent, i2= - + brp + 2(iyv. 

P 

This example might also have been advantageously solved by cylindrical co- 
ordinates. The fixed axis might be taken as axis of z and the projection on the 
plane of xy referred to polar coordinates. This method of treating the question 
is left to the student as an exercise. 

Ex. If u be variable, we have R= — + «*p + 2«i; + -r: Vr* - p*. 

p at 



EXAMPLES •. 

1. A circular hoop, whose weight is nio, is free to move on a smooth horizontal 
plane. It carries on its circumference a small ring, weight ir, the coefficient of 
friction between the two being fi. Initially the hoop is at rest and the ring has an 
angular velocity <a about the centre of the hoop. Show that the ring will be at 
rest on the hoop after a time {l + n)lfM9. 

2. A heavy circular wire has its plane vertical and its lowest point at a height 
h above a horizontal plane. A small ring is projected along the wire from its 
highest point with an angular velocity u about its centre at the instant that the wire 
is let go. Show that, when the wire reaches the horizontal plane, the particle will 
just have described n revolutions, where h(a*=2irhi^g. 

8. A wire in the form of a circle is capable of turning in a horizontal plane 
about a fixed point O in its circumference, and carries a bead P which is initiaUy 
projected from the opposite end A of the diameter through with a given 
velocity V, Supposing the mass of the wire to be double that of the bead, show 
that (16a< + 4flV» - r*) ^« = KV, where r=OP, 0A=2a, ip= /. POA . Art. 147. 

4. Two equal uniform rods of length 2a, loosely jointed at one extremity, are 
placed symmetrically upon a fixed smooth sphere of radius ia,J2, and raised into 
a horizontal position so that the hinge is in contact with the sphere. If they be 
allowed to descend under the action of gravity, show that, when they are first at 
rest, they are inclined at an angle cos'^J to the horizon, that the points of contact 
with the sphere are the centres of oscillation of the rods relatively to the hinge, 
that the pressure on the sphere at each point of contact equals one-fourth the 
weight of either rod, and that there is no strain on the hinge. Art. 143. 

5. A heavy uniform circular hoop of radius a and mass 2Tain, which is com- 
pletely broken at one point, rolls with its plane vertical with uniform angular 
velocity a; on a horizontal plane. Find the maximum and minimum values of the 
bending moment at any point Q of the hoop, and prove that if w be so large that 
the bending moment never vanishes, the greatest of these values will be 
2ma'Bm'9 (a<ir^+g), 20 being the angular distance of Q from the point of fracture. 

* These examples are taken from the Examination Papers which have been set 
in the University and in the Colleges. 
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6. Two straight eqnal and aniform rods are oonneoted at their ends by two 
strings of eqnal length a, so as to form a parallelogram. One rod is supported 
at its centre hj a fixed axis about which it can turn freely, this axis being perpen- 
dicular to the plane of motion which is vertical. Show that the middle point of 
the lower rod will oscillate in the same way as a simple pendulum of length a, and 
that the angular motion of the rods is independent of this oscillation. 

7. A fine string is attached to two points A, JB in the same horisontal plane, 
and carries a weight W at its middle point. A rod whose length is AB and weight 
W, has a ring at either end, through which the string passes, and is let fall from 
the position AB. Show that the string must be at least | AB, in order that the 
weight may ever reach the rod. Art. 143. 

Also if the system be in equilibrium, and the weight be slightly and vertically 
displaced, the time of its small oscillations is 2r {AB/dg^B)^, 

8. A fine thread is enclosed in a smooth circular tube which rotates freely 
about a vertical diameter ; prove that, in the position of relative equilibrium, the 
inclination (0) to the vertical of the diameter through the centre of gravity of the 
thread will be given by the equation aoi^cos/Scos ^=jr, where w is the angular 
velocity of the tube, a its radius, and 2a/9 the length of the thread. Explain the 
case in which the value of ac^cos p lies between g and - g. 

9. A smooth wire without inertia is bent into the form of a helix which is 
capable of revolving about a vertical axis coinciding with a generating line of the 
cylinder on which it is traced. A email heavy ring slides down the helif, starting 
from a point in which this vertical axis meets the helix : prove that the angular 
velocity of the helix will be a maximum when it has turned through an angle $ 
given by the equation co8*^ + tan* a + ^sin 2^=0, a being the inclination of the 
helix to the horizon. [Regard the mass of the helix as zero.] 

10. A thin circular cylinder of mass M and radius 6 rests on a perfectly rough 
horizontal plane and inside it is placed a perfectly rough sphere of mass m and 
radius a. If the system be disturbed in a plane peri>endicular to the generators of 
the cylinder, find the equations of finite motion and deduce two first integrals 
of them, and if the motion be small, prove that the length of the equivalent 
pendulum is 14Jf {b - a)l(10M+ 7m), [Math. T. 1899. 

'11. On a plane inclined to the horizon at' an angle /9 there moves a smooth 
lamina whose centre of mass is O. At a point P of the lamina there b a slit 
in which is mounted a small wheel, on a smooth axis fixed to the lamina in the line 
PG. This wheel, whose dimensions and inertia are so small that they may be 
neglected, can roll but cannot slide on the inclined plane. Show that the angular 
velocity n of the lamina is constant and that the velocity of the centre of gravity is 
compounded of (1) a uniform horizontal velocity g sin /9/2n, (2) a uniform motion 
in a circle of radius g sin /9/4n^ with angular velocity 2n, (3) a uniform motion in 
a circle of arbitrary radius with angular velocity n. [Math. T. 1902. 

12. AB, BC are two equal uniform rods loosely jointed at B, and moving with 
the same velocity in a direction perpendicular to their length; if the end A be 
suddenly fixed, show that the initial angular velocity of AB is three times that 
of BC, Also show that in the subsequent motion of the rods, the greatest aogle 
between them equals cos~i | ; and that when they are next in a straight line, the 
angular velocity of ^C is nine times that of AB. Arts. 147, 169. 

13. Three equal heavy uniform beams jointed together are laid in the same 
right line on a smooth table, and a given horizontal impulse is applied at the 
middle point of the centre beam in a direction perpendicular to its length ; show 

12—2 
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that the inBtantaneoiu impulse on each of the other beams is one-sixth of the 
given impulse. 

14. Three beams of like substance, joined together so as to form one beam, 
are laid on a smooth horizontal table. The two extreme beams are equal in length, 
and one of them receives a blow at its free extremity in a direction perpendicular 
to its length. Determine the length of the middle beam in order that the greatest 
possible angular velocity may be given to the other extreme beam. 

Result. If m be the mass of either of the outer rods, |8m that of the inner rod, 
P the momentum of the blow, u the angular velocity communicated to the third 

- + x + -^J=P. Hence when ai is a maximum /9= J n/3. 

15. Two rough rods Ay B are placed parallel to each other and in the same 
horizontal plane. Another rough rod C is laid across them at right angles, its 
centre of gravity being halfway between them. If C be raised through any angle a 
and let fall, determine the conditions that it may oscillate, and show that if ita 
length be equal to twice the distance between A and B, the angle $ through which 

it will rise in the n^ oscillation is given by the equation sin ^= ( = j 

16. The corners ii, JB of a heavy rectangular lamina ABCD are moveable 
on two smooth fixed wires OA, OB^ at right angles to each other in a vertical 
plane, and equally inclined to the vertical. The lamina being in a position of 
equilibrium with AB horizontal, find the velocity of the centre of gravity and 
the angular Telocity produced by an impulse applied along the lowest edge CD. 
Having given that AB=2ay BC=^a, prove that AB will just rise to coincidence 
with a wire, if the impulse is such as would impart to a mass equal to that of 
the lamina the velocity whose square is %ga(2-^2). Also find the impulsive 
stresses at A and B, [Take moments about the instantaneous axis of rotation 
for the impulse and then use the principle of vis viva.] 

17. A ball spinning about a vertical axis moves on a smooth table and impinges 
directly on a perfectly rough vertical cushion; show that the vis viva of the ball 
is diminished in the ratio 10 + 14 tan' $ : 10/e' + 49 tan^ ^, where e is the elasticity of 
the ball and B the angle of reflexion. 

18. A rhombus is formed of four rigid uniform rods, each of length 2a, freely 
jointed at their extremities. If the rhombus be laid on a smooth horizontal table 
and a blow be applied at right angles to any one of the rods, the rhombus will begin 
to move as a rigid body if the blow be applied at a point distant a (1 -cos a) from 
an acute angle, where a is the acute angle. 

19. A rectangle is formed of four uniform rods of lengths 2a and 2b respectively, 
which are connected by hinges at their ends. The rectangle is revolving about its 
centre on a smooth horizontal plane with an angular velocity n, when a point 
in one of the sides of length 2a suddenly becomes fixed. Show that the angular 

velocity of the sides of length 2h immediately becomes - — . ^ n. Find also the 

Da + 4o 

change in the angular velocity of the other sides and the impulsive action at the 

point which becomes fixed. 

20. Three equal uniform inelastic rods loosely jointed together are laid in 
a straight line on a smooth horizontal table, and the two outer ones are set in 
motion about the ends of the middle one with equal angular velocities (1) in the 
same direction, and (2) in opposite directions. Prove that in the first case, when 
the outer rods make die greatest angle with the direction of the middle one produced 
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on each side, the common angular velocity of the three is ^w, and that in the 
second case after the impact of the two outer rods the triangle formed by them will 
move with uniform velocity |aw, 2a being the length of each rod. [In case (1) the 
system is moving as a rigid body about the common centre of gravity G; take 
moments about G. In case (2) use Art. 132.] 

21. An equilateral triangle formed of three equal heavy uniform rods of length 
a hinged at their extremities is held in a vertical plane with one side AB horizontal 
and the vertex C downwards. If after falling through any height, the middle 
point of the upper rod be suddenly stopped, the impulsive strains on the upper 

and lower hinges will be in the ratio of ^13 to 1. If the lower hinge would just 
break if the system fell through a height 8a/^3, prove that if the system fell through 
a height 32a/<^8 the lower rods would just swing through two right angles. [The 
horizontal reaction at C and the reaction at A are in equilibrium with the reversed 
effective force at the centre of gravity of A C. This last is vertical, and therefore 
the horizontal components of the reactions are equal.] 

22. A perfectly rough and rigid hoop rolling down an inclined plane comes in 
contact with an obstacle in the shape of a spike. Show that if the radius of the 
hoop= r, height of spike above the plane = ^r and velocity just before impact = F, then 
the condition that the hoop will surmount the spike is V^>^ gr {1 - ain {a + \ tt)}, 
a being the inclination of the plane to the horizon. Show that the hoop will not 
remain in contact with the spike unless V*<\^gr .sin {a -\-iir)f and if it does, the 
hoop will leave the spike when the diameter through the point of contact makes 

an angle with the horizon = sin-* < — + J sin ( a + ^ j( , Art. 174, Ex. 1. 

23. A flat circular disc of radius a is projected on a rough horizontal table, 
which is such that the friction upon an element a is cF'ma, where V is the velocity 
of the element, m the mass of a unit of area : find the path of the centre of the disc. 

If the initial velocity of the centre of gravity and the angular velocity of the 
disc be u^, Uq, prove that the velocity u and angular velocity <a at any subsequent 



o • 1 • 1 = —9- -• 



24. A heavy circular lamina of radius a and mass M rolls on the inside of a 
rough circular arc of twice its radius fixed in a vertical plane. Find the motion. 
If the lamina be placed at resk in contact with the lowest point, the impulse which 
must be applied horizontally that it may rise as high as possible (not going all 

round), without falling off, is M tj'6ag, 

25. A string without weight is coiled round a rough horizontal cylinder, of 
which the mass is M and the radius a, and which is capable of turning round its 
axis. To the free extremity of the string is attached a chain of which the mass is 
ffi and the length I ; if the chain be gathered close up and then let go, prove that 
the angle 6 through which the cylinder has turned after a time t before the chain is 
fully stretched is given by MaW = m (^t^ - a6)^. 

26. Two equal rods ACf BC are freely connected at C, and hooked to A and B, 
two points in the same horizontal line, each rod being inclined at an angle a to 
the horizon. The hook B suddenly giving way, prove that the direction of the strain 

at C is instantaneously shifted through an angle tan"^ ( , „ , . _— t ) . 

•^ 00 \l + 6co8*a 3 sm a cos ay 

27. Two particles A^ B axe connected by a fine string ; A rests on a rough 
horizontal table and B hangs vertically at a distance I below the edge of the table. 
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If A be on the point of motion and B be projected horizontally with a velocity u. 



u> 



show that A wiU begin to move with acceleration -^ -r-, and that the initial radins 
of curvature of f s path will be (/a + 1) Z, where /a is the coefficient of friction. 

28. Two particles (m, m!) are connected bj a string passing through a small 

fixed ring and are held so that the string is horizontal; their distances from the 

ring being a and a\ If p, p' be the initial radii of curvature of their paths when 

11 «i iiiiAm ,1111 

they are let go, prove that - = — r , and - + - = - + —. 

p p p p d 41 

29. A sphere whose centre of gravity is not in its centre is placed on a rongh 
table ; the coefficient of friction being /4, determine whether it will begin to slide 
or to roll. 

30. A circular ring is fixed in a vertical position upon a smooth horizontal 
plane, and a small ring is placed on the circle, and attached to the highest point 
by a string, which subtends an angle a at the centre ; prove that if the string be 
out and the circle left free, the pressures on the ring before and after the string 
is cut are in the ratio Jtf+msin^a : Afcosa, m and M being the masses of the 
ring and circle. [Reduce the ring to rest. Arts. 204, 210.] 

81. One extremity C of a rod is made to revolve with uniform angular velocity 

n in the circumference of a circle of radius a, while the rod itself is made to revolve 

in the opposite direction with the same angular velocity about that extremity. The 

rod initially coincides with a diameter, and a smooth ring capable of sliding f^reely 

along the* rod is placed at the centre of the circle. If r be the distance of the ring 

2a tt 

from C at the time t, prove r = -^ (<"* + «""*) + j^ cos 2nf. [Reduce C to rest. Art. 204,] 

o 

32. Two equal uniform rods of length 2a are joined together by a hinge at one 
extremity, their other extremities being connected by an inextensible string of 
length 21. The system rests upon two smooth pegs in the same horizontal line, 
distant 2c from each other. If the string be cut prove that the initial angular 

8a^c- P 
acceleration of either rod will be g q a,a uo i i • 

-3 +-p— 8a>cl 

[Take moments, for either rod alone, about the intersection of a horizontal line 
drawn through the hinge with a perpendicular to the rod drawn at the peg. Art. 205.] 

38. A smooth horizontal disc revolves with angular velocity s/fi about a 
vertical axis, at the point of intersection of which is placed a material particle 
attracted to a certain point of the disc by a force whose acceleration Ib fix distance ; 
prove that the path on the disc is a cycloid. Art. 211. 

34. A hollow cylinder of radius a rests on a rough table, and contains an insect 
resting within it on the lowest generator ; if the insect start off and continue to 
walk at a uniform velocity V relative to the cylinder in a vertical plane cutting the 
axis of the cylinder at right angles, then the angle the axial plane containing the 
insect makes with the vertical is given by a^ (Af + 2m sin' iS)= MV* - 2inag sin* i $, 
it being understood that the cylinder is very thin. 

If the internal radius be 6, prove 

&^[M{k^+a^)-\'m{a^'2abooB0 + b^] = G-2mffb(l-coB0), 

where C6« [M (fe« + o^) + 1» (a - 6)«] = V^ [M (*« ■\-a*) + nia(a'' b)f, 

and If, m are the masses of the cylinder and insect respectively. 
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35. A circular hoop of radius 6, without mass, has a heavy particle rigidly 
attached to it at a point distant c from the centre, and its inner surface is con- 
strained to roll on the outer surface of a fixed circle of radius a {b being greater 
than a), under the action of a repelling force from the centre of the fixed circle equal 
to fi times the distance. Show that the period of small oscillations of the hoop will 

be 2ir ( ) . Show that when c = &, all oscillations, large or small, have 



the same period; and show further that in the general case the hoop may be 
started so that it will continue to roll with uniform angular velocity equal to 

6- 



(-^•)- 



CHAPTEK V. 



MOTION OF A RIGID BODY IN THREE DIMENSIONS, 

Tra/nsldtion and Rotation. 

214. If the particles of a body be rigidly connected, then, 
whatever be the nature of the motion generated by the forces, 
there must be some general relations between the motions of the 
particles of the body. These must be such that if the motion of 
three points not in the same straight line be known, that of every 
other point may be deduced. It will then in the first place be 
our object to consider the general character of the motion of a 
rigid body apart from the forces that produce it, and to reduce 
the determination of the motion of every particle to as few in- 
dependent quantities as possible: and in the second place we 
shall consider how when the forces are given these independent 
quantities may be found. 

215. One point of a moving rigid body being fixed, it is re- 
quired to dediice the general relations between the motions of the 
other points of the body. 

Let be the fixed point and let it be taken as the centre 
of a moveable sphere which we shall suppose fixed in the body. 
Let the radius vector to any point Q of the body cut the sphere 
in P, then the motion of every point Q of the body will be re- 
presented by that of P. 

If the displacements of two points A, B, on the sphere in 
any time be given as AA', BR, the displacement of any other 
point P on the sphere may clearly be found by constructing on 
A'F as base a triangle A'pR similar and equal to APB, Then 
L PP' will represent the displacement of P. It may be assumed as 
evident, or it may be proved as in Euclid, that on the same base 
and on the same side of it there cannot be two triangles on the 
same sphere, which have their sides terminated in one extremity 
of the base equal to one another, and likewise those terminated in 
the other extremity. 
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Let D and E be the middle points of the arcs AA\ BR, and 
let DC, EG be arcs of great circles drawn perpendicular to AA\ 
BR respectively. Then clearly GA^CA' and CB^CR, and 
therefore since the bases AB, 
A'R are equal, the two tri- 
angles ACB, A' OR are equal 
and similar. Hence the dis- 
placement of C is zero. Also 
it is evident, since the dis- 
placements of and C are 
zero, that the displacement 
of every point in the straight 
line OG is also zero. 

Hence a body may be 
hrovjght from any position, 
which we may call AB, into 
another A'R by a rotation 
about OG as an axis through 

an angle PGR such that any one point P is brought into coincidence 
with its new position R, Then every point of the body will be 
brought from it» first to its final position. 

Thlfl theorem is dae to Ealer. M^,moire$ de VAcadSmie de Berlin 1750, and the 
Commentaires de Saint-Pitersbourg 1776. 

216. If we make the radius of the sphere infinitely great, the 
various circles in the figure will become straight lines. We may 
therefore infer that if a body be moving in one plane it may be 
brought from any position which we may call AB into any other 
A'R by a rotation about some point G, 

217. Ex. 1. A body is referred to reotangular axes x, y, z, 
and, the origin remaining the same, the axes are changed to 
x\ y', z', aocoi-ding to the scheme in the margin. Show that this 
Ib equivalent to turning the body round an axis whose equations 
are any two of the following three : 

(ai-l)x + ajy + a,«=0, 6ia; + (6,- l)y + 6,« = 0, Cia: + c,y + (c,-l)«=0, 

through an angle $, where 3-4 sin' i 9 = a^ + &s + c, . 

The positive directions of x\ y' being arbitrary, show that the condition that these 
three equations are consistent is satisfied, provided the positive direction of the 
axis of / is properly chosen. See also a question in the Smithes Prize Examination 
for 186S. 

Take two points one on each of the axes of z and z' at a distance h from the 
origin. Their coordinates are (0, 0, h) (a^h, h^k, c^h), therefore their distance is 
* >/2 (1 - cj). But it is also 2* sin 7 sin i ^ ; /. 2 sin« ^S sin' 7 = 1 - c, , where 7 is 
the angle zOz', Similarly 2 sin* i^ sin> a= 1 - o^ and 2 sin* ^ 9 sin* /9= 1 - &,, whence 
the equation to find 6 follows at once. 

Ex. 2. Show that the equations of the axis may also be written in the form 

g _ y _ z 
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218. When a body is in motion we have to consider not 
merely its first and last positions, but also the intermediate posi- 
tions. Let us then suppose AB, A' If to be two positions at any 
indefinitely small interval of time di. We see that when a body 
moves about a fixed point 0, there is, at every instant of the 
motion, a straight line 0(7, such that the displacement of every 
point in it during an indefinitely short time dt is zero. This 
straight line is called the iiistantaneoua axis. 

Let d6 be the angle through which the body must be turned 
round the instantaneous axis to bring any point P from its 
position at the time t to its position at the time t-^dt, then the 
ultimate ratio of dd to dt is called the angular velocity of the 
body about the instantaneous a^. The angular velocity may 
also be defined as the angle through which the body would turn 
in a unit of time if it continued to turn uniformly about the same 
axis throughout that unit with the angular velocity it had at the 
proposed instant. 

219. Let us now remove the restriction that the body is 
moving with some one point fixed. We may establish the follow- 
ing proposition. 

Every displacement of a rigid body may be represented by a 
combination of the two following motions, (1) a motion of trans- 
lation, whereby every particle is moved parallel to the direction of 
motion of any assumed point P rigidly connected tvith the body 
and through tiie same space; (2) a motion of rotation of the whole 
body about some aads through this assumed point P. 

This theorem and that of the central axis are given hy Chasles. Bulletin det 
Sciences Mathimatique$ par FeruMOC^ Vol. xiv. 1S30. See also Poinsot, Thiorie 
NouvelU de la Rotation de$ Corps 1834. 

It is evident that the change of position may be effected by 
moving P from its old to its new position P* by a motion of trans- 
lation, and then retaining P' as a fixed point by moving any two 
points of the body not in one straight line with P into their 
final positions. This last motion has been proved to be equivalent 
to a rotation about some axis through P'. 

Since these motions are quite indep endent, it is evident that 
their order may be reversed, Le, we may first rotate the body 
and then translate it. We may also suppose them to take place 
simultaneously. 

It is clear that any point P of the body may be chosen as 
the Inise point of the double operation. Hence the given dis- 
placement may be constructed in an infinite variety of ways. 

220. ) Change of Base. To find the relations between the 
aa;es and angles of rotation when different points P, Q are chosen 
as bases. 
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Let the displacement of the body be represented by a rota- 
tion 6 about an axis PR and a translation PP'. Let the same 
displacement be also represented by a rotation ff about an axis 
QS and a translation QQ'. It is clear that any point has two 
displacements, (1) a translation equal and parallel to PP'^ and 
(2) a rotation through an arc in a plane perpendicular to the axis of 
rotation PR. This second displacement is zero only when the point 
is on the axis PR. Hence the only points whose displacements 
are the same as that of the base point lie on the aais of rotation 
corresponding to that ba^se point. Through the second base point 
Q draw a parallel to PR. Then for all points in this parallel, the 
displacements due to the translation PP', and the rotation 
round Pii/ are the same as the corresponding displacements for 
the point Q. Hence this parallel must be the axis of rotation 
corresponding to the base point Q. We infer that the axes of 
rotation corresponding to all base points are parallel. 

22L) The axes of rotation at P and Q having been proved 
paralteT; let a be the distance 

between them. Let the plane q /q, 

of the paper intersect these "*^ 

axes at right angles in P and 
Q, then PQ = a. Let PP', QQ' 
represent the linesu- displace- 
ments of P and Q respectively, 
though these need not neces- 
sarily be in the plane of the 
paper. 

The rotation 6 about PR will cause Q to describe an arc of 
a circle of radius a and angle 0, the chord Qq of this arc is 
2a sin ^0 and is the displacement due to rotation. The whole dis- 
placement QQ" of Q is the resultant of Qq and the displacement 
PP' of P. In the same way the rotation 0' about Q8 will cause 
P to describe an arc, whose chord Pp is equal to 2a sin ^0^. 
The whole displacement PP* of P is the resultant of Pjp and the 
displacement QQf of Q. But if the displacement of Q is equal 
to that of P together with Qg, and the displacement of i^ is 
equal to that of Q together with Pp, we must have Pp and Qq 
equal and opposite. This requires that the two rotations 0, u 
about PR and QS should be equal and in the same direction. 
We infer that the angles of rotation corresponding to all base points 
are equal. 

222. Since the translation QQ' is the resultant of PP* and 
Qq, we may by this theorem find both the translation and rotation 
corresponding to any proposed base point Q when those for P are 
given. 

Since Qq, the displacement due to rotation round PR, is 
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perpendicular to PR, the projection of QQ' on the axis of rotation 
is the same as that of PP. Hence the projections on the axis of 
rotation of the displa^cements of all points of the body are eqiuiL 

223. An important case is that in which the displacement is 
a simple rotation about an axis PR, without any translation. If 
any point Q distant a from PR be chosen as the base, the same 
displacement is represented by a translation of Q along a chord 
Qq = 2a sin i^d in a direction making an angle i (tt — tf ) with the 
plane QPR, and a rotation which must be equal to about an 
axis which must be parallel to PR, Hence a rotation about any 
aais may be replaced by an equal rotation about any parallel a^aris 
together with a motion of translation. 

224. When the rotation is indefinitely small, the proposition 
can be enunciated thus : — ^a motion of rotation (odt about an axis 
PR is equivalent to an equal motion of rotation about any parallel 
axis QS, distant a from PR, together with a motion of translation 
aa>dt perpendicular to the plane containing the axes and in the 
direction in which QS moves. 

• 

225. Central aidi. It is often important to choose the base 
point so that the direction of translation mxiy coincide with the 
a>xis of rotation. Let us consider how this may be done. 

Let the given displacement of the body be represented by a 

rotation about PR, and a 
translation PP". Draw P'N 
perpendicular to PR. Jf, 
po ssibly let this same dis- 
placement be represented by 
a rotation about an axis QS, 
and a translation QQi along 
QS. By Arts. 220 and 221 
QS must be parallel to PR 
and the rotation about it 
must be 0. This translation 
will move P a length equal 
to QQ' along PR, and the 
rotation about QS will move 
P along an arc perpendicular 
to PR. Hence QQ must 
equal PN and NP' must be 
the chord of the arcj It 
follows that QS must lie od 
a plane bisecting NP at 
right angles and at a distance a from PR where NP = 2a sin ^0, 
or, which is more convenient, at a distance y from the plane NPP 
where J^P' = 2y tan ^tf. The rotation round QS is to briog 
N to P' and is in the same direction as the rotation round PR 
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Hence the distance y must be measured from the middle point of 
NP* in the direction in which that middle point is moved by its 
rotation round PR, 

Having found the only possible position of QSy it remains to 
show that the displacement of Q is really along Q8. The rotation 
round PR will cause Q to describe an arc whose chord Qq is 
parallel to PN and equal to 2a sin i^O, The chord Qq is therefore 
equal to iVP', and the translation NP' brings q back to its position 
at Q, Hence Q is moved only by the translation PN, i.e, Q is 
moved along QS. 

226. It follows from this reasoning that any displacement of 
a body can be represented by a rotation about some straight line 
and a translation paiallel to that straight line. This mode of 
constructing the displacement is called a screw. The straight line 
is sometimes called the central axis and sometimes the axis of 
the screw. The ratio of the translation to the angle of rotation 
is called the pitch of the screw. A rule to determine the signs 
is given in Art. 243. 

227. The same displacement of a body cannot be constructed 
by two different screws. For if possible let there be two central 
axes AB, CD. Then AB and CD by Art. 220 are parallel. The 
displacement of any point Q on CD is found by turning the body 
round AB and moving it parallel to ABy hence Q has a displace- 
ment perpendicular to the plane ABQ and therefore can move 
only along CD. 

228. When the rotations are indefinitely small, the construc- 
tion to find the central axis may be simply stated thus. Let the 
displacement be represented by a rotation todt about an axis PR 
and a translation Vdt in the direction PP. Measure a distance 

V snn P*PR. 

y = from P perpendicular to the plane PPR on that 

side of tlie plane towards which P' is moving, A parallel to PR 
through the extremity of y is the central axis. 

Ex. 1. Given the displacements AA\ BB\ CC of three points of a body in 
direction and magnitude, bat not necessarily in position, find the direction of the 
axis of rotation corresponding to any base point P. 

Through any assumed point O draw Oa, 0/3, Oy parallel and equal io AA\ BB^, 
CC. If Op be the direction of the axis of rotation, the projections of Oa, 0/9, Oy 
on Op are all equal, each being the same as the displacement of the base point 
(Art. 222). Hence Op is the perpendicular drawn from on the plane a/37. This 
also shows that the direction of the axis of rotation is the same for all base points. 

Ex. 2. If in the last example the motion be referred to the central axis, show 
that the translation along it is equal to Op. 

Ex. 3. Given the displacements AA', BB' of two points ^, JB of the body and 
the direction of the central axis, find the position of the central axis. Draw 
planes through AA'y BB' parallel to the central axis. Bisect AA\ BB* by planes 
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perpendicolar to these planes respectiYely and parallel to the direction of tlie 
oentral axis. These two last planes intersect in the central axis. 



Composition of Rotations and Screws. 

229. It is often necessary to compound rotations about axes 
OA, OB which meet at a point 0. But, as the only case which 
occurs in rigid dynamics is that in which these rotations are 
indefinitely small, we shall first consider this case with some par- 
ticularity, and then indicate generally at the end of the chapter 
the mode of proceeding when the rotations are of finite magnitude. 

2*^0. To explain what is meant by a body having angular 
velocities about more than one aais at the same time. 

A body in motion is said to have an angular velocity a> about 
a straight line, when, the body being turned round this straight 
line through an angle o>dt, every point of the body is brought from 
its position at the time t to its position at the time t -f dt 

Suppose that during three successive intervals each of time dt^ 
the body is turned successively round three different straight lines 
OA, OBy OC meeting at a point through angles o>idt, ov^i 
m^t We shall first prove that the final position is the same 
in whatever order these rotations are effected. Let P be any 
point in the body, and let its distances from OA, OB, OG, respec- 
tively be Ti, r,, r,. First let the body be turned round OA, 
then P receives a displacement coiridt By this motion let r^ be 
increased to r^-hdr^, then the displacement caused by the rotation 
about OB will be in magnitude n), (? a -f drg) d^. But according to 
the principles of the differential calculus we may in the limit 
neglect the quantities of the second order, and the displacement 
becomes (o^rjlt So also the displacement due to the remaining 
rotation will be co^r^. And these three results will be the same 
in whatever order the rotations take place. In a similar manner 
we can prove that the directions of these displacements will be 
independent of the order. The final displacement is the diagonal 
of the parallelopiped described on these three lines as sides, and 
is therefore independent of the order of the rotations. Since then 
the three rotations are quite independent, they may be said to 
take place simultaneously. 

When a body is said to have angular velocities about three 
different axes it is only meant that the motion may be determined 
as follows. Divide the whole time into a number of small in- 
tervals each equal to dt. During each of these, turn the body 
round the three axes successively, through angles <Oidt, o>^t, (o^. 
Then when dt diminishes without limit the motion during the 
whole time will be accurately represented. 
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231. It is clear that a rotation about an axis OA may be 
represented in magnitude by a length measured along the axis. 
This length will also represent its direction if we follow the same 
rule as m statics. Let OA be the positive direction of the axis 
defined as in Art. 243. The rotation may be called positive or 
negative according as it appears to be in some standard direction 
or the reverae to a spectator placed with his feet at and back 
along OA. 

232. Parallelogram of angular velooities. If two an- 
gular velocities about two axes OA, OB be represented in magnitude 
and direction by the two lengths OA, OB ; then the diagonal OG 
of the parallelogram constructed on OA, OB as sides will be the 
resultant axis of rotation, and its length will represent the magni- 
tude of the resmtant angular velocity. 

Let P be any point in 0(7, and let PM, PN be drawn 
perpendicular to OA, OB, Since OA represents the augular 
velocity about OA and PM is the perpendicular distance of P 
from uA, the product OA . PM will represent the velocity of P 
due to the angular velocity about OA, Similarly OB.PN will 
represent the velocity of P due to the angular velocity about OB. 
Since P is on the left-hand side of OA and on the right-hand 
side of OB, as we respectively look along these directions, it is 
evident that these velocities are in opposite directions. 

Hence the velocity of any point P is represented by 

0-4. Pif- 05. PiVr= OP {0-4. sin (70^ -05. sin COJ?]=0. 

Therefore the point P 
is at rest and OC is the 
resultant axis of rotation. 

Let Q> be the angular 
velocity about 00, then the 
velocity of any point A in 
OA is perpendicular to the 
plane AOB and is repre- 
sented by the product of a> 

into the perpendicular distance of A from 00 ^ to. Asm CO A. 
But since the motion is also determined by the two given angulsur 
velocities about OA, OB, the motion of the point A is also repre- 
sented by the product of OB into the perpendicular distance of 
A from OB^OB.OA sin 504 ; 

^D sin 50^ ^^ 
sin GO A 

Hence the angular velocity about OG is represented in magni- 
tude by OG. 

From this py-oposition we may deduce as a corollary "the 
parallelogram of angular accelerations,*' For if OA, OB represent 
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the additional angular velocities impressed on a body at any 
instant, it follows that the diagonal OC will represent the resultant 
additional angular velocity in direction and magnitude. 

233. This proposition shows that angular velocities and angular 
accelerations may be compounded and resolved by the same rules 
and in the same way as if they were forces. Thus an angular 
velocity co about any given axis may be resolved into two, cd cos a 
and a> sin a, about axes at right angles to each other and making 
angles a and ^ir — a with the given axis. 

If a body have angular velocities a>i, 0)3, q>, about three axes 
Ox, Oy, Oz at right angles, they are together equivalent to a single 

angular velocity co, where w = Vwi* + w,' + 0)3", about an axis 
making angles with the given axes whose cosines are respectively 

Oh ^ ^ Tjjig ^ ^^^ ^ -^ tjjg corresponding 

proposition in statics, by compounding the three angular velocities, 
taking them two at a time. 

It will however be needless to recapitulate the several pro- 
positions proved for forces in statics with special reference to 
angular velocities. We may use " the triangle of angular velocities" 
or the other rules for compounding several angular velocities 
together, without any further demonstration. 

234. The Angular Velocity couple. A body has (mgular 
velocities w, w about two parallel a^xes OA, O'B distant a from each 
other y to find the resulting motion. 

Since parallel straight lines may be regarded as the limit of 
two straight lines which intersect at a very great distance, it 
follows from the parallelogram of angular velocities that the two 
given angular velocities are equivalent to an angular velocity 
about some parallel axis 0"(7 lying in the plane containing OA, 

(ys. 

Let X be the distance of this axis from OA, and suppose it 
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to be on the same side of OA as O^B. Let ft be the angular 
velocity about it. 

Consider any point P, distant y from OA and lying in the 
plane of the three axes. The velocity of P due to the rotation 
about OA is wy, the velocity due to the rotation about O'B is 
foiy — a). But these two together must be equivalent to the 
velocity due to the resultant angular velocity ft about 0"C^ and 
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this is ft (y — a?), 

.-. a)y + co'(y-a)«ft(y-a?). 

This equation is true for all values of y, .•. ft^w+o)', x^^aw'/il. 

This is the same result we should have obtained if we had 
been seeking the resultant of two forces co, w' acting along OA, 
OB. 

If CDS— ct)^ the resultant angular velocity vanishes, but x is in- 
finite. The velocity of any point P is in this case wy + co'(y —«)=««, 
which is independent of the position of P. 

The result is that two angular velocities, each equal to a> but 
tending to turn the body in opposite directions about two parallel 
axes at a distance a from eacn other, are equivalent to a linear 
velocity represented by aa>. This corresponds to the proposition 
in statics that " a couple " is properly measured by its moment. 

We may deduce as a corollary, that a motion of rotation <o 
about an aaris OA is equivalent to an equal motion of rotation about 
a parallel axis O'B plus a motion of translation a<o perpendicular 
to the plane containing OA, O'B, and in the direction in which O'B 
moves.' See also Art. 223. 

235. The ajialogy to Statics. To explain a certain analogy 
which exists between statics and dynamics. 

All propositions in statics relating to the composition and 
resolution of forces and couples are founded on these theorems : 

1. The parallelogram of forces and the parallelogram of 
couples. 

2. A force F is equivalent to any equal and parallel force 
together with a couple Fp, where p is the distance between the 
forces. 

Corresponding to these we have in dynamics the following 
theorems on the instantaneous motion of a rigid body : 

1. The parallelogram of angular velocities and the parallelo- 
gram of linear velocities. 

2. An angular velocity q> is equivalent to an equal angular 
velocity about a parallel axis together with a linear velocity equal 
to (op, where p is the distance between the parallel axes. 

It follows that every proposition in statics relating to forces 
has a correspondiug proposition in dynamics relating to the 
motion of a rigid body, and these two may be proved in the 
same way. 

To complete the analogy it may be stated (i) that an angular 
velocity like a force in statics requires, for its complete determina- 
tion, five constants, and (ii) that a velocity like a couple in statics 
requires but three. Four constants are required to determine the 
line of action. of the force or of the axis of rotation, and one to 

B. D. 13 
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determine the magnitade of either. There will also be a conven- 
tion in either case to determine the positive direction of the line. 
Two constants and a convention are required to determine the 
positive direction of the axis of the couple or of the velocity and 
one the magnitude of either. The discovery of this analogy is due 
to Poinsot. 

236. In order to show the great utility of this analogy and 
how easily we may transform any known theorem in statics into 
the corresponding one in dynamics, we shall place in close juxta- 
position the more common theorems which are in continual use 
both in statics and dynamics. 

It is proved in statics that any given system of forces and 
couples can be reduced to three forces X, F, Z, which act along 
any rectangular axes which may be convenient and which meet 
at any base point we please, together with three couples which 
we may call L, Jf, N and which act round these axes. A simpler 
representation is then found, for it is proved that these forces and 
couples can be reduced to a single force which we may call R and 
a couple G which acts round the line of action of R. This line 
of action of R is called the central axis. There is but one central 
axis corresponding to a given system of forces. The term wrench 
has been applied to this representation of a given system of forces. 
Draw any straight line An parallel to the central axis at a dis- 
tance c from it. Then we may move R from the central axis to 
act along AB ^.t A^ provided we introduce a new couple whose 
moment is Re. Combining this with the couple G, we have for 

the new base point A a new couple G' = VG^ -h iPc*, the force 
being the same as before. The couple G' is a minimum when c=0, 
i.e, when AB coincides with the central axis. By taking moments 
round 45 we see that the moment of the forces round every 
straight line parallel to the central axis is the same and equal to 
the minimum couple. 

The same train of reasoning by which these results were ob- 
tained will lead to the following propositions. The instantaneous 
motion may be reduced to a linear velocity of any base point we 
please and an angular velocity round some axis through the 
base. These are then reduced to an angular velocity which we 
may call H about an axis called the central axis, and a linear 
velocity along that axis which we may call V, The term screw 
has been applied to this representation of the motion. Draw any 
straight line AB parallel to the central axis. Then we may move 
ft from the central axis to act round A By provided that we intro- 
duce a new linear velocity represented by ftc. Combining this with 
the velocity V we have for the new base A (which is any point 

on AB)2i, new linear velocity F' = VF^ -h c^ftS the angular velocity 
being the same as before. The linear velocity F' is a minimum 
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when c = 0, i.e. when AB coincides with the central axis. We see 
that the linear velocity of any point A resolved in the direction 
AB, i,e. parallel to the central axis, is always the same and equal 
to the minimum velocity of translation. 

It will be seen that most of these results have already been 
obtained in Arts. 219 to 228 (or finite rotations. 

237. Another useful representation depends on the following 
proposition. Any system of forces can be replaced by some force 
F which acts along a straight line which we may choose at 
pleasure, and some other force F' which acts along some other 
line and does not in general cub the first force. These are called 
conjugate forces. The shortest distance between these is proved 
in statics to intersect the central axis at right angles. The 
directions and magnitudes of the forces F, F' are such that R 
would be their resultant if they were moved parallel to them- 
selves, so as to intersect the central axis. Also it is known that, 
if be the angle between the directions of the forces F, F' and 
a the shortest distance between them, FF'a sin = GR, If the 
arbitrary line of action of F is such that the moment of the forces 
about it is zero, both F and F' act along that line in opposite 
directions and the magnitude of each is infinite. 

By help of the analogy we may obtain the corresponding 
propositions in the motion of a body. Any motion may be repre- 
sented by two angular velocities, one to about an axis which we 
may choose at pleasure and another to about some axis which 
does not in general cut the first axis. These are called conjugate 
axes. The shortest distance between these intersects the central 
axis at right angles. These angular velocities are such that XI 
would be their resultant if their axes were placed parallel to 
their actual positions, so as to intersect the central axis. If be 
the angle between the axes of co, a>' and a be the shortest distance 
between these axes, then totoa sin = FH. If the arbitrary axis of 
6) is such that the velocity of every point of the axis resolved along 
the axis is zero (Art. 137), the angular velocities co, co' have a 
common axis, opposite signs and the magnitude of each is infinite. 

238. The ▼elocity of any Point. The motion of a body 
during the time dt may be represented, as explained in Art. 219, 
by a velocity of translation of a base point 0, and an angular 
velocity about some axis through 0. Let us choose any three 
rectangular axes Ox, Oy, Oz which may suit the particular pur- 
pose we have in view. These axes meet in and move with 0, 
keeping their directions fixed in space. Let w, v, w be the resolved 
parts along these axes of the linear velocity of 0, and (o^y a>y, co^, 
the resolved parts of the angular velocity. These angular velo- 
cities are supposed positive when they tend the same way round 
the axes that positive couples tend in statics. Thus the positive 

13—2 
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directions of a>x, a)y, w^, are respectively from y to z, from ^ to ^ 
and from x to y. 

The whole motion during the time dt of the body is known 
when these six Quantities u, v, w, co^, ci>v, a>z are given. These six 
quantities may be called the components of the motion. We now 
propose to find the motion of any point P whose coordinates 
are a?, y, z. 

Let us find the velocity of P parallel to the axis of z. Let PN 

be the ordinate of z and let 
PM be drawn perpendicular 
to Ox. The velocity of P due 
to the rotation round Ox is 
clearly (Og^PM, Resolving 
this along NP we get 

oDxPM sin NPM = (Oxy- 

Similarly that due to the 
rotation about Oy is — oHyX 
and that due to the rotation 
about Oz is zero. Adding the 
linear velocity w of the origin, 
we see that the whole velo- 
city of P parallel to Oz is 

m;' = w + a>xy — <OyX, 
Similarly the velocities parallel to the other axes are 

t;' = V + (OzX — {t>xZ. 

. 239. It is sometimes necessary to change our representation 
of a given motion from one base point to another. These formulae 
will enable us to do so. Thus suppose we wish our new base 
point to be at a point 0', the axes at 0' being parallel to those 
at 0. Let (^, 7)y f) be the coordinates of 0' and let u', v\ w\ 
^xi o)y\ €0z be the linear and angular components of motion for the 
base u. We have now two representations of the same motion^ 
both these must give the same result for the linear velocities of 
any point P. Hence 

u + WyZ''a>zy = u' + a)y{z-^)''0}z(y'-rf), 
V + aygX — (OxZ = v' + o)/ (^ — ^) — (^x (^ — ?)» 
w + ««y- (OyX = t(/ + a>x{y - v) - o)y{x - ^), 
must be true for all values of x, y, z. 

These equations give a>x = g>«, (Oy = tOy, oDg = 6)^ ; so that what- 
ever base is chosen the angular velocity is always the same in 
direction and magnitude. See Art. 22L We also see that u\ v\ w' 
are given by formulae analogous to those in Art. 238, as indeed 
might have been expected. 
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The reader should compare these with the corresponding for- 
mulae in statics. If all the forces of any system be equivalent 
to three forces X, F, Z acting at a base point along three rect- 
angular axes together with three couples round those axes, then 
we know that the corresponding forces and couples for any other 
base point f , 17, f are 

240. To find the equivalent Screw. The motion being 
given by the linear velocities (u, v, w) of some base 0, and the 
angular velocities, (a>xf ^y, o>z)y fi^d the central axis, the linear 
velocity aiong it and the angular velocity round it, i.e. find the 
equivalent screw. 

Let P be any point on the central axis, then if P were chosen 
as base, the components of the angular velocity would be the 
same as at the base 0. If then fl be the resultant of the angular 
velocities ©a;, coy, cd, (Art. 233) we see that 

(1) The direction-cosines of the central axis are 

cosa = ^,cos^ = ^, cos7 = ^. 

(2) The angular velocity about the central axis is A. 

(3) The velocity of every point resolved in a direction parallel 
to the central axis is the same and equal to that along the central 
axis. See Art. 222 or Art. 236. If then V be the linear velocity 
along the central axis we have 

F= M cos a -h V cos /8 -h w cos 7; 

(4) Let {x, y, z) be the coordinates of P, i.e. of any point 
on the central axis. Then the linear velocity of P is along the 
axis of rotation. Hence 

u + (OyZ — €Ozy _ V + ^t^ — ^x^ _ ^ + ®«.V "" ®ir^ 

(Ox (Oy (Og 

These are therefore the equations to the central axis. 

If we multiply the numerator and denominator of each of 
these fractions by a>x, <Oy> ^z respectively and add them together, 

we see that each traction is = — * r^ = tt • 

This ratio is called the pitch of the screw. 

241. The Invariant. It follows from the third result just 
proved that whatever base be chosen and whatever be the direction 
of the axes, the quantity / = u(Ox + V(Oy + ww^ is invariable and equal 
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to Fft. This quantity may therefore be called the invariant of the 
components. The resultant angular velocity 11 is also invariable 
and may be called jthe invariant of the rotation. 

If the motion be such that the first of these invariants is 
zero, it follows that either F= 0, or II = 0. This therefore is the 
condition that the motion is equivalent to either a simple translation 
or a simple rotation. If we wish the motion to be equivalent to 
a simple rotation, we must also have (Dx, <jOy, toz not all zero. 

The corresponding invariant in statics is LX-\-MY'\-NZ^GR. 
When this vanishes, the forces are equivalent to either a single 
resultant or a single couple. 

Ex. 1. Find the invariants / and O of (1) two angular velocities ta^ <a'; (2) two 
linear velocities t;, v'; (3) an angular velocity w and a linear velocity v. The 

results are (1) I = ma'r sin 5 ; (2) J= ; (3) 1= uv cos $, 

n« = w2 + w'^ + 2wa;'C08^ 0=0 = w 

where 6 is the angle between the axes of the constituents and r the shortest 
distance. [To prove these, we choose some convenient axes and express the values 
of the six components u, v, to, w^, Wy, 0^,1 for the origin as base by Arts. 23S, 239. 
The value of I then follows from the definition. We here take r for the axis of x 
and the axis of w for that of z. The result (2) is obvious, if we compound the 
velocities.] 

Ex. 2. The invariant I of any number of angular velocities, u^j wg, &c, and 
any linear velocities v, , v, « Ac, is the sum of the separate invariants of the con- 
stituents taken two and two, or written in an algebraic form 

7= j^cav cos + Zwa'r sin ^ 

where ^ is the angle between the direction of any linear velocity v and the axis of 
any angular velocity w, while d is the angle between the axes of any two angular 
velocities w, w' and r the shortest distance. 

Taking any rectangular axes each of the six components of these motions is a 
linear function of fay,, w,, Ac. ; v^, v,, &c. The invariant I is therefore a quadratic 
function of the form 

J= ^,j(*i' + ^isWiCOa + Ac. + Bii«it>i + Bjjw^v, + Ac. + CjjVj* + C^^ViV^ + Ac, 

where the coefficients are independent of the magnitudes of Wj, oi^, Ac, v^, v,, Ac 
Putting all the constituents equal to zero except each in turn we see that ^]i = 0, 
Ao. = 0; Cji=0, Ac.=0. Then putting all the constituents equal to zero except 
two in turn and comparing the results with those given in Ex. 1, we see that the 
other coefficients have the values given above. 

Ex. 3. The invariant / of two screws (w, v), (»', v') is 

1= (av + wV + (wi?' + u'v) cos 6 + wa'r sin B, 

To prove this we add together the six invariants of the four constituents w, w , 
V, v' taken two and two together. 

242. When the motion is equivalent to a simple rotation, it 
mjay he required to find the axis of rotation. But this is obviously 
only the central axis under another name, and has been found 
above. 
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243. A screw motion may tiitis be given in two ways. We 
may have given the six components of motion, which we have 
called {u, v, w, cox, o>yj (Og), which also depend on the point chosen 
as base. Or it may be given by the equations to the central axis, 
the velocity V along it, and the angular velocity ft round it. 

In this last case a convention is necessary to prevent confusion 
as to the directions implied by the velocities v and ft. One 
direction of the axis is called the positive direction, and the 
opposite the negative direction. Then F is taken positive when 
it implies a velocity in the positive direction. So also ft is positive 
when the rotation appears to be in some standard direction, say 
clockwise, when viewed by a person placed with his back alone 
the axis, so that the positive direction is from his feet to his head. 
This of course is only the ordinary definition of a positive couple 
as given in statics. See Art. 231. 

The metliod of determining the positive direction of the aais 
is easy to understand, though it takes long to explain. Describe 
a sphere of unit radius with its centre at the origin, and let 
the positive directions of the axes cut this sphere in a?, y, z. Let 
a parallel to. the central axis drawn through the origin cut the 
sphere in L and L\ Let the direction-cosines of the axis be 
given say, f, m, n. Then (Z, m, n) are the cosines of certain arcs 
drawn on the sphere which begin at xyZy and terminate say'at i, 
while {-- 1, — m, — n) are the cosines of supplementary arcs which 
begin at the same points xyz, and terminate at L'. Then OL is 
the positive direction of the axis and OL' the negative direction. 
With this understanding the angle between two axes is the 
angle between their positive directions and is determined without 
ambiguity of sign when the actual direction-cosines of the axes 
are given. 

244. The position of the central cum being given, together with 
the linear velocity along it and the angvlar velocity round it, it 
is required to find the components of the motion witen the origin is 
taken as the base. 

This is of course the converse proposition to that just discussed. 

Let the equation to the central axis be — r^ = - — - = , 

^ I m n 

where (Zmn) are the actual direction-cosines of the axis. Let Fbe 

the linear and ft the angular velocity. 

If (fgh) were taken as the base, the components of the linear 
velocities would helV,mV, nF, and the components of the angular 
velocities would be /ft, mft, wXl. Hence by Art. 238, writing —f, 
-^g, —h for X, y, z, the components of the motion when the origin 
is the base point are 

u = IV — £l {mh — ng), <0x = HI, 
v = mV—Ds{nf — Ih), G)y = mft, 
w^nV '-n(lg --mf), 6), = wft. 
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245. Composition and Resolution of Screws. Given two 
screw motions to compound them into a single screw and conversely 
given any screw motion to resolve it into two screws. 

Two screws being given, let us choose some convenient base 
and axes. By Art. 244 we may find the six components of motion 
of each screw for this base. Adding these two and two, we have 
the six components of the resultant screw. Then by Art. 240 the 
central axis together with the linear and angular velocities of the 
screw may be found. 

Conversely, we may resolve any given screw motion into two 
screws io an infinite number of ways. Since a screw motion is 
represented by six components at any base we have in the two 
screws twelve quantities at our disposal. Six of these are required 
to make the two screws equivalent to the ^ven screw. We may 
therefore in general satisfy six other conditions at pleasure. 

Thus we may choose the axis of one screw to be any given 
straight line we please with any linear velocity along it ana any 
angular velocity round it. The other screw may then be found 
by reversing this assumed screw and joining it thus changed to 
the given motion. The screw equivalent to this compound motion 
is the second screw, and it may be found in the manner just 
explained. 

Or again, we may represent the motion by two screws whose 
pitches are both chosen to be zero, the axis of one being arbitrary. 
These are the conjugate axes spoken of in Art. 237. 

245 a. The following method of compounding tico tcrewi ii very convenient when 
the shortest distance between the axes is known in positioJi and magnitude. 

Let (w, v), (fa)', v') represent the angular and linear velocities of the two given 
screws, (0, V) those of the resultant screw. Then, by equating the invariants, 

Or= faw + ia'v' + {iav' + w'v) cos + iaw'r sin <?, 

02 as fa,2 + fa,'2 + 2iaui' COS e, 

where 6 is the inclination of the axes and r the shortest distance. 

We shall next show that the axis of the resultant screw intersects at right angles 

the shortest distance A A* between the axes 
of the given screws. Since the central 
axis is parallel to the resultant of w, w' 
transferred to any base, that axis must be 
perpendicular to AA', Also since AA' 

—p ^ ^L — X intersects at right angles the axes of both 

^ /^^ ^ the given screws, the velocity of every 

point of AA' resolved along itself is zero. 
Hence, since AA' is perpendicular to the central axis of the resultant screw, 
it must also intersect that axis. 

Lastly we shall show that the distance ^ of the central axis of the two screws 
from the middle point C of the shortest distance is given by 

02f = Jr (fa)« - u'^) + (wv' - u'v) sin 6, 




AKT. 246.] COMPOSITION OF SCREWS. 201 

where ^ is measured positively towards oi. Let Ci; be a perpendioular to the plane 
containing A A' and the required central axis Oz. Equating the resolved part along 
Cri of the velocity of C due to the two screws to that due to the resultant 

screw we have - O^ = v sin 7 - v' sin 7' - Jr« cos 7 + Jr«' cos y, 

where 7, 7' are the angles the axes AF^ A'F' of the given screws make with the 
central axis Oz, By resolution we have 

O sin 7 = fay' sin Qy cos 7 = w + ay' cos 9^ 
0sin7'ss(tf sin 9, 0cos7'=w' + w cos ^. 
The result follows by substituting for 7, 7'. 

246. Ihcamplii. Ex. 1. The locus of points in a body moving about a fixed 
point which at any instant have the same resultant velocity is a circular cylinder. 

Ex. 2. If radii vectores be drawn from a fixed point to represent in direction 
and magnitude the velocities of all points of a rigid body in motion, prove that the 
extremities of these radii vectores at any one instant lie in a plane. [Coll. Exam. 

This plane is evidently perpendicular to the central axis, and its distance from O 
measures the velocity along the axis. Art. 228, Ex. 1. 

Ex. 3. The locus of the tangents to the trajectories of different points*of the 
same straight line in the instantaneous motion of a body is a hyperbolic paraboloid. 

Let AB be the given straight line, CD its conjugate. The points on AB are 
turning round CD, and therefore all the tangents pass through two straight lines, 
viz. AB and its consecutive position A'B\ and are also parallel to a plane which is 
perpendicular to CD. 

Ex. 4. Let the restraints on a body be such that it admits of two motions 
A and B, each of which may be represented by a screw motion, and let m, wi be the 
pitches of these screws. Then the body must admit of a screw motion compounded 
of any indefinitely small rotations iadt^ ta'dt about the axes of these screws accom- 
panied of course by the translations mwdt, m'ta'dt. Prove that (1) the locus of the 
axes of all these screws is the surface z (x^ + |/^)=2ax^. (2) If the body be screwed 
along any generator of this surface the pitdi is c + a cos 29, where c is a constant 
which is the same for all generators and Q is the angle the generator makes with the 
axis of X. (3) The size and position of the surface being chosen so that the two 
given screws A and B lie on the surface with their appropriate pitch, show that only 
one surface can be drawn to contain two given screws. (4) If any three screws of 
the surface be taken and a body be displaced by being screwed along each of these 
through a small angle proportional to the sine of the angle between the other two, 
the body after the last displacement will occupy the same position that it did 
before the first. 

This surface has been called the cylindroid by Sir B. Ball, to whom these four 
theorems are due. See his Theory of Screws. 

Ex. 5. An instantaneous motion is given by the linear velocities (n, v, w) 
along, and the angular velocities (w^, oiy, w,) round the coordinate axes. It is 
required to represent this by two conjugate angular velocities, one being about the 

arbitrary straight line -^ = ^-^^ = -^1-. 

If be the angular velocity about the given axis, then 



— * -z:- ' = lu + mv + nw - 

where ({, m, n) are the actual direction-cosines. 



If m, n 
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The equations to the conjugate axis are 

= {f-x)u+(g-y)v + {h-z)w. 



Xy y, z 


^lu+mv+nwt 


«» y, « 


Wx» «v. w. 




Wx» "y> "» 


I, iR| n 




/. 9* h 



The first of these equations may be obtained as indicated in Art. 245. Reverse 
and join it to the given motion, then the invariant of this compound motion 
vanishes. If the angular velocity O be thus supposed known, the conjugate axis 
is the central axis of the compound motion and may be found as in Art. 245. But 
if the conjugate axis be required independently of O, we may use the second and 
third equations. 

The second equation follows from the fact that the direction of motion of any 
point on the conjugate is perpendicular to the given axis. 

The third follows from the fact that the direction of motion is also perpendicular 
to the straight line joining the point to (/, g, h). 

These general equations will be simplified if the circumstances of any problem 
permit the coordinate axes to be so chosen that some of the constants may be zero. 
Thu8,*if the central axis of the instantaneous motion is taken as the axis of z and 
the shortest distance between that axis and the given straight line as the axis of x, 
we have tt = 0, i; = 0, Wx=0, Wy=0; ^ = 0, /i=0, and 1=0, The equations then 

WW flW zw 

become -—^=wn+f(ajin, x= , y=--r— . 

Referring to the figure of Art. 245 a, / is the shortest distance OA between the 
given axis AF and the central axis OZ^ and n=co8 7, in=sin 7 where 7 is the angle 
AF makes with OZ. 

There is an apparent exception to these results when the given motion and the 
given axis are such that 0, as found from the first equation, is infinite. This is a 
limiting ease rather than an exception. It is easy to see that both the second and 
third equations are, in this case, satisfied by substituting x =/+/<, y=y+fn£, 
z = h+nt; i,e, the conjugate axis coincides with the given axis. If 0' be the angular 
velocity about the conjugate axis, and O' are together equivalent to the resultant 
angular velocity of the given motion ; it follows that Q' is also infinite. In this 
limiting case, therefore, the motion is represented by two infinite opposite angular 
velocities about two coincident lines. 

Another limiting case is when the given axis is parallel to the central axis 
of the given motion and the invariant of the motion is not zero. In this case 
I, m, n are proportional to w^i <^y> ^«» <^^ ^^® second equation represents a plane 
at infinity. The conjugate axis is therefore at infinity and the angular velocity 
about it is zero. 

There is a third limiting case when the invariant of the given motion is zero. 
If the given motion is a simple rotation about some axis, say Oz, and the given 
axis is not parallel to Oz and does not intersect it, 0=0 and the conjugate axis 
coincides with Oz. If the given axis is parallel to Oz or intersects it, may have 
any value and the conjugate axis is the resultant axis of the given rotation and the 
reversed 0. 

If the given motion is a simple translation parallel to some axis Oz and the 
given axis is not perpendicular to Oz, 0=0 and the conjugate is at infinity. If the 
given axis is perpendicular to Oz, O may have any value, and the conjugate axis is 
found as before ; see Art. 234. 
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In diaoussing these limiting cases analytically, it will be conyenient to choose 
the simplified form of axes described above. 

Ex. 6. If one conjugate of an instantaneous motion is at right angles to the 
central axis the other meets it, and conversely. If one conjugate is parallel to the 
central axis the other is at an infinite distance, and conversely. The invariant is 
supposed to be finite. 

Ex. 7. A body is moved from any position in space to any other, and every 
point of the body in the first position is joined to the same point in the second 
position. If all the straight lines thus found be taken which pass through a given 
point, they will form a cone of the second order. Also if the middle points of all 
these lines be taken, they will together form a body capable of an infinitesimal 
motion, each point of it along the line on which the same is situated. Cayley's 
Report to Vie British Assoc., 1862. 

247. Oliaraetorlatte and fbciu. If the instantaneous motion of a body be 
represented by two conjugate rotations aboat two axes at right angles y a plane can 
be drawn through either axis peri)endicular to the other. The axis in the plane 
has been called the characteristic of that plane, and the axis perpendicular to the 
plane is said to out the plane in its focus. These names were given by M. Chasles 
in the Comptes Rendus for 1843. Some of the following examples were also given 
by him, though without demonstrations. 

Ex. 1. Show that every plane has a characteristic and a focus. 

Let the central axis cut the plane in 0. Resolve the linear and angular velocities 
in two directions Ox, O2, the first in the plane and the second perpendicular to it. 
The translations along Ox, Oz may be removed if we move the axes of rotation 
Ox, Oz parallel to themselves, by Art. 234. Thus the motion is represented by 
a rotation about an axis in the plane and a rotation about an axis perpendicular 
to it. It also follows that the characteristic of a plane is parallel to the projection 
of the central axis. 

Ex. 2. If a plane be fixed in the body and move with the body, it intersects 
its consecutive position in its characteristic. The velocity of any point P in the 
plane when resolved perpendicular to the plane is proportional to its distance from 
the characteristic, and when resolved in the plane is proportional to its distance 
from the focus and is perpendicular to that distance. 

Ex. 3. If two conjugate axes cut a plane in F and G, then FO passes through 
the focns. If two conjugate axes be projected on a plane, they meet in the 
characteristic of that plane. 

Ex. 4. If two axes CM, CN meet in a point C, their conjugates lie in a plane 
whose focus is C and intersect in the focus of the plane CMN. 

This follows from the fact that if a straight line cut an axis the direction of 
motion of eveiy point on it is perpendicular to the straight line only when it also 
cuts the conjugate. 

Ex. 5. Any two axes being given and their conjugates, the four straight lines 
lie on the same hyperboloid. 

Ex. 6. If the instantaneous motion of a body be given by the linear and 
angular velocities (u, v, w), (0^ , wj, W3), prove that the characteristic of the plane 

Ax + By + Cz-^D = 

is its intersection with A {u + uf^z - cj^y) + B (v + WjX- ta^z) + C (w + Wjy- ca,x) =0, 

and ibi foeos may be found from "^"^-'^ = " +^.fjl!^ = ^+^-"^ 

ABC 
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For the charaoteristic is the locus of the points whose directions of motion are 
perpendicular to the normal to the plane, and the focus is the point whose direction 
of motion is perpendicular to the plane. 

When the central axis of the instantaneous motion is the axis of z, the 
coordinates of the focus are z=pBIC, y= -pAjC, z— -DjC and the characteristic 
lies on the plane -Ay + Bx+Cp^O^ where p is the pitch wjta^ of the instantaneous 
motion. 

Ex. 7. The locus of the characteristics of planes which pass through a given 
straight line is a hyperboloid of one sheet ; the shortest distance between the given 
straight line and the central axis being the direction of one principal diameter, 
and the other two being the internal and external bisectors of the angle between 
the given straight line and the central axis. Prove also that the locus of the foci 
of the planes is the conjugate of the given straight line. 

Ex. 8. Let any surface A be fixed in a body and move with it, the normal 
planes to the trajectories of all its points envelope a second surface B. Prove that 
if the surface B be fixed in the body and move with it, the normal planes to the 
trajectories of its points will envelope the surface A : so that the surfaces A and B 
have conjugate properties, each surface being the locus of the foci of the tangent 
planes to the other. Prove that if one surface is a quadric the other is also a 
quadric. 

Moving Axes and Eulera Equations, 

248. It has been shown in Art. 230 that when a body is 
moving about a fixed point the displacement in the time dt may 
be constructed by turning the body round three straight lines OA, 
OB, OC through certain angles {Oidt, a>^t, (o^t In the same way 
we may construct the displacement during the next intervaJ dt by 
rotating the body round three other straight lines 0A\ OR, OC 
through certain other angles a)/cfo, m^'dt, m^'dt If these two 
systems of axes are infinitely close and the motion of the body is 
continuous, the angular velocities g),', &c., will differ from oii, &c., 
by infinitely small quantities. The axes of reference are then 
called moving axes. It should be noticed that to^t measures the 
angle of rotation round Oz, not relatively to the moving plane 
which contains OA and OC, but with reference to some plane fiaed 
in space passing through the instantaneous position of OC, 

249. Let Ox, Or/, Oz be the rectangular axes fixed in space 
and let ©a., cDy, Wz be the components of the angular velocity of a 
body at the time t. Let OA, OB, OC be three rectangular axes 
moving about the fixed point and let coi, a>a, a>, be the com- 
ponent angular velocities of the same body at the same time. 
If these two systems of axes coincide in position at the time t, 
6)i = a)a., (o^^fOy, <o^^(Oz, but at the time t-^-dt the two systems 
will have separated and we can no longer assert that a>3 + (2a>, and 
Wz + do), are necessarily equal. 

We shall now show that if the moving axes are fixed in the body, 
then d(Oz = d<Oz as far as the first order of small quantities. Let 
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OR, OR' be the resultant axes of rotation of the body at the times 
t and t + dt, i.e. let a rotation ildt about OR bring the body into 
the position in which 00 coincides with Oz at the time t ; and 
let a further rotation O^'dt about OR' bring the body into some 
adjacent position at the time t + dt while in the same interval dt, 
00 moves into the position 0C\ Then according to the definition 
of a differential coefficient 

d(k), ,. .n' cos ii'C" - ft cos i2a 
_ « Uo,,t ^^ , 

dcD. , . .,11' cos R'z — II cos Rz 

-dt = *'""'' dt • 

The angles RC and Rz are equal by hypothesis. Since 00 is 
fixed in the body, it makes a constant angle with OR as the body 
turns round 0R\ the angles R!C* and Rz are therefore equal. 
Hence these differential coefficients are also equal. 

250. The preceding proposition is a particular case of a 
fundamental theorem in the theory of moving axes. This general- 
ized theorem applies not merely to angular velocities hut to any 
vector or directed quantity which obeys the parallelogram-law. 

By Art. 215 the moving system of axes is turning round some 
instantaneous axis with an angular velocity which we may call 6. 
Let 0iy 0i, 0i be the components of 
about the axes OA, OB, 00. Then in ^ 
the figure 0i represents the rate at > 
which any poiut in the circular arc BC / 
is moving along that arc, 0^ is the rate / 
at which any point of CA is moving f^i 
along CA and so on. / ^.'''^ \a 

Let Fi, Fa, F, and F^., Vy, V^ be -Bk^ e ^^^^ 
the components of any vector with re- ^^^^^^ 

gard to the moving axes OA, OB, 00, 

and the fixed axes Ox, Oy, Oz respectively. Let a, ^, y be the 
direction angles of Oz referred to OA, OB^ 00 \ then 

F, = Fi cos a + Fj cos )3 + F, cos 7, 

.'. F,= Vi cos a + Fj cos ^-{-V^ C0S7 — Fisinad— Fjsin^)3 — V^smrff, 

Let the axis Oz coincide with 00 at the time t, then a = Jir, 
^ = ^y 7 = 0. Hence 

F,= F,-F,d-Fa/3. 

Now d is the angular rate at which the axis OA is separating 
from a fixed line Oz momentarily coincident with OG, hence d = 0^. 

Similarly ^ = — ^j. Writing the theorem at full length we have 
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Similarly ^' = ^ " ^^^ + ^'^»' 

Let the vector V be the resultant angular velocity H of a body 
about an instantaneous axis (Art. 233) then Fi = a)i,. Fa = ft>2, 
Tg = G>8 while Fa; = ©x, Fy = 6)^, F«= co«. We have therefore 

W ~ ^ — ^ ^ ^ 

If the moving axes are fixed in the body they have the same 
instantaneous axis as the body and ^ = 11; hence also di^coi, 

52 = G)2. It follows at once that "jr = "jr- 

251. As another example let Xy y, z be the coordinates of some 
point (say the centre of gravity of a moving body) referred to 
the moving axes OA, OB, OC. Let u, v, w be the components of 
the velocity of parallel to the same axes and X, F, Z the com- 
ponents of the accelerations. Then since both the resultant 
velocity and the resultant acceleration are vectors or directed 
quantities 

dtjc du 

t(; = -^ — a?^2 + y^i, iZ' = -^ — M^j + vOi. 

These results will be useful afterwards. 

The demonstration here given of the fundamental theorem on moving axes is 
founded on the method used by Prof. Slesser in the Qiuirterly Journal, 1858, to 
prove 6)^=a)g. Another very simple proof is given in the chapter on moving axes 
at the beginning of Vol. n. of this treatise. 

252. Euler'B dynamical equations. To determine the 
general equations of motion of a body moving about a fixed point 0. 

Let Xy yy z he the coordinates of any particle m referred to 
axes Oxy Oy, Oz fixed in space. 

Taking moments about the axis of z we have by D*Alembert's 
principle 2m (xy — yx) = N. 

Let a>x* ^y* <^z be the angular velocities of the body about the 
axes, then x = tOyZ — ©^yi y = ^z^ ~ ^x^y ^ = <»«y ~ ®y^ 5 

y = ODa)g — zd>x + g>* (o>yZ — a>,y) — Wx (®«y — tOyx), 
These we shall presently substitute in the equation of moments. 
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Let ©1, ©2, 0)8 be the angular velocities of the body about three 
rectangular axes 0-4, OB, 00 fixed in the body. Let these 
coiocide with the axes fixed in space at the time t; then coi^oyg, 
fi)a = o>y » o)j = o)« ; ©1 = cb/c, ©2 = ft>y , (03 == 6);;, by Art. 249. 

The advantage of using axes fixed in the body is that the 
moments and products of inertia are then constants. If we choose 
as these axes of coordinates the principal axes at the fixed point, 
we have the additional simplification that all the products of 
inertia are zero. In substituting for £, y in the equation of 
moments we may therefore omit all the terms of x which do not 
contain y and all the terms of y which do not contain x. We 

thus have Xm {a^ + y*) Wg + 2m («■ — y^) WiO), = N. 

If A, B, G he the principal moments of inertia at the fixed 
point 0, this becomes 

C^--(A^B)a>,tD, = N. 
at 

Similarly A^-{B-C) a>^a), ^ L, B^-iC^A) co,<o, = M. 

These are called Euler's dynamical equations. 

253. We know by D'Alembert's principle that the moment 
of the effective forces about any straight line is equal to that of 
the impressed forces. The equations of Euler therefore indicate 
that the moments of the effective forces about the principal a^xes 
ai the fixed point are expressed by the left-hand sides of the above 
equations. If there is no point of the body which is fixed in 
space, the motion of the body about its centre of gravity is the 
same as if that point were fixed. In this case, if A, i?, C be the 
principal moments at the centre of gravity, the left-hand sides of 
Euler H equations give the moments of the effective forces about 
the principal axes at the centre of gravity. If we want the 
moment about any other straight line passing through the fixed 
point, we may find it by simply resolving these moments by the 
rules of statics. 

Ex. 1. If 2T=A(ii}i^-\-Bta^-\- da^ and G be the moment of the impressed forces 
aboat the instantaneoas axis, O the resultant angular velocity, then -r-=GO. 

Ex. 2. A body (say the earth) taming about a fixed point is acted on by forces 
(such as the attractions of the sun or moon) which tend to prodMce rotation about 
an axis at right angles to the instantaneous axis, show that the angular velocity 
cannot be uniform unless either two of the principal moments of inertia at the fixed 
point are equal or the instantaneous axis always lies in a principal plane. The axis 
about which the forces tend to produce rotation is that axis about which it would 
begin to turn if the body were placed at rest. 

254. To determine the pressure on the fiaed point. 

Let X, y, z be the coordinates of the centre of gravity referred 
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to rectangular axes fixed in space meeting at the fixed point, and 
let P, Q, R be the resolved parts of the pressures on the body in 
these directions. Let /* be the mass of the body. Then we have 

fix = P + XmX 

and two similar equations. Substituting for x its value in terms 
of fi)jr, a>yy a)g we have 

fi {zd}y — ya)g + coy {tOxy — iOyX) — ©^ (w^a? -- ft)*-?)) = P + 2mX 

and two similar equations. 

If we now take the axes fixed in space to coincide with the 
principal axes at the fixed point at the moment under cousidera- 
tion we may substitute for cby and ©^ from Euler's equations. Hence 

/*L(i?+C'-4)(^+^)-(a,.'+a,,»)a:}=P+2mZ-M(f^-^y). 
with similar expressions for Q and iJ. 

255. Ex. If G be the centre of gravity of the body, show that the terms on 
the left-hand sides of the equations which give the pressures on the fixed point are 
the components of two forces, one 0' . QU parallel to GH which is a perpendicular 
on the instantaneous axis 01^ Q being the resultant angular velocity, and the other 
Q'^ . QK perpendicular to the plane OGK, where GK is a perpendicular on a line OJ 

B — C G — A A "- B 

whose direction-cosines are proportional to - .— W2*^8i — 5~ **'s*^» — 7j~**i**i> 

A JlS ij 

and Q^* is the sum of the squares of these quantities. 

256. Euler's geometrical equationfl. To determine the 
geometrical eqi^ations connecting the motion of the body in space 
with the angular velocities of the body ahovt the three moving axes, 

OA, OB, oa 

Let the fixed point be taken as the centre of a sphere of 

radius unity ; let X, F, Z 
and Ay B, Che the points 
in which the sphere is 
cut by the fixed and 
moving axes respec- 
tively. Let ZCy BA pro- 
duced if necessary, meet 
in E. Let the angle 
XZC^y^Ty ZC^e, EGA 
= </). It is required to 
determine the geometri- 
cal relations between 0^ 
<f>, yJTy and a>i, 6)2, Ws- 

Draw CN perpendi- 
cular to OZ, Then since 
yjr is the angle the plane 
COZ makes with a plane 
XOZ fixed in space the 
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J t 

velocity of C perpendicular to the plane ZOC is CN -^ , which 

J I (it 

is the same as sin d-^, the radius OC of the sphere being unity. 

d0 
Also the velocity of C along ZC is -j- . Thus the motion of C is 

represented by -i- and sin^-^ respectively along and perpendi- 
cular to ZC. But the motion of (7 is also expressed by the angular 
velocities a)i and (o^ respectively along BCf and CA. These two 
representations of the same motion must therefore be equivalent. 
Hence resolving along and perpendicular to ZC we have 

d6 . , , , 

— = ©1 sm 9 + (()2 cos 9 

sin -^ « — ©1 cos (f> + a}^sm<f> 
Similarly by resolving along CB and CA we have 

©1 = -1- sm 9 — -^ sin u cos 9 

a>a = -r; COS 9 + -17 sm ^ sm 9 
at at 

These two sets of equations are equivalent to each other and 

one may be deduced from the other by an algebraic transformation. 

In the same way by drawing a perpendicular from E on OZ we 

may show that the velocity of E perpendicular to ZE is -^ sin ZE, 

and this is the same as -^ cos 0. Also the velocity of A relative 

to E along EA is in the same way -± sin CAy and this is the 

dd> 
same as ~^. Hence the whole velocity of A in space along AB 

is represented by -^ cos 5 + -^ . But this motion is also ex- 
pressed by 0)3. As before these two representations of the same 
motion must be equivalent. Hence we have 

dyjr ^ dd> 

If in a similar manner we had expressed the motion of any 
other point of the body as i?, both in terms of 6)1, a)j, o>, and 
6y (f>, yjr, we should have obtained other equations. But as we 
cannot have more than three independent relations, we should 
only arrive at equations which are algebraic transformations of 
those already obtained. 

257. It IB BometLmes necessary to express the angalar velocities of the body- 
about the Jkfced axes OX, OY, OZ in terms of ^, 0, f . This may be effected in the 

R. D. 14 
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following manner. Let Wj^y Wy* ««« be the angular velocities abont the fixed axes, 
O the reenltant angular yeloGlty. If we imprees on space and also on the body in 
addition to its existing motion, an angular velocity equal to - Q about the resultant 
axis of rotation, the axes OA^ OB^ OC will become fixed, and the axes OX, OY, OZ 
will move with angular velocities -ia^^ -^y, -^b' Hence, in the formulas of the 
text, if we change into - ^, ^ into -^, ^ into -0, a^j, Wj* ^i ^^ become -cvrs 
— ciiy, —^gt and we have 

de , , d4 . ^ , de , ^<t> ' n • , ^<t> ^ ^^ 

w-,= -^-sm ^+37Sin(?coB^, w« =-rr cos i^ + -j^ sm^sm^, w«=-57 008^ + -5r, 
* dt dt _ ' dt ^ dt ^ ' dt at 

where the standard figure is that shown in Art. 256. 

258. £ix. 1. I{ p, q, r be the direction -cosines of OZ with regard to the axes 
OA, OBy OC, show that two of Euler's geometrical equations may be put into the 
symmetrical form 

dp rk ^ IX dr - 

The last of these may be obtained by differentiating the last of the expressions 
p= -sin (? cos 0, 9=Bin ^ sin 0, r=cos 6^ and substituting for d$ldt from Art. 256. 
The others may be inferred by the rule of symmetry. 

Ex. 2. Prove that the direction-cosines of either set of Euler's axes with regard 
to the other are given by the formulsB 

cos XA = - sin ^ sin + cos \J/ cos cos $' 
cos YA = cos ^ sin + sin ^ cos cos 6 
cos ZA = - sin 6 cos 

cos XB= - sin y// cos - cos \// sin cos $' 
cos YB = cos ^ cos - sin ^ sin cos $ 
cos ZB = sin$ sin 

cos XC= sin 6 cos ^' 
cos YC = sin ^ sin xp 
cosZC= cos^ 



■}■ 



'}• 



To prove the first three, produce XY to out AB in M, then the angle XMA = $, 
MY^f, ifX=90 + f, 3fil=9O-0. To deduce the second set from the first, write 
+ ^7 for 0. These results are given here for reference as they are useful in the 
higher problems of dynamics. 

259. Small oaelllationa. It is clear that instead of referring the motion of 
the body to the principal axes at the fixed point, as Euler has done, we may use any 
axes fixed in the body. But these are in general so complicated as to be nearly 
useless. When, however, a body is making small oscillations about a fixed point, 
80 that some three rectangular axes fixed in the body never deviate far from three 
axes fixed in space, it is often convenient to refer the motion to these even though 
they are not principal axes. In this case ci^, cii^, w, are all small quantities, and we 
may neglect their products and squares. ' The general equation of Art. 252 reduces in 
this case to Cw^- Du92- E&i=N, where the coefficients have the usual meanings 
given to them in Chap. i. We have thus three linear equations which may be 
written thus: 

260. The cmatrihigaA ibroea. It appears from Euler's Equations that the 
nfhole changes of wj, oj^, w, are not due merely to the direct action oft the foroes. 
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bat are in part due to the centrifugal forces of the particles tending to cany them 
away from the axis about which they are revolving. For consider the equation 



dt~ C^ C 



N 



Of the increase dta^ in the time dt, the part -p^ dt is due to the direct action of 

A •- B 
the forces whose moment is N^ and the part ^ (aj w^dt is due to the centrifugal 

/orces. This may be proved as follows. 

If a body be rotating about an axi$ 01 with an angular velocity w, then the 
moment of the centrifugal forces of the whole body about the a^cis Oz it {A - B) (OiU^, 

Let P be the position of any particle m, and let x, y, z be its coordinates. Then 
x = OB, y-RQ, z = QP. Let PS be a perpendicular on 01, let OS^u, and PS^r. 
Then the centrifugal force of the particle m is b^^rm tending from 01, 

The force ti^rm is evidently equivalent to the four forces w^xnt, t^ym^ u^zMf and 

— tj^um acting at P parallel to a;, y, z, and u respectively. The moment of ur^xm 
round Oz is - ufixym, while that of ti^ym is the same with an opposite sign. The 
moment of i^zm round Oz is zero. These three therefore produce no e£Pect. 

The force - io^um parallel to 01 is 
equivalent to the three, - iao^^umy 

— toio^umt - (ota^umj acting at P parallel 
to the axes, and their moment round 
Oz is evidently ujum {<aiy -w^x). Now 
the direction-cosines of 01 being (ajw, 
bijta, tajuft we get by projecting the 
broken line x, y, z on 01, 



«9 



(Mf, 




u=-^x+ — y + -^z; 
<a tit bf 

therefore substituting for u, the 
moment of centrifugal forces about 
Oz is 

= («iy - «,ar) («,« + ut^y + Ws') "*» 

= (tai^xy + Wi W32/* + b^] ta^yz - WiU^x^ - (a^xy - w^ia^xz) m. 

Writing Z before each term, and supposing the axes of x, y, z to be principal 
axes, then the moment of the centrifugal forces about the principal axis Oz 

= fi^] W2 Sm (y* - 05*) = Wi wj (A-B), 

Let the moments of the centrifugal forces about the principal axes of the body 
be represented by L\ M\ N\ so that 

L'=(P-C)«iM8, lf'=(C-J)w,Wi, N'=(^-P)wi«j, 

and let H be their resultant couple. This couple is usually called the centrifugal 
couple. 

Since L'a^+Jlf'cii^+i^^'ci»s=0, it follows that the axis of the centrifugal couple is 
at right angles to the instantaneous axis. 

Describe the momental ellipsoid at the fixed point and let the instantaneous 
axis cut its surface in I. Let OL be a perpendicular from on the tangent plane 
at J. The direction cosines of OL are proportional to Aui^ Po^, Cw,. Since 
A(aiL'+B(a2M* + Cta^N'=0, it follows that the axis of the centrifugal couple is at 
right angles to the perpendicular OL, The plane of the centrifugal couple is 
therefore the plane lOL, 

14—2 



212 MOTION OF A RIGID BODY IN THREE DIMENSIONS. [CHAP. V. 

If fjik^ be the moment of inertia of the body about the instantaneous axis of 
rotation, we have /***=£/ 01* as in Art. 19, and r=j /***«' is the Vis Viva. We may 
then easily show that the magnitude H of the centrifugal couple w H=Ttanif>y 
where <p is the angle lOL. 

This couple will generate an angular velocity of known magnitude about the 
diametral line of its plane. By compounding this with the existing angular 
velocity, the change in the position of the instantaneous axis may be found. 



ExpressioTia for Angular Momentum. 

261. We may now investigate convenient formulae for the 
angular momentum of a body about any axis. The importance 
of these has been already pointed out in Art. 75. In fact, the 
general equations of motion of a rigid body as given in Art. 78, 
cannot be completely expressed until these formulae have been 
found. There are two general methods of proceeding. 

First, we may refer the motion to three axes Ox, Oy, Oz fixed 
in space. To effect this we must discover some sufficiently simple 
expression for the angular momentum about a fixed straight line 
in terms of the coordinates of the body (Art. 73). We then use 
the general principle proved in Art. 78, 

d /Angular momentum about\ __ /moment of im-\ 
dt\ a fixed straight line / \ pressed forces / ' 

Secondly, we may refer the motion to some convenient system 
of rectangular moving axes. Let h^fh^yK he the angular momenta 
about three rectangular axes OA, OB, OC, Let L, M, N he the 
moments of the impressed forces about these axes. Since momenta 
can be compounded and resolved by the parallelogram-law we have 
by Art. 250 

dhijdt — Aa^s + ^^2 = L, 

dKjdt - Aa^i + A, d, = M, 
dhijdt — Aj^j -h Aj^i = ^« 

262. Angular Momentum about the azlB of s. The 

instantaneous motion of a body about a fixed point is given by the 
angular velocities coa-, ©y, ©^ about three axes which meet at the 
point, find the angular momentum about the axis of z. 

Let Xy y, z be the coordinates of any particle m of the body, 
and v! , v\ w' the resolved velocities of ihat particle parallel to the 
axes. Then by Art. 77 the moment of the momentum about the 

axis of -s^ is As = 2m {xv' — yvi). 

Substituting w'=fi)y2r—a)^y, v'^tHjiX—tOxZ from Art. 238, we have 

A^ = Sm (p^ + y*) fi)^ — (^mxz^ o>x — {2,myz) tOy, 
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Similarly the angular momenta about the axes of x and y are 

Ai = 2w (y' + z^) ©a? - (Emxy) tOy — (Imxz) a)^, 

A, = 2m (z^ + ir") ©y — (Smy-^) ©^ — (Smya?) ©a-. 

Here the coeflBcients of ©a-, ci)|,, ©« are the moments and products 
of inertia about the axes which meet at the fixed point. 

263. If there be no fixed point in the body we must use all 
the six components of motion. The form of the result depends 
on the point which is chosen as the base. The form is much 
simplified by choosing the centre of gi*avity as the base point, 
and for the reasons given in Arts. 74, 75 this is generally the 
most convenient point. 

Let Oz be the axis about which the angular momentum is 
required, and let Ox, Oy be two other axes, thus forming a set 
of rectangular axes. Let x, y, z be the coordinates of the centre 
of gravity. Let the instantaneous motion of the body be con- 
structed (as in Art. 238) by the linear velocities w, v, w of the 
centre of gravity parallel to the axes of reference and the angular 
velocities iOx, ^y, ^z round three parallel axes meeting at the 
centre of gravity. 

By Art. 75 the angular momentum about Oz is equal to that 
about a parallel axis throjigh the centre of gravity regarded as 
a fixed point together with the angular momentum of the whole 
mass collected at the centre of gravity. The former of these 
has been found in the last Article and the latter is obviously 
Mi^ — yu), The required angular momentum is therefore 

M (^t; — yu) + 2m {a?^ + y*) ©^ — {Xmxz) ©a- — (S^myz) o>y . 

Here M is the whole mass of the body, and the coefficients of 
(0x3 coy, a>2 are the moments and products of inertia about axes 
which meet at the centre of gravity. 

264. Moving axes. When the axes of reference are moving 
in space, the motion of the body during any time dt is constructed 
by using the components of motion as if the axes were fi,xed 
for the moment in space. See Art. 248. In the expressions just 
given for the angular momentum the axes, regarded as fixed in 
space, may be any whatever. Let them be chosen so that any 
set of moving axes coincides, with them at the time t. Then these 
formulae will express the angular momenta about the moving 
axes at that particular moment, whether they continue to occupy 
the same positions in space or not. The formulce are therefore 
quite general and give the instantaneous angular momenta whether 
the a^xes are fi^xed or not 

If the axes chosen are fixed in space the coefficients of q>«, Wy, 
a)z in the expression for h^ are generally variable and their changes 
may be governed by complicated laws. In such a case it is more 
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convenient to choose axes fixed in the body, and this is the choice 
made by Euler in his equations of motion, Art. 252. 

Suppose a body to be moving about a fixed point 0, and 
let its instantaneous motion be given by the angular velocities 
Oh, 0)9, (0, about axes Ox\ Oy\ Oz fixed in the body. Then the 
angular momentum about the axis of / is 

h^ = Ccos — Eio-i — Doja, 

where C, E and D are absolute constants, viz. 

(7=:2m(a?'" + y'»), E^tmxz\ D^^myzf. 

If the axes fixed in the body are principal axes, the products 
of inertia vanish. The expressions for the moments of the momen- 
tum then take the simple form 

h^ — AtOiy Aj' = i?(Oa, As' = (7fi)8> 

where A, B, C are the principal moments of the body at the 
origin supposed to be fixed in space. 

We may thus obtain a new proof of Evlers equations. Substi- 
tuting these values of the angular momenta for hi, A„ A,, in the 
equations of moving axes (Art. 261), the first becomes 

^ {Aw,) - (5co,) 5, + ((7«3) 0,^L. 

Since the moving axes are fixed in the body 0^ = g>9> ^s = «» 
(Art. 250) and this equation takes the Eulerian form 

Ada)i/dt — {B- G) a)a(03 = L. 

Thie proof may appear to be shorter than that given in Art. 252, but the two 
proofs are really the same. Both depend on a case of the fundamental theorem 
of moving axes (Arts. 249, 260). One proof requires the substitution of x, y, the 
other requires the equivalent substitution of u\ v' (Art. 262). 

265. Working rule to find the angular momenta of a moving 
body about a system of a^ves Ox, Oy, Oz fi^ed or moveable. 

Supposing the body to be turned about a fixed point 0, we 
search for a system of axes Ox\ Oy\ Oz such that we may easily 
find the angular momenta about them. These will generally be 
some axes fixed in the body, and the angular momenta hi, h^\ A,^ 
are then given in the last article. 

Let the direction-cosines of either system of axes with regard 
to the other be given by the diagram as in Art. 
217. Then since momenta follow the parallelo- 
gram-law, the angular momentum about the axis 
of ^ is 

Ag = Ai'oj -f Aj'ij -h Aj'cj. 

The simplicity of this process depends on the 
proper choice of the subsidiary system of axes 
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Ox\ Oy\ 0/. Generally the most convenient axes are the 
principal axes of the body at 0. In this case, we have 

We have yet to express oh, ©a, ©si «,, bt, Cs; in terms of the 
coordinates of the body, Art. 73. If these coordinates are the 
Eulerian angles 0, ^, -^ their Eulerian values are given at length 
in Arts. 256, 258. 

266. When ike body is unicucal, so that two principal moments 
of inertia A and B are equal, two simple expressions can be found 
for the angular momenta about the axes Ox, Oy, Oz. 

First, Let two of the coordinates of the body be the Eulerian 
angles 6, -^ of the axis of symmetry. Referring to the figure of 
Art. 256, let the axes Ox, 0/ coincide with OE, 0C\ then = 
and we see by a simple inspection of the figure that a)i = — i^ sin ^, 

co2= ^. The angular momenta about Ox\ Oy\ Oz being A(Oi,'Ata^, 
Gfo^ we have by a simple resolution 

Ai = -4 •^— sin -^ -77 — sin ^ cos ^ cos i(r -^ • + Cto^ sin cos -i/r, 
Aj = -4 j cos -^ -7- — sin ^ cos ^ sin '^-^\ + Ota^ sin sin y^, 

A, = il sin* -^ •¥ G&)s cos 0. 

at 

We might substitute for w, its value given by Euler s third 
geometrical equation, but this would introduce d(f>ldt into the 
equation, and it will generally be found more convenient to 
retain eos* 

In this way the angular momenta of a uniaxal body about any 
straight lines are expressed in terms of the direction-angles of the 
a^ocis of the body and the angular velocity about it 

Secondly, instead of the unsymmetrical coordinates $, ^ ve may use the direc- 
tion-cosines {, 97, ^ of the axis of the body. Following the rale of Art. 76 we shall 
replace the body by a system of equimomental particles. Suppose we attach to the 
axis OC one or more imaginary particles so that their united moment of inertia 
about any axis through perpendicular to OC is equal to A, Let these particles 
move about with the axis. The motion of the axis is given by the angular velocities 
oil, <a^ and therefore the angular momenta of these particles about the axes OA^ OB 
are clearly Aa^, Ata^, These are the same as those of the body, llie angular 
momentum of the particles about OC is zero. Hence the angular momenta of the 
body about OA^ OB, OC are the same as those of the particles together with 
an angular momentum Cu>^ about OC. It follows by the '* parallelogram law" 
that the same equality holds for all axes. 

Hence the angular momentum of a uniaxal body about any axi$ through U the 
game as that of one or more particles arranged along its axis of figure {so that t^eir 
united moment of inertia about a perpendicular axis through is equal to A) 
together with the angular momentum Cta^ about the axis of figure. 
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Let a single particle be placed on the axis of the body at a distance unity from 
the origin. Its mass is therefore represented by A, Let ({i}^) be the coordinates 
of this particle referred to the axes x, y, z, then ((17^) are also the direction-cosines 
of the axis. The angular momenta about the axes of coordinates are therefore 

If we wish to use 6^ 0, ^ instead of the direction-cosines {, 97, ^ we write for 
(, rjf ^ their values ^= sin 9 cos x//, 97= sin ^sin ^, l;'=co9$. The substitution in the 
last equation is easily effected if we remember the rule in the differential calculus 
^rf-rjd^=r*d^. See Art. 77. We then arrive at the same results for the angular 
momenta A^, ^, A, as before. 

If the uniaxal body is making small oscillations and the axis OC is always so 
nearly coincident with the axis Oz that we can reject the squares of 9, we have 

( = 9cos^, 17= 9 sin ^, i'=l» 

These are very simple formulas for the angular momenta about the fixed axes. 

If the body is moving freely in space we use the centre of gravity instead of the 
fixed point. In this case it is convenient to attach to the axis two equal particles 
lit equal distances on each side of the centre of gravity, so that the centre of 
gravity of the imaginary system is the same as that of the body. The angular 
momentum of the free body about any straight line is then the same as that of the 
system of particles together with the couple Co^, about the axis. 

Ex. 1. A body not necessarily uniaxal is turning about a fixed point 0. Three 
particles are attached to the principal axes at such distances a, b, c from that 

Ma^=i(B + C-A), Ml>^=i{C-\'A-B), Mc*=i(A + B-C). 

Prove that the angular momentum of the body about any straight line through is 
equal to that of these particles. This follows at once from Art. 76. 

Ex. 2. A rod is constrained to remain on the surface of a smooth cone of 
revolution having its vertex at the point of suspension of the rod. Show that the 
angular motion of the rod round the axis of the cone is the same as that of a 
aimple pendulum of length | a sin a/sin /3 where a is the length of the rod, a the 
semivertioaj angle of the cone and /3 the angle the axis of the cone makes with 
the vertical. [St John's Coll. 

To find the moments of the effective forces, collect the mass at an equimomental 
point. To find the moments of the impressed forces collect the mass at the 
centre of gravity. Equating the moments about the axis of the cone the result 
follows at once. 

Ex. 3. A body is turning about a fixed point and has all its principal 
moments of inertia at equal. If d, 0, ^ be the Eulerian coordinates of the axes 
OA, OBf OCf fixed in the body, show that the angular momenta about the axes 
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fixed in space are respectively 

, fd\U d<t>\ 

*i=ii(-sinfd + 8in^cos^0), h^ = A (cos ^^ + sin ^ sin ^0), ^=-4 {-~ +C08d^j. 

267. Ex. 1. The motion of a body is given by the linear velocities (m, v, w) of 

the centre of gravity and the angular velocities (oi,, wy, Vg), prove that the angular 

X ^ f V — a z ~- h 

momentum about the straight line — r" = = '* «^iwtZ to 

^ I m n ^ 

Ihi + mh^ + nh^+M I, to, n 

U, Vf w 

/. 9^ ft 

where M is the mass of the body, Aj , ^ , h^ have the values given in Art, 262, and 
(/, m, n) are the actual direction-cosines of the given straight line. 

This may be done by the ase of the principle proved in Art. 75. The angalar 
momentnm about a parallel to the given axis is clearly l\ + mA, + nh^. We must 
now find the angalar momentum of the whole mass collected at the centre of gravity 
round the given straight line and add these two results together. 

Referriug to the figure in Art. 238, let P be the point (fgh). Let us find 
the angular momentum about a set of axes parallel to the given coordinate axes 
with P for origin. It is clear that NP produced will be the new axis of z. The 
moment of the velocity of the origin about NP is seen to be u . MN - v . OM^ 
which is the same as ug-vf\ this tends in the positive direction round NP. 
Similarly the moments of the velocities of about the parallels to x and y will be 
vh-wg and wf-uh. If we multiply these three by (n, f, m) respectively, we have 
the moment of the velocity of the centre of gravity about the straight line. 
Multiplying this by if we have the angular momentum of the mass at the centre of 
gravity. The required result follows at once. 

Ex. 2. To find the angular momentum of a body about the instantaneous axis 
and also about any perpendicular axis which intersects the instantaneous axis. 

Taking the instantaneous axis for the axis of z, we may use the expressions for 
h^, h^j h^ given in Art. 262. * 

In our case (<'x=0, wy=0, and ci;«=n, where is the resultant angular velocity 
of the body. The angular momenta about the axes of x, y, z t^re therefore respec- 
tively ^1= - (Zmaez) 0, ^2= - {Urnyz) D, ^3= Zm (x' + y*) 0. 

It appears therefore that the angular momentum about any straight line Ox 
perpendicular to the instantaneous axis Oz is not zero unless the product of inertia 
about those two axes is zero. 

To understand this properly we must remember that the angalar velocities 
»2f <tfyi ("« cure used merely to construct the motion of the body during the time 
dt. Referring to the figure of Art. 238, let Oz be the instantaneous axis, then the 
particle of the body at P is moving perpendicular to the plane PLO, and therefore 
the direction of its velocity is not parallel to Ox and does not intersect Ox. The 
velocity of this particle has therefore a moment about Ox, although Ox is perpen- 
dicular to the instantaneous axis. Let 6 be the angle PMN, r=PM, then 

r^d =yz-zy = r*«j. -xzca,- xytay , 

so that the angular velocity 6 of the particle P about Ox vanishes when tag=0 and 
Wy=0, only when the particle lies in either of the planes xy or yz. 
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Ex. 3. A straight line OL turns about a fixed point O so that-r- =^ where h is 

at 

the angular momentum of a body and N the moment of the impressed forces 

about OL. Prove that every point of OL is moving perpendicularly to the plane 

which contains it and the resultant axis of angular momentum at 0. 

Ex. 4. A triangular area ACB whose mass is M is turning round the side CA 
with an angular velocity w. Show that the angular momentum about the side 
CB is ^Mab sin^ Cu, where a and b are the sides containing the angle C. 

Ex. 5. Two rods OA^ AB^ are hinged together at A and suspended from a fixed 
point 0. The system turns with angular velocity w about a vertical straight line 
through O so that the two rods are in a vertical plane. If ^, be the inclinations 
of the rods to the vertical, a, b their lengths, M, M' their masses, show that the 
angular momentum about the vertical axis is 

M [(iJfcf + 3f' ) a* 8in« ^ + M'od sin ^ sin + JAf' 6" sin« 0]. 

Ex. 6. A right cone, whose vertex is fixed, has an angular velocity w com- 
municated to it about its axis OC^ while at the same time its axis is set moving 
in space. The semi-angle of the cone is ^t and its altitude is h. If (? be the 
inclination of the axis to a fixed straight line Oz and ^ the angle the plane zOG 
makes with a fixed plane through Oz, prove that the angular momentum abont 

Oz is %Mh? I sin' B-j-+i<a cos j , where M is the mass of the cone. 

Ex. 7. A rod AB Ib suspended by a string from a fixed point and is moving 
in any manner. If {I, m, n) (p, q, r) be the direction cosines of the string and rod 
referred to any rectangular axes OXy Oy, Oz, show that the angular momentum 
about the axis of z is 

i^^o/.^^wi dl\ ,,«*/ dq dp\ ,,ab / dm dp .dq dl\ 

where M is the mass of the rod, and a, b are the lengths of the rod and string. 

268. As examples of the use of the expressions for the 
arfgular momentum of a body we shall apply them to the solution 
of two problems on the motion of a body in three dimensions. 
In these the axes of reference are fixed in space, the use of 
moving axes being reserved for the present. For further informa- 
tion we must refer the reader to the second volume where a 
whole chapter is devoted to examples and illustrations of the 
difiFerent methods of finding the motion of a body in three dimen- 
sions. 

Pboblsm I. A uniaxal top spins on a perfectly rough table with its axis nearly 
vertical^ find the small oscillations of the top *. 

Let be the apex, OC the axis of the top. Let C and A be the moments of 
inertia about the axis OC and any perpendicular to OC through 0. Since the 
centre of gravity G of the top is in its axis, the impressed forces have no moment 
about OC. Also A = Bf hence by Euler's third dynamical equation Cw,=0. 



* The general motion of a top under the action of gravity will be considered in 
the second volume. The small oscillations of unsymmetrical and inclined tops will 
be found in that volume. A slight historical account will also be given. 
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Tha« the angnlur velocity of the top aboat its axis is always the same. Let 
cii^=n be this constant angular velocity. 

^^ If r/t f be the direction-cosines of OC referred to 
fixed axes in space, viz. Ox, Oy^ Oz where Oz is vertical. 
Since the axis of the top is to be always very nearly 
vertical we have ^=1 while {, 17 are small quantities 
whose sqaares will be neglected. Let 1 = 00^ and let 
the mass be represented by unity. 

The moments of gravity acting at Q roand the axes 
of X, y are found by the usual formulsd 

L=yZ-zY=i -Ig-n, M=zX'^xZ = lg^, 

where X=0, Y^O, Z= -g Siie the components of gravity. The angular momenta 
of the body about these axes are by Art. 266, 

hi= -A71 + Cn^, Aj= A^ + CriTi, 

Since these axes are fixed in space we have 

- ^i? + C?«i = - gift, A'i + Cnri = gl^. 

The equation obtained by using the angular momentum about the axis of z merely 
shows over again that w, is constant, a result already deduced from Euler's 
equations. 

To solve these we put { = Pcos (fit+f), ri= Q sin (fU+f); 

8nb8tituting we find 

{Afi^'\-gl)Q-CnfiP=0, CnfiQ-{Afi^+gl)P^O, 

Th ese give Apfl+gl=^ Cufi, 

It is unnecessary to take both the signs on the right-hand side. If we choose one 
sign the e£fect of the other sign is merely to change the sign of /i and this merely 
alters the as yet undetermined constants Q and /. Without loss of generality we 
may choose the upper sign. This makes both the resulting values of fi positive. 
It also gives P = Q. The values of fi are 

2Afi= Cn:i^ (C«w« - 4gAl)K 

Bepresenting these two by fi=Mi and fA^ we have 

{ = Pi cos (/*!« + /i) -h Pa cos (mj« + /a) 

rj=P^ sin (Mjt -I- /i) + Pj sin {fju^t + /,) 

where P^ » Pj, /i « /s are four constants to be determined by the initial values of (, 97, (, if. 
Let us represent the initial values of the coordinates by the suffix zero. Then 

io=PiCos/i + P,cos/j, -|o = ^iMiBin/i-i- Pj^sin/j, 

rfQ=Pi sin/i -hPa sin /g, '7o='PiMi cos/i +PjM2 cos/j. 

Pa« (/ij - /u,)« = (^0 - Miio)' + «o + /^Vo)^i ' 
U $t }phe the angular coordinates of the axis we have 

^ = ^ + V = Pi« + P2« + 2P,P2C0s{(Mi-M2)t + /l-/»} 

<?*^=ei7- i'?=i'i'Mi + A% + AA(/«i + M») COS {(Ml - Aia) t-h/, -/,}. 

Supposing Pj and P, not to be equal we see that 6 can never vanish, i.e, the axis of 
the top can never become strictly vertical. Also ^ will never vanish unless 
PjPj (fii+/ia) i» greater than PiVi + Pa*/*a» i-^- the plane ZOC will revolve round OZ 
always in the same direction or with temporary reversions of direction according as 
PJP^ does not or does lie between fi^lfi^ and unity. 



These give 
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In order that Pi^P^ it is necessary that initially 

This requires that ij/ should initially differ from ) (/x, + /x,) by small quantities of 
the order P. In this case ^ will keep one sign throughout the motion and the axis 
will become vertical at a constant interval equal to 2t/(a4 - /u, ). 

We have assumed that the values of fi are both real and unequal. If the value 
of n be so small that the values of /a are imaginary, the values of { and ti will 
contain real exponentials. In this case the values of { and 17 do not in general 
remain small. This indicates that the top has not sufficient rotation about its axis 
to keep the axis vertical. It will begin to fall away from the vertical position, but 
its subsequent motion has not been investigated here. 

If CW=4gAl the two values of u are real and equal. In this case it will be 
seen thaA the equations are satisfied by 

^ = Pi cos (/it + /i) + P,t COB (^t + /j) 

17= P, sin (m« + /i) +P2« sin (/xt+/j). 

The original disturbance of the top has been supposed to be of the first order of 
small quantities. As time goes on the top will deviate from the vertical until {, 17 
become so large that their squares cannot be neglected, that is until they become 
large when compared with the original disturbance. The subsequent motion has 
not here been investigated and the axis of the top might afterwards return to the 
immediate neighbourhood of the vertical. See Vol. 11., Art. 202 p. 

Ex. A uniaxal body rotates about its axis with an angular velocity n. Two 
inextensible strings are attached to two points on the axis at distances, each equal 
to b, from the centre of gravity G of the body. The other extremities of the strings 
are attached to two points fixed in space. The length of each string is a and its 
tension is T. The mass of the body is unity. Prove that the period 2t/jp of the 
linear oscillations of G is given by ap*=2r, while the periods 2T/g of the angular 
oscillations of the axis are given by ^9^ - Cnq = 2r (a + &) &/a. [See Vol. n. , Art. 15. 

269. Problem II. To find the motion of a sphere on a perfectly rough plane. 

Let the plane be taken as the plane of xy and let P, P' be the frictions at the 
point of contact resolved parallel to these axes. Let X, Y be the resolved impressed 
forces which we shall suppose to act through the centre. Let a be the radius of 
the sphere, k its radius of gyration about a diameter and let its mass be unity. 

Consider the diameters parallel to the axes of x and y. The angular momenta 

about them are k^ui and k^w^ These 
directions are fixed in space, hence we 
have by Art. 78 or 261, 

Fw,=P'a, A«wj=-Pa. 

If u and V be the velocities of the 
centre of gravity parallel to tbe axes 

u=X+F, v=Y+F\ 

Also since the point of contact with 

u-aw,=0, v + a(tfi=0. 




the plane does not slide 

Eliminating P, F', Wj and wj we find 

du _ a? 
di~~ 



X, 



dv 
di 



r. 



These are the equations of motion of a sphere moving as a particle without 
rotation on a smooth plane under the action of the same forces but reduced in 
the ratio a'/(a'+ A*). Since k*=^a^ we may enunciate this result as follows. 
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If a homogeneous sphere* roll on a rough fixed plane under the <iction of any 
forces whatever, whose resultant passes through the centre of the sphere^ the motion 
of the centre is the same as if the plane were smooth, and all the forces were reduced 
to five-sevenths of their former value. 

Ex. 1. If the coefficient of friction is greater than fi2/Z where R is the re- 
sultant impressed force parallel to the plane and Z the normal force, prove that 
the friction will always be sufficient to prevent the sphere from sliding. 

Ex. 2. A sphere is placed on an inclined plane sufficiently rough to prevent 
sliding, and a velocity in any direction is communicated to it. Show that the 
path of the centre will be a parabola. If F be the initial horizontal velocity of 
the centre, a the inclination of the plane to the horizon, the latus rectum will be 
14r«/6^sina. 

Ex. 3. A homogeneous sphere rolls on a perfectly rough plane under the action 
of a force varying inversely as fche square of the distance from a point in the plane 
of motion of the centre, prove that its centre describes a conic section ; and if, when 
the distance of its centre from the centre of force is one-quarter of the major axis 
of its orbit, the sphere come to a smooth part of the plane, the major axis of the 
orbit will be suddenly reduced to 7/13 of its former value. [Trin. Coll. 

Ex. 4. A homogeneous sphere moves, without rotation, on a smooth horizontal 
plane, under the action of a central force such that the centre of the sphere describes 
an ellipse with the centre of force in the focus. If the sphere arrive at a part of 
the plane which is perfectly rough when the distance of its centre from the centre 
of force is 1/nth of the major axis of its orbit, show that the major axis is diminished 
in the ratio 7 : 5+2n. If the sphere come again to the smooth part of the plane 
when the distance of its centre from the focus is the same fraction as before of the 
major axis, the major axis is again diminished in the same ratio. 

Ex. 5. Two spheres equal in volume but of different masses attract each other 
according to the law of nature and roll on a rough plane. Show that they each 
describe ellipses relatively to their common centre of gravity with that point for 
a focus. 

Ex. 6. A uniform circular disc is rotating in its own plane with very large 
angular velocity about its centre O which is fixed. Prove that if a tap be given to 
the disc in a direction perpendicular to its plane, at a point A, the diameter 
through A will approximately describe a plane slightly inclined to the original 
position of the plane of the disc, while the diameter at right angles to it will describe 
the same plane as before. [Math. Tripos, 1903. 

270. The principal axes are generally chosen as the axes of reference because 
the moments of the effective forces for these are extremely simple. Thus the 
somewhat long equations of Art. 252 reduce to the simple Eulerian forms when 
referred to principal axes. But sometimes it is important to choose other axes 
which suit better the geometrical conditions of the problem. The discussion of 
such axes is reserved for the second volume of this treatise. But when the motion 
is steady, so that the angular velocities are constant, the unreduced equations of 
Art. 252 will sometimes take so simple a form that an easy solution can be found. 

* This theorem was given by the author as a problem in the Mathematical 
Trii)os 1860 ; see the solutions for that year. Another demonstration is given in 
the second volume by which a corresponding theorem is obtained for the case in 
which the sphere rolls on another sphere. 
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Ex. A heavy body U attached by two hinges to a horizontal axit about which it is 
capable of moving freely. The axis is made to rotate with a uniform angular velocity to 
about a vertical axis intersecting it in a point O. It is required to find the condition* 
that the body may be inclined at a constant angle to the vertical. 

Let the horizontal axis which is fixed in the body be taken as the axis of z. 
Then the vertical lies in the plane of xy^ let it make angles $ and ^ir-$ with the 
axes of X and y. The whole system tarns round the vertical with an angular 
velocity w. Hence by resolution <ax=(aco8$, (t}f=ta sin 0^ (ii,=0. Remembering 
that these angular velocities are constant, the general equation of moments of 
Art. 262 becomes - Zmxy ( w^* - «,,') + 2m (a:* - y*) Ug Wy = N. 

To find Nf we resolve the weight Mg parallel to the axes, then X= - Mg cos tf, 
Y= - Mg sin 9, Z=0. If (x, 2/, 2) be the coordinates of the centre of gravity we have 
N=xY-yX. The required relation between <a and $ is therefore 

w* {cos 2eZmxy - i sin 2^2i» {x^ - y')} = Mg {x Bind-y cos $). 

The integrals Zmxy and 2m (x^ •> y^ can be expressed in terms of the moments 
and products of inertia of the body in the usual manner. 

Problems on steady motion may often be easily solved by a direct application of 
D*Alembert*s principle. Thus, in the problem just discussed, each element of the 
body describes with uniform angular velocity a horizontal circle whose centre is in 
-the vertical axis. If r be the radius of this circle the effective force on the element 
is mcoV and its direction is along the radius. The body may therefore be regarded 
as being in equilibrium under the action of its weight and a system of forces acting 
directly from the vertical axis and varying as the distance from that axis. The 
equation found above may be obtained by taking moments about Oz, 

Ex. 1. If the body be pushed along the axis of z and made to rotate about the 
vertical with the same angular velocity as before, show that no effect is produced on 
the inclination of the body to the vertical. 

Ex. 2. If the body be a heavy disc capable of turning about a horizontal axis Oz 
in its own plane, show that the plane of the disc will be vertical unless 1^t^>ghy 
V7here h is the distance of the centre of gravity of the disc from Oz and k the radius 
of gyration about Oz. 

Ex. 3. If the body be a circular disc capable of turning about a horizontal axis 
perpendicular to its plane and intersecting the disc in its circumference, show that 
if the tangent to the disc at the hinge make an angle $ with the vertical, the angular 
velocity w is given by w*a sin $=g. 

Ex. 4. Two equal balls A and B are attached to the extremities of two equal 
thin rods Aa^ Bb. The ends a and b are attached by hinges to a fixed point and 
the whole is set in rotation about a vertical through as in the governor of the 
steam-engine. If the mass of the rods be neglected show that the time of rotation is 
equal to the time of oscillation of a pendulum whose length is the vertical distance 
of the centre of either sphere below t)ie hinges at O. 

Ex. 5. If in the last example m be the mass of either thin rod and M that 
of either sphere, I the length of a rod, r the radius of a sphere, h the depth of either 

centre below the hinge, then the length of the pendulum is z ,}-;r^-, — T— , . 

Z + r M{l-\-r) + ^ml 

ON FINITE ROTATIONS. 

271. When the rotations to be compounded are finite in magnitude, the rule 
to find the resultant is somewhat complicated. As already mentioned in Art. 229 
juch rotations are not very important in rigid dynamics. We shall therefore only 
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briefly mention a few propositions whioh may throw light on those already discassed 
when the motion is infinitely small. We begin with the proposition oorresponding 
to the parallelogram of angular velocities. 




Bodrlsnea' Tlieorem. A body hat two rotations, (1) a rotation about an axis 
OA through an angle $ ; (2) a subsequent rotation about an axis OB through an angle 
0^ and both these axes are fixed in space. It is required to compound the rotations. 

Let lengths measured along OA^ OB represent the directions of these rotations 
in the manner explained in Art. 231. 

Let the directions of the ares OA, OB cut a sphere whose centre is at in il 
and B, On this sphere measure the angle BAC equal to \$ in a direction opposite 
to the rotation round OA and also 

the angle ABC equal to J^ in the g^ 

same direction as the rotation '^ 

round OB, and let the arcs inter- 
sect in C Lastly, measure the 
angles BAC, ABC respectively 
equal to BAC, ABC, but on the 
other side of AB, 

The rotation $ round OA will 
then cany any yoini P in OC into 
the straight line OC, and the sub- 
sequent rotation $' about OB will 

cany the point P back into OC, Thus the points in 00 are unmoved by the 
double rotation and OC is therefore the axis of the single rotation by which the 
given displacement of the body may be constructed. The straight line OC is called 
the resultant axis of rotation. If the order of the rotations were reversed, so 
that the body was rotated first about OB and then about OA, the resultant axis 
would be OC. 

If the axes OA, OB were fixed in the body, the rotation $ about OA would bring 
OB into a position OB'. Then the body may be brought from its first into its 
last position by rotations e, ff about the axes OA, OW fixed in space: Hence the 
same construction will again give the position of the resultant axis and the rotation 
about it 

271 a. To find the magnitude 6" of the rotation about the resultant axis OC we 
notioe that if a point P be taken in OA, it is unmoved by the rotation $ about OA, 
and the subsequent rotation $' about OB will bring it into the position P", where PP' 
is bisected at right angles by the plane OBC. But the rotation $*' about OC must 
give P the same displacement, hence in the standard case 9" is twice the external 
angle between the planes OCA, OCB. If the order of the rotations be reversed, 
the rotation about the resultant axis OC would be twice the external angle at C, 
which is the same as that at C. So that though the position of the resultant axis 
of rotation depends on the order of rotation the resultant angle of rotation is 
independent of that order. 

272. A rotation represented by twice any internal angle of the spherical 
triangle ABC is equal and opposite to that represented by twice the corresponding 
external angle. For since the sum of the internal and external angles is t, these 
two rotations only differ by 2ir ; and it is evident that a rotation through an angle 
2t cannot alter the i)osition of any point of the body. This i^ merely another way 
of saying that when a body turns about a fixed axis it may be brought from one 
given position to another by turning the body either way round the axis. 
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273. The rule for compounding finite rotations may be stated thus : 

If ABC he a spherical triangle^ a rotation round OA from C to B through twice 
the internal angle at A^ followed by a rotation round OB from A to C through twice 
the internal angle at B, is equal and opposite to a rotation round OC from B to A 
through twice the internal angle at C. 

It will be noticed that the order in which the axes are to be taken as we travel 
round the triangle is opposite to that of the rotations. 

We observe that the sine of half the angle of rotation about each axis is pro- 
portional to the sine of the angle between the other tivo axes. 

As the demonstrations in Art. 271 are only modifications of those of Bodrigues, 
we may call this theorem after his name. Bodrigues* paper may be found in the 
fifth volume of Liouville^s Journal, 

Ex. If two rotations 0, 0' about two axes OA^ OB at right angles be com- 
pounded into a single rotation about an axis OC^ then 

tanC70^ = tan^^coseo J9, tan COB = tan ^^cosec^^, and oos}0 = cos J^cos J^. 

274. SylTestar'B Vhmarvwou From Bodrigues' theorem we may deduce 
Sylvester's theorem by drawing the polar triangle A'B'C\ Since a side B'C \& 
the supplement of the angle A, a rotation represented in direction and magnitude 
by 2B'C' differs from that represented by 2A in the opposite direction by a rotation 
through an angle 2ir. But a rotation through 2ir cannot alter the position of the 
body, hence the two rotations 2B'C' and 2A are equivalent in magnitude but opposite 
in direction. If therefore A'B'C be any spherical triangle , a rotation represented 
by twice B'C followed by a rotation twice C'A' produces the same displacement of the 
body 04 a rotation twice B'A', By a rotation B'C is meant a rotation about an axis 
perpendicular to the plane of B'C which will bring the point B' to C. 

275. The following proof of the preceding theorem was given by Prof. Donkin 
in the Phil. Mag. for 1851. Let ABC be any triangle on a sphere fixed in space, 

a/97 a triangle on an equal and concentric 
sphere moveable about its centre. The sides 
and angles of a^y are equal to those of ABC, 
but differently arranged, one triangle being 
the inverse or refiection of the other. If the 
triangle a/Sy be placed in the position I, so 
that the sides containing the angle a may be 
in the same great circles with those contain* 
ing ii , it is obvious that it may slide along AB 
into the i)osition II, and then along BC into 
the position III ; into which last position it 
might also be brought by sliding along AC. 
To slide a/Sy along AB is equivalent to 
moving /9 and a each through an arc twice 
the arc AB about an axis perpendicular to 

the plane of AB. A similar remark applies when the triangle slides along BC or AC. 

Hence, twice the rotation AB followed by twice the rotation BC produces the same 

displacement as twice the rotation AC. 

276. Sotation Oonptoa. If it be required to compound the rotations about 
two parallel axes, the construction of Bodrigues requires only a slight modification. 
Instead of arcs drawn on a sphere, let planes be drawn through the axes makiug 
with the plane containing the axes the same angles as before ; their intersection will 
be the resultant axis. One case deserves notice. If ^= - 9', the resultant axis is at 
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an infinite distance. A rotation abont an axis so situated is evidently equivalent to 
a trannlation. It follows that a rotation $ about any axii OA foUowed by an equal 
and oppotite rotation a^bout a parallel axis O'B is equivalent to a translation t in 
some fixed direction. 

Supposing the rotation abont OA to precede that about O'B^ we may apply the 
theorem to any point on the axis OA, Since this point is not moved by the rotation 
about that axis, it is evident that the translation t must be equal to and coincide with 
the chord of the arc described by A when the system is rotated about O'B. The 
translation is therefore equal to 2a sin ^ d and its direction makes an angle i{T-$) 
with the plane containing the axes OA and O'B; see Art. 271 a. 

We call to mind a corresponding theorem already proved in Art. 223. A rotation 
6 about an axis OA is equivalent to an equal rotation about a parallel axis O'B 
together with a translation. By the same reasoning as before we see that this 
translation is equal to and coincides icith the chord of the arc described by B 
when the system is turned round OA. In the same way, the translation, when 
reversed, is equal to the chord of the arc described by A when the system is turned 
round O'B. 

276 a. A simple analytical proof can be given of these theorems. Let a plane 
intersecting the axes at right angles be called the plane of xz. .Let (r, 0), (a;, z) be 
the polar and Cartesian coordinates of any point P in this plane referred to the 
point of intersection A as origin and AB sa axis of x. The rotation $ round A will 
bring P into a position P' whose coordinates are (x', z'). Then 

a:' =r cos {0 + 0) =x cos ^ - z sin ^, 

z'=irBm(0-\-ip)=x sin^+zcos^. 

Thus x'y z* are linear functions of x, z. The rotation - $ round B will bring P" into 
the position P" and we have 

a:"-a=(x'-a)cos^ + 2' sin^, z"=~ -(a?'-a)sin^+«'co8^. 

Eliminate (x', z') and we find 

a/'=x+2asinSi^, £"=« + 2asini9cos J^. 

The point P may therefore be moved to P" by a translation t = 2a sin ^^ in a direction 
making an angle \(t-0) with the axis of x. The other theorem may be proved in 
the same way. 

277. OoqJiisaM Xotatloiis. Any given displacement of a body may be repre- 
sented by two finite rotations^ one about any given straight line and the other alfout 
some other straight line which does not necessarily intersect the first. When a dis- 
placement is thus represented, the axes are called conjugate axes and the rotations 
are called conjugate rotations. 

Let OA be the given straight line, and let the given displacement be represented 
by a rotation ^ about a straight line OB. and a translation OT. We wish to resolve 
this rotation about OR into two rotations, one about Oil to be followed by a rotation 
about OBf where OB is some straight line perpendicular to OT. To do this we 
follow the rule in Art. 271, we describe a sphere whose centre is and radius 
nnity and let it intersect OA, OR, OT in A, R and T. Make the angle ARB equal 
to the supplement of i0, and produce RB to B so that rB=iir, and join AB. By 
the triangle of rotations the rotation <f> is now represented by a rotation about OA 
which we may call 9, followed by a rotation about OB which we may call 0'. 

By Art 276 the rotation ^ is equivalent to an equal rotation 0^ about a parallel 
axis CDy together with a translation, which may be made to destroy the translation 
OT. This will be the case if the angle OT makes with the plane of OB, CD be 

R. D. 15 
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i{T- $'} on the one side or the other of OT according to the direction of the rotation, 
and if the distance r hetween OB, CD be such that 2r sin } ^' is equal to the trans- 
lation OT. The whole displacement has thus been reduced to a rotation $ about OA 
followed by a rotation 6' about CD, 

278. Compositioii of B cre w, Any two sitccessive ditplacemenU of a body may 
be represented by two succesnve screw motions. It is required to compound these. 

Let the body be screwed first along the axis OA with linear displacement a and 
angle of rotation B measured as in Art. ^27^ and secondly along the axis CD with 
displacement a' and angle ff. Let OC be the shortest distance between OA and CD, 
and for the sake of the perspective let it be called the axis of y. Let be the 

origin and let the axis of x 
be parallel to CD^ so that 
OA lies in the plane of xz. 
Let OC=r, and the angle 
AOx=a. Draw a plane xOT 
making with the plane of xz 
an angle ^0', «nd let it cut 
yt in OTI Draw another 
plane 40 R making with xz 
an angle }^, and cutting the 
plane xOT in OR. 

Produce ^10 to a point P, 
not marked in the figure, 
so that PO=a, and let as 
choose P as a base point to 
which the whole displace- 
ment of the body may be 
referred. The rotation 0' is equivalent to-a rotation ^^Hibout Ox together with a 
translation along Or=2rsini^' by Art-.223^ By Art. v^7yhe rotation^ about OA 
followed by 0' about Ox is equivalent to a rotation O about OR where Q is twice the 
angle ART, so that siniQ= -cos^dcosi^ + sini^sini^'cosa. The whole dis- 
placement is now represented by (1) a translation of the base point P to O, (2) the 
rotation 12, (3) a further linear translation which is the resultant of the translations 
2rsinid' along OT and a' along Ox. By Art. 219; these displacements may be 
made in any order, being all connected with the same base point., ^ey may 
therefore be compounded into a single screw by the rule given in Art.^25P This is 
called the resultant screw. A screw equal and opposite to the resultant screw will 
bring the body back to its original position. 

The angle of rotation of the resultant screw is Q and its axis is parallel to OR 
by Art. 220. It follows by Art. 271 that the sine of half the angle of rotation of 
each screw is proportional to the sine of the angle between the axes of the other 
two screws. 

To find the linear displacement along the axis of the resultant screw, we must 
by Art. 222 add together the projections on OR of the three displacements OT,a, a'. 
The projection of OT = 2r sin ^^ cos 772 =2r cos Tj^. cos Ti2, which is twice the 
projection of the shortest distance r on the axis of rotation. If T be the linear 
displacement, we have r=2rcosi{^ + acosjRil+a'oosjRx. 

279. If the component screws are simple rotations^ we have a=0, a'=0, and it 
may be shown without difficulty that T sin ^ Q = 2r sin ^ ^ sin ^ ^' sin a. It has been 
shown in Art. 277 that any displacement may be represented by two conjugate 
rotations in an infinite number of ways, but it now follows that in aU these 
rsin^O, sinks' sin a is the same. When the rotations are indefinitely smaU, and 
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equal to todt, fa'dt respectively, thia beoomea Jrwc/ (dt)*8in a; that is, the product of 
an angular velocity into the moment of its conjugate angular velocity about its axis 
is the same for all conjugates representing the same motion. 

Ex. If the component screws be simple finite rotations, show that the 
equations of the axis of the resultant screw are 

-artan0'+ysinJ^' + zco8i^=rBinJ^', y oo^^ff - 1 sm^e' =r VASi\e* otMif/ coi\il, 

where 4>' is the angle xOR and Q is the resultant rotation. The first equation 
expresses the fact that the central axis lies in a plane which bisects at right angles 
a straight line drawn from perpendicular to OR in the plane xOR to represent the 
linear translation in that direction. The second expresses the fact that the central 
axis lies in a plane parallel to TOR at a distance from it determined by Art. 225. 

280. Thm Vaioeltsr of any Point. The formulas corresponding to those given 
in Art. 238 for infinitely small motions are rather more complicated. 

A ditplaeement of a body is given by a rotation through a finite angle $ about an 
axit 01 passing through the origin whose direction cosines are {I, m, n). It is 
required to find the changes produced in the coordinates (x^ y, z) of any point P. 

Instead of displacing the body, it is more convenient to rotate the axes of co- 
ordinates in the opposite direction through an equal angle B about the same axis 01, 
The problem is then seen to be the converse of that discussed in Art. 217. 

Let the axes Ox, Oy, Oz after this rotation take the positions Ox', Oy', Oz* ; let 
the new coordinates of P be x'=a; + dx, 2^'=y+5y, z'^z^-Zz, Let a, /3, 7 be the 
direction angles of 01 referred to either system of axes. 

Let these axes intersect the surface of a sphere of unit radius in il, B, 0; 
A*j B\ C\ Then by projections 

x' =x ooB AA' + y COB BA* + z COB CA'. 

From the spherical triangle I A A', aniAA'=BlnaBiai0, From the two 
spherical triangles BIA, BIA\ we have 

0=oos a cos /3+ sin a sin /9 cos Z, 
cos £i4' = COB a cos /3 + sin a sin /3 cos (Z + ^), 
where Z = BIA, Remembering that Z = cos a, 
in=cos/3, n=oo87, the first gives tan if = -njlm^ 
and the second gives 

cos BA'= Itn - Im (cos - tan Z sin $) 
= Bin0{-n + lm tan ) 0). 
Similarly, by changing the sign of 0, we have 

COB C A' =Bm0{m + In taLU^0); B* 

.'. cosec9dx= -xtani9+7nz-ny+2tani9(2x+my+>u) (1), 

with similar expressions for 83^, Iz, 

If the origin have a linear displacement whose resolved parts parallel to the axes 
Ox, Oy, Oz are a, 6, c, we must add these to the values of &r, dy, hz, 

280 a. Vba central azla. Supposing that the displacement is given by a 
trarulation (a, b, c) and a rotation about the axis (2, m, n) the equations of the 
central axis follow without difficulty. The required axis is parallel to 01 (Art. 225) 
and the translation along it is equal to the projection of the translation of the origin 
(Art. 222). Any point on the central axis must therefore satisfy the equations 

^ = ?l'- = ?f = to+m6+nc (A). 

I m n 

15—2 
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I' (/» 9t ^) ^ the coordinates of the foot of the perpendioular drawn from the 
origin on the central axis we haye 

2/=a - 1 (al + bm+cn) - (6n - cm) cot i^, 

with similar expressions for g, h. The equation of the central axis then takes the 
simple form 

'^=y-J-=l:± (8). 

To obtain this value of /, we write /, g, Ji, for x, y, z, in the expressions for 
dx^ ^t 8z, Representing the right-hand side of the equation (A) by K for brevity, 
and remembering that fl+gm + hn=Oi we obtain 

ZiT- a= ( -/ tan J^+m/i - n^) sin ^ 

together with two similar equations. Multiplying these three equations by - tan ^ 0* 
n, -m respectively and adding we find 

(a-LfiOtanJ«-(&n-cm)=/(l + tan»J^)sintf, 

which leads at once to the required value of /• 

280 b. TLodriguMm' fonniila. If (^, i;, ^) are the coordinates of the middle point 
of the whole displacement of any point P we have ^=x + i8Xf &c. The expressions 
for the component displacements then take the form 

3j; = a + 2tanJtf{m(f-Jc)-»(i;-46)} (2). 

These agree with the results given by Rodrigues. To obtain these, we notice that if 
after turning the body round 01 through an angle 0, we rotate it back through the 
same angle, it will resume its former position. If therefore we write x + dx, Ac. for 
X, y, i on the right side of equation (1) and change the sign of 0^ we should get the 
same left-hand side with - bx and - written for ix and 0, We thus have 

cosec 0lx^ + (ar -h 3a?) tan J^ +m (z + fo) - n (y -h 5y) - Z tan J ^ {Z (j? 4- to) + ... }. 

Remembering that l6x-\-mhf-\-n?iz=0, because there is only a rotation. Art. 222, we 

find, by addition 

to = 2 (m^i - nrj^ tan \ 0, 

where ^i=x-^idxj <fec. are the coordinates of the middle of the displacement due to 
rotation alone. When the origin has a linear displacement also, represented by 
a, 6, c, we include these in the values of to, Sy, 8z, Since ^, 17, ^, are the coordinates 
of the middle point of the whole displacement we write ^i=^-ia, &c. and we then 
immediately obtain equations (2). 

Since the whole displacement of any point on the central axis is along that 
axis, 1, 17, ^, are also the coordinates of a point on the axis. The equations of the 
central axis may therefore also be found by substituting these values of to, $y, dz 
in equation (A). 

281. By using the formula for to, dy, 8z we can find the components of the 
whole displacement of any point P due to two screw motions taken in order about 
axes (I, 111, n), (V, m', n') drawn through any points (/, g, h)y (/', g% h'). Let the 
rotations and translations be (^, v), {$*, v'). The displacement of a;, y, z due to 
the first is dx=vl+an0{-'t(x'-f) + m{z-h)''n{y-g) + ltP}, where 

t=tanj^ and P=l{x-f) + m(y-g)-{-n{z-h)y 

with similar expressions for Sy, dz. The displacements d*x, S'y, S^z, due to the 
second screw are found by writing ar-t-to-/', &c. for x,y,z\ l\ m', n' for Ijrntn; 
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and d\ v' for 9, v. Adding the two together we hare the whole displaoements 
Aj;=&r + 2'a;, <tc. due to both screws. There is no difficalty in the prooees except 
that in the general case the result is rather long. We thus arrive at ikru linear 
expreuicnt for the components Ax, A^, Ax of the whole displacement due to both 
screws. These are of the form ^x^a-k-Ax-^By + Cz with similar expressions 
for Ay, Az. 

To find the central axis of the two screws we notice that the locus of points 
whose displacements are eqaal and parallel is a straight line parallel to the axis of 
the resultant screw, Art. 220. Patting then Ax=a, Ay=&, Az=c, we have three 
linear equations, any two of which determine the ratios of x, y, z, and therefore 
give the direction-cosines of the central axis. Let these be X, /a, v. The equation 
of the central axis is then 

Ax Ay Az . . 



CHAPTER VI. 



ON MOMENTUM. 



282. The term Momentum has been given as the heading 
of this Chapter, thou£[h it only expresses a portion of its contents. 
The object of the Chapter may be enunciated in the following 
problem. The circumstances of the motion of a system at any 
time to are given. At the time ^ the system is moving under 
other circumstances. It is required to determine the relations 
which may exist between these two motions. The manner in 
which these changes are effected by the forces is not the subject 
of enquiry. We only wish to determine what changes have been 
effected m the time ^ — <©• If the time ti-to oe very small, 
and the forces very great, this becomes the general problem of 
impulses. This also will be considered in the Chapter. 

Let us refer the system to any fixed axes Ow, Oy, Oz, Then 
the six general equations of motion may, by Art. 72, be written in 

the form ^ d^z ^ „ 

2m ^ = ^mZ 

%m(x^-y^)=tm (a^Y- yX) 
Integrating these from ^ = ^o to ^ = ^, we have 

Let an accelerating force F act on a moving particle m during 
any time ti — U^ and let this time be divided into intervals each 
equal to dt At the middle of each of these intervals let a line 
be drawn from the position of m at that instant, to represent, at 
the same instant, the value of mFdt both in direction and magni- 
tude. Then the resultant of these forces, found by the rules of 
statics, may be called the whole force expended in the time U — ^• 

Thus I mZdt is the whole force resolved parallel to the axis of Z. 

These equations then show that 



t 
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(1) The change produced hy any forces in the resolved part 
of the momentum of any system is equal in any time to the whole 
resolved force in that direction, 

(2) The change produced by any forces in the moment of the 
momentum of the system about any straight line iSy in any time, 
equal to the whole moment of these forces about that straight line. 

When the interval ^-^ is very small, the "whole force" 
expended is the usual measure of an impulsive force, and the 
preceding equations are identical with those given in Art. 86. 

It is not necessary to deduce these two results from the equa- 
tions of motion. The following general theorem, which is really 
equivalent to the two theorems enunciated above, may be easily 
obtained by an application of D'Alembert's principle. 

283. Fundamental Theorem. If the momentum of any 
particle of a system in motion be compounded and resolved, as if it 
were a force acting at the instantaneous position of the paiiicle, 
axxording to the rules of statics, then the momenta of aU the par- 
tides at any time ti are together equivalent to the moiyienta at any 
pi*evious time t^ together with the whole forces which have acted 
during the interval. 

The argument from D'Alembert's principle may be made clearer by being put at 
greater length.' If we multiply the mass m of any particle P by its velocity v, the 
product is the momentum mv of the particle. Let us represent this in direction 
and magnitude by a straight line FF* drawn from the particle in the direction of 
its motion. For the purposes of composition and resolution this representative 
straight line (in accordance with the rules of statics) may be moved to any position 
in the line of motion ; let it therefore move with the particle. If the particle be 
acted on at any instant by an external force mF, a new momentum equal to mFdi 
is generated in the time di. This also can be represented by a straight line and 
compounded with the mv of the particle. If two particles act and react on each 
other with a force R for a time <2t, two equal and opposite momenta (viz. "Rdi) are 
communicated to the particles. Taking all the particles, we see that the change in 
their momenta is equal to the resultant of every mFdl which has acted on the 
system. This being true for each element of time is true for any finite interval 
tj — tg. Since the resultant of every mFdi has been defined to be the whole force, 
the theorem follows at once. 

In the case in which no forces act on the system, except the 
mutual actions of the particles, we see that the momenta of all 
the pai-ticles of a system at any two times are equivalent. 

The two principles of the Conservation of Linear Momentum 
and the Conservation of Areas may be enunciated as follows. 

If the forces which act on a system be such that they have no 
component along a certain fixed straight line, then the motion is such 
that the linear momentum, resolved along this line is constant. 

If the forces be such that they have no moment about a 
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certmn fixed straight line, then the angular momentum or the 
area conserved (Art. 77) about this straight line is constant 

It is evident that these principles are only particular cases of 
the results proved in Art. 79. 

284. Example of a central force. Suppose that a single 
particle m describes an orbit about a centre of force 0. Let v, r' 
be its velocities at any two points P, P' of its course. Then mv^ 
supposed to act along the tangent at P' if reversed would be in 
equilibrium with mv acting along the tangent at P together with 
the whole central force from P to P'. If p, p' be the lengths of 
the perpendiculars from on the tangents at P, P', we have, 
by taking moments about 0, vp = vp\ and hence vp is constant 
throughout the motion. Also if the tangents meet in T, the whole 
central force expended must act along the line TO, and may be 
found in terms of v, v by the rules for compounding velocities. 

Ex. Two particles of masses m, w! move about the same oentre of force. If 
/t, h' be the areas described by each radius vector per unit of time, prove that 
mhA-m'h' is unaltered by an ^npact between the particles. 

285. Example of three particles. Suppose three particles 
to start from rest attracting each other, but under the action of no 
external forces. Then the momenta of the three particles at any 
instant are together equivalent to the three initial momenta and 
are therefore in equilibrium. Hence at any instant the tangents 
to their paths must meet in some point 0, and if parallels to 
their directions of motion be drawn so as to form a triangle, the 
momenta of the several particles are proportional to the sides of 
that triangle. 

If there are n particles it may be shown in the same way that 
the n forces represented by mv, mV, &c. are in equilibrium, and 
if parallels be drawn to the directions of motion and proportional 
to the momenta of the particles beginning at any point, they will 
form a closed polygon. 

If F, F\ F" be the resultant attractions on the three particles, 
the lines of action of F, F\ F" also meet in a point. For let 
Xy F, Z be the actions between the particles m'm'\ ml'm, mm\ 
taken in order. Then F is the resultant of — F and Z; F* oi — Z 
and X\ F'[ of - Z and F. Hence the three forces F, F\ F" are 
in equilibrium*, and therefore their lines of action must. meet in 
& point 0'. Also the magnitude of each is proportional to the 
sine of the angle between the directions of the other two. This 
point is not generally fixed, and does not coincide with 0. 

If the attraction be directly proportional to the distance, the 
two points 0, 0' coincide with the centre of gravity (r, and are 

* This proof is merely an amplification of the following. The three forces 
F, F\ F'\ being the internal reactions of a system of bodies, are in equilibriom. 
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fixed in space throughout the motion. For it is a knowu proposi- 
tion in statics that, with this law of attraction, the whole attraction 
of a system of particles on one of the particles is the same as if 
the whole system were collected at its centre of gravity. Hence 
(y coincides with G, Also, since each particle starts from rest, 
the initial velocity of the centre of gravity is zero, and therefore, 
by Art. 79, G is a fixed point. Again, since each particle starts 
from rest and is urged towards a fixed point G, it will move in the 
straight line joining its initial position with G. Hence coin- 
cides with (r. When the attraction is directly proportional to the 
distance, it is proved in dynamics of a particle, that the time of 
reaching the centre of force from a position of rest is independent 
of the distance of that position of rest. Hence all the particles of 
the system will reach G at the same time, and meet there. If 2m 
be the sum of the masses, measured by their attractions in the 
usual manner, this time is known to be ^tt/VSw. 

Similar theorems for some other laws of force are given as 
examples at the end of Art. 286 a and the solutions are briefly 
indicated. 

286 a. Any Xka%% Partlotos. In the general problem of three mutually 
attracting particles we cannot obtain a sufficient number of first integrals to 
determine the motion. Since, there are no external forces the linear momentum 
in the direction of each of three coordinate axes is constant and the three 
equations thus obtained can be again integrated. The angular momenta about 
these axes are also constant, and this principle supplies three more first integrals. 
Besides these we have the equation of vis viva. 

The investigations of Bruns, Poincar6 and Painlev6 have shown that no other 
first integrals which are algebraic and one valued can exist. Bruns, Acta Mathematical 
Yol. XI. ; Poincar^, Act, Math. Vol. xiii. 1890, Len Mithodes fumvelles de la M6canique 
CiUtU 1892; Painlev6, Camptes Rendus 1894. 

286. llTampIt of lAgraaiP^'B Tlirtt« Fartteles. Three particles wlwse nuuset 
are m, m', m'\ mutually attracting each other, are so projected that the triangle 
formed hy joining their positions at any instant remains always similar to its origiiud 
form. It is required to determine the conditions of projection* , 

The centre of gravity will be either at rest or will move uniformly in a straight 
line. We may therefore consider the centre of gravity at rest and may afterwards 
generalise the conditions of projection by impressing on each particle an additional 
velocity parallel to the direction in which we wish the centre of gravity to move. 
Let O be the centre of gravity, P, P', P" the positions of the particles at any 
time t. Then, by the conditions of the question, the lengths OP, OP', OP" are 
always to be proportional, and their angular velocities about are to be equal. 
Since the angular momentum of the system about is always the same, we have 

mr^n + m'/hi + wl'i^'H, = constant, 

* Lagrange was the first to obtain the two solutions of this problem mentioned 
above. In the essay which gained the prize of the Academy of Sciences in 1772, he 
speaks of it as a merely curious problem. Another discussion is given by Laplace 
in Vol. IV. Chap. vi. of the Mieanique CSleste. A list of writers on this subject is 
given in Whittaker's report to the British Association, 1899. 
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where r, r', /' are the distances OP, OP', OP"*, and n is their common angular 
velocity. Since the ratios r ir' :r" are constant, it follows from this equation 
that mr^n is constant, i.e, OP traces out equal areas in equal times. Henoe by 
Newton, Section il , the resultant force on P tends towards O. 



Let /), /)', p" be the sides P'P", P"P, PP' of the triangle formed by the particles, 

mass 

(di8t.y 



vnaBB 

and let the law of attraction be ,^._z\t' Then, since the resultant attraction of 



m', m" on m passes through 0, -'!*' sin FPO=^ ^^ sin P"PO, 

p o 

but, since is the centre of gravity, m>" sin P'PO=m"p' sin P"PO. 

Hence either the three particles are in one straight line or p"*+i=p''^i. If 
k= -1 the law of attraction is *^as the distance." If A be not = -1, we haTe 
p'—p'\ and the triangle must be equilateral. 

Suppose the particles to be projected in directions making equal angles with 
their distances from the centre of gravity with velocities proportional to those 
distances, and suppose also the resultant attractions towards the centre of gravity 
to be proportional to those distances, then in all the three cases the same con- 
ditions will hold at the end of a time di^ and so on continually. The three 
particles will therefore describe similar orbits about the centre of gravity in a 
similar manner. 

Firstly, let us suppose that the three particles are to be in one straight line. To 
fix our ideas, let m' lie between m and 7/1", and between m and m\ Then since 
the attraction on any particle must be proportional to the distance of that particle 
from 0, the three attractions, measured in the direction PP", 

m' m" wi" VI m m' 



+ 7t; 



(PP')fc ^ (PP'')fc » {P"iy)k {pp')k' (PF'f (FP"f' 

must be proportional to OP, OP', OF'. Since SffiOP=0, these two equations 
amount to but one on the whole. Let z = FF'jPP', so that 

OP _ ^ OF PP' _ 

m' + m" (1 + 2) ~ - w -r m"z ~ »i 4- m' + m" ' 

Then we have ( w' + tt—ti ) ( - "» + "*"«) = ( "It "" ''0 i "*' "^ "*' (^ + *) } » 

which agrees with the result given by Laplace. 

In the case in which the attraction follows the law of nature k==2 and the 
equation becomes 

W22 {(1 + 2)3 -l}_m' (1 + 2)2(1 _2S)-„t"{(l+«)8-2Sj=0. 

This is an equation of the fifth degree, and it has therefore always one real root. 
The left side of the equation has opposite signs when z=0 and 2=00 , and hence 
this real root is positive. It is therefore always possible to project the three masses 
so that they shall remain in a straight line. Laplace remarks that if m be the sun, 

m' the earth, m" the moon, we have very nearly 2= a/— « = fnn' ^^ then, 

originally, the earth and moon had been placed in the same straight line with the 

sun, at distances from the sun proportional to 1 and 1 + -rrrr, and if their velocities 

had been initially parallel and proportional to those distances, the moon would 
have always been in opposition to the sun. The moon would have been too distant 
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to have been in a state of oontinual eclipse, and thus woald have been fall every 
night. It has however been shown by Liouville, in the Additions h la ConnaUsanee 
det Tempt, 1845, that such a motion would be unstable. Another proof is given in 
the author's treatise on Dynamics of a Particle, 1898, Art. 412. 

The paths of the particles will be similar ellipses having the centre of gravity 
for a common focus. 

Secondly, Let us suppose that the law of attraction is " as the distance." In 
this case the attraction on each particle is the same as if all the three particles 
were collected at the centre of gravity. Each particle will describe an ellipse 
having this point for centre in the same time. The necessary conditions of pro- 
jection are that the velocities of projection should be proportional to the initial 
distances from the centre of gravity, and that the directions of projection should 
make equal angles with those distances. 

Thirdly, Let us suppose the particles to be at the angular points of an equi- 
lateral triangle. The resultant accelerating force on the particle m is 

^cos FPO + % cos P"PO. 
/> * />* 

The condition that the forces on the particles should be proportional to their 
distances from showb that the ratio of this force to the distance OP is the same 
for all the particles. Since by a property of the centre of gravity 

wiy ' cos P'PO + m' V cos P"PO =z(m+m' + m") OP, 

it is clear that the condition is initially satisfied when p=p'=p". Hence, by the 
same reasoning as before, if the particles be projected in directions making equal 
angles with OP, OP*, OP" respectively, with velocities proportional to those 
distances, they will always remain at the angular points of an equilateral triangle. 
A discussion of the stability of this motion will be given in Vol. ii. of this work. 

These results may be conveniently arrived at by reducing one angular point, as 
P, of the triangle to rest The resolved part of all the forces which act on each 
particle perpendicular to the straight line joining it to P will then be zero. The 
process is a little shorter than that given above, but does not illustrate so well the 
subject of the chapter. 

286 a. flTampl— , Ex. 1. Show that if the three particles attract each other 
according to the law of nature, the paths of the particles, when at the corners of an 
equilateral triangle, are similar ellipses having for a common focus. Find the 
periodic time. 

Ex. 2. Three unequal particles, attracting according to the inverse fcth power 
of the distance, are placed at rest at the corners of an equilateral triangle. Prove 
that they will finally meet at their common centre of gravity. 

The velocities, being zero, may be said to be proportional to the distances of 
the particles from O and to have the proper directions. Thus the Laplacian 
conditions of projection are satisfied. The particles therefore always remain at 
the comers of an equilateral triangle and these comers move directly towards the 
centre of gravity O. The three particles therefore describe straight lines and arrive 
simultaneously at 0. The time ( of transit is given by 

V(2iu) t = p*<*^^\l - *)* j ^ (1 - 2,^-*) - * dy, 

where fi=m+m' + m" and /) is a side of the initial equilateral triangle. This 
integral can be expressed in gamma functions by putting y^-^z=z or 1/z according 
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as ft is lesB or greater than unity. When ft =3 the integration can be effected 
without diffionlty. 

Ex. 3. If the solar system consisted only of the san, earth and moon moving 

in one plane, prove that S (E + 3f )^ H+{S + E + M) EMh = constant, 

where h is the rate at which a unit particle at the moon describes areas about the 
earth, and H the rate at which the centre of gravity of the earth and moon 
describes areas about the sun. 

If the sun were fixed in space prove also that -r- = ,,, -in^ ( -5 '^ -;• 1 » 

at {L + Af )' \r* r^J 

where r, r' are the distances of M and E from S, and A is twice the area of the 
triangle formed by the three bodies. [St John's Coll. , 1896. 

Let G be the centre of gravity of the whole system, K that of E and M. Let 
<a be the angular velocity in space of EM^ Q that of SK. Now the area conserved 
by the whole system about G is constant, that conserved by E and M is, by Art. 75, 
{E.KE»+M.KAP)u + (E-hM)GKHl,tkndthAi conserved by S is S. G5*.0. We 
have given h^EM^.u, H=SK*.Q; also the distances KE, KM, GK, GS, are 
known in terms of the distances £3/, SK and the masses 5, £, If by the definition 
of the centre of gravity. Making these substitutions and equating the sum of the 
conserved areas to a constant, the first result follows at once. The second is 
obtained by taking moments about S and K, 

286 h. JacohVs theorem. Ex. 1. A free system of particles moves under their 
mutual attractions only, the force function U being a homogeneous function of the 

nth degree. Prove that j- ^ 2toJR* = 2 (n + 2) Cr+ 2C, 

where 22}, J?,* ^^' ^^ ^^® distances of the particles m^, ifig, drc. from the common 
centre of gravity O and C is a constant If the law of attraction is the inverse 

cube prove that 2,mll? = .4 + B* + Ct*. 

Vorlesungen iiher Dynamikj edited by A. Clebsch, supplementary volume, page 22. 

To prove this we have by simple differentiation 

d9(x») ^ /dorV - dPx . dU 
^__/.2m(^-j=2m^^^, = 2x^. 

Summing this for the coordinates x, y, z and for all the particles, we have 
since C7 is a homogeneous function -^ (Zmr*) - 2Zmv'=2nl7. 

By the principle of vis viva (Art. 138 or 850) 

2wr2=2t/+C, C=2mV-2C7o. 

where Uq is the value of the force function in the initial state. Hence 

^Snir»=2(;i + 2)C; + 2C. 

Now 2mr» = ^mR* + (2m) (.T* + y« + r*), 

but since there are no external forces dXjdt is a constant, and therefore d* (x)*ldt^ 
is zero. Similar results being true for y and z, the theorem to be proved follows 
at once. 

Ex. 2. Three particles attracting each other according to the inverse cube of 
the distance are placed at rest in any potitiont. Deduce from Jaoobi*s theorem 
that an impact must occur before the time t given hj A-k- Ct* sO. 
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Since the particlea start from rest B=0 and C= -2Uq=-'L — =- where p is 

r 

the side of the triangle joining the initial positions of m\ m". Also A is the initial 
moment of inertia of the three particles with regard to their common centre of 
gravity. We notice that A is positive and C negative and that the quadratic 
J + Cl^=0 has real roots. 

If two of the particles during the motion impinge on each other, we know by 
the equation of vis viva that their velocities will at that moment be infinite. The 
whole subsequent motion also will be affected by the impact. If this impact does 
not occur before the time given hj Ct^= -A, we see that at that instant ZmB^=0. 
All the particles must therefore be in contact. 

It also follows from Jacobi's theorem that, if the law of attraction were the 
inverse cube, the present arrangement of the solar system could not be stable. 
If the roots of the equation A-^Bt + Ct^s^O are real, an impact will occur at the 
end of a finite time. If the roots are imaginary, since ^4 is a moment of inertia 
and therefore positive, C must be positive, and hence the radii vectores of some of 
the planets must be infinite when t is infinite. 

Does JacobVa equation hold indefinitely t If we assume that when two particles 
meet they pass through each other without resistance it might be expected that 
the equation ZmIt^=A-hBt + Ct^ would hold throughout all time. But if C is 
negative and ( sufficiently great the two sides have opposite signs, so that the 
equality cannot then hold indefinitely. 

The cause of this discrepancy is a certain discontinuity which occurs when the 
particles meet. When the particles m, m' are at a very small distance x apart we 
have ultimately i*=£^/x' where E^=m + m'. Extracting the square root we find 
x= tkElx, When the particles are approaching each other, the negative sign must 
be given to the root because x is positive and x negative. When the particles pass 
through each other, their distance x changes sign through zero but tJie instantaneous 
value of the velocity is unaltered. We must therefore give the square root the 
positive sign. Hence xx changes sign, or, which amounts to the same thing, the 
constant E is discontinuous, changing sign suddenly when the particles meet. 
Each meeting therefore marks a stage at which a new problem begins and at 
which the values of some of the arbitrary constants have to be determined afresh. 

There has been much difference of opinion on the true interpretation of the 
equations of motion at the singular points where either the velocity or the force 
is infinite. We have no space for the discussion here and must refer the reader to 
the author's treatise on Dynamics of a Particle where also various references are 
given. Art. 465. 

287. Bxamplas of Uvliic tblnci. Ex. 1. A man is fastened to a vertical 
axis which can turn without friction and only the man's arms are free. The system 
being initially at rest, explain how the mao by moving his arms in space can turn 
his body round and face the other way. 

If the man move his arms in any way the whole area conserved about the axis 
is zero, Art. 283. Having placed his right hand close to his side, let the man push 
it out sideways, and then move it forward so as to describe a quarter of a horizon- 
tal circle. Let him next draw the hand inwards close to his body, thus bringing it 
back into its initial position. It is evident that each point of the arm and hand 
has described an area round the axis from right to left. The man's body must 
therefore turn round the vertical axis from left to right through such an angle that 
the whole area described is zero. Repeating this process he can turn his body 
through any angle. 
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In this way a person standing erect on a perfectly smooth table can turn round 
a vertical axis passing through his centre of gravity and face any direction he 
may desire. 

Ex. 2. A person lies down on his back on a perfectly smooth table, explain how 
he can turn round and face the table. 

Extending one oxm he hits the table with it and thus acquires angular momen- 
tum about his axis. When he has turned through two right angles, his extended 
arm or arms again strike the table, and can be used to gradually stop the motion. 
The same effect would be produced by throwing away sideways some portion of his 
dress. He might also use the method described in the last example. 

Ex. S. Explain how it is that a cat held with its feet upwards and let go is 
found, after falling through a sufficient height, to alight on its feet. 

During the first stage of the fall the cat stretches out its hind legs almost per- 
pendicularly to the axis of the body and puUs the fore legs close to the neck. In 
this position it twists the fore part of the body through as large an angle as it can, 
the hinder part turning through a smaller angle in the opposite direction, so that 
the whole area conserved about the axis is zero, as in Ex. 1. In the second phase 
of the fall the attitude of the feet is reversed, the hind legs being close to the body 
and the fore legs pushed out. The cat now turns the hind part of the body through 
the large angle, the fore part rotating through the small angle. The result is that 
both parts of the cat are turned round the axis through nearly equal angles. 

See a series of photographs of a falling cat in Nature^ Nov. 22, 1894, reproduced 
from M. Marey's paper, Comptes Rendus, cxix. 1894. The true explanation is due 
to M. Guyon. M. Maurice Levy in the same volume puts the argument into a 
mathematical form and shows how a man placed in empty space can turn on his 
axis without initial velocity or the assistance of any external force. Also 
M. Lecomu shows how a serpent by internal motions continually repeated could 
rotate its body about its axis of length without changing itt external form or 
position in space. 

Ex. 4. A person is enclosed in a light box which is placed on a rough floor. 
Show by what motions he can take advantage of the friction to move the box and 
himself any distance along the floor. 

Starting from one end, he runs along the box, but not so quickly that the 
friction is insufficient to hold the box at rest. He thus moves his own centre of 
gravity and acquires momentum. Then jumping up he lifts the box off the floor 
and carries it with him. When gravity brings the box again to the floor, he 
repeats the operation. Another method is indicated in Chap. ii. Ex. 3. 

Certain Mexican seed vessels, called jumping beans, have been observed to 
move about by a series of jumps. Each bean is found to contain a grub con- 
siderably smaller than the cavity within which it is confined. The manner in 
which the grub makes the bean jump a distance equal to two or three times the 
length of the bean has not been properly explained. See the Royal Botanical 
Society, Nov. 1894, and Chambers's Journal^ 1896. There is also a brief account in 
Natwrcy Nov. 19, 1896, of some recent experiments on African specimens made by 
Dr D. Sharp with the view of discovering the cause and object of these movements. 

Ex. 5. Two buckets of given weights are suspended by a fine inelastic string 
placed over a fixed pulley, and at the centre of the base of one of the buckets a 
frog of given weight is sitting. At an instant of instantaneous rest of the buckets, 
the frog leaps vertically upwards so as just to arrive at the level of the rim of its 
bucket. Prove that the ratio of the absolute length h' of the frog's vertical ascent 



ART. 288.] LIVING THINGS. SUDDEN CHANGES OF MOTION. 239 

in space to the length h of its bucket and the time ( which elapses before the frog 
again arrives at the base of its bucket are given by 

(m-\-m' + fi)^h'=2m' (wi + m') /t, m'gfi=4 {m+m') h, 

the last result being indei>endent of the frog's weight. 

[Walton's problem. Math. Tripos, 1864. 

Ex. 6. Show that a person when swinging can increase the angle of vibration 
by alternately crouching at the highest point and straightening himself along the 
rope when at the lowest point. 

Let 2a, 25 be the heights of the man when crouching and standing erect ; M, m 
the masses of the swing and man, I the moment of inertia of the swing, and c the 
distance of its centre of gravity from the point of support. First the system, with 
the man crouched, descends from rest through an angle a and has an angular 
velocity w at the lowest point. Suddenly when the man stands erect, the angular 
velocity w is changed to <a'. Lastly the system ascends through an angle p. 
We therefore have 

i4w«=4<7^'sin«io, i4w=5w', B<a'*=igB' sin»i/9, 

where A:=I+m{l-a)^+^ma^i A'=Mc+m{l-a), and B, B' are obtained from 
A, A' hy writing b for a. The first and third of these equations foUow from the 
principle of vis viva, and the second from that of angular momentum. Hence 
sin^^^l8in^ia= A A' IBB", Now A'^B' since &>a ; also A>B since in swings the 
length I of the rope is usually longer than the height of the man. Hence /3 is 
greater than a. 

Consider the equation Au=B(a'; each time the man straightens himself he 
decreases the moment of inertia and therefore increases the angular velocity. At 
the highest point, when the system is instantaneously at rest, no change in the 
angular velocity is made by crouching, but the moment of inertia is increased. 
By the continued repetition of these two processes the angular velocity at each 
passage through the lowest point is increased. Again, the moment of gravity is 
greater on the descending than on the ascending arc, hence from both causes the 
amplitude of the swing is increased. 

288. Sudden Fixtures. A rigid body is moving freely in 
space in a known manner. Suddenly a straight line in the body 
heccymes fixed, or has its motion changed in some given manner. 
It is required to find the changes which occur in the motion of the 
rest of the body. 

Such problems as these are all solved by one mechanical prin- 
ciple. The change in the motion is produced by impulsive forces 
acting at points situated in this straight line. Hence, by Art. 283, 
the angular momentum of the body about the aads is the same after 
as before the change takes place. This dynamical principle supplies 
one equation which is sufficient to determine the subsequent 
motion of the body round the straight line. 

We may also use this principle in a more general case. Suppose 
we have any system of moving bodies which suddenly become 
rigidly connected together and are constrained to turn round some 
axis. Then the subsequent angular velocity about this axis may 
be found by equating the angular momentum of the system about 
this axis after the change to that before the change. 
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In applying this principle to various bodies it is convenient 
to use different methods of finding the angular momentum. The 
following list will assist the reader in choosing the method best 
adapted to each particular case. 

289. Case 1. Suppose the body to be a disc moving in any 
manner in its own plane, and let the axis whose motion is chang^ed 
be perpendicular to its plane. This case has been already solved 
in Art. 171. 

290. Case 2. Suppose the body to be a disc turning about an 
instantaneous axis Ox in its own plane with an angular velocity co. 
Let an axis Ox' also in its own plane be suddenly fixed. 

In this case the calculation of the angular momentum is so 

simple that we may with ad- 
vantage recur to first principles. 
Let do- be any element of the 
area of the disc; y, y' its dis- 
tances from Ox, Ox\ Then ya>, 
y'ui are the velocities of do- just 
before and just after the impact. 
The moments of the momentum 
about Ox just before and just 
after are therefore yiftada and 
y'^^fo'da. Summing these for the 
whole area of the disc, we have 

(D^^^j/^da ^ (o^yi/da (1). 

Firstly, let Ox, Ox be parallel, so that the point is at infinity. 
Let h be the distance between the axes, then y'^y — A. Hence 

we have a)'2y 'do- = © [Zy^da — h^yda]. 

Let A, A' be the moments of inertia of the disc about Ox, Ox 
respectively, y the distance of the centre of gravity from Ox, Jf the 
mass of the disc. Then we have 

ilV=a)(4-J/%). 

Secandly, let Ox, Ox' not be parallel. Let be the origin 
and let the angle xOx = a, then y' = y cos a — x sin a. Let F be 
the product of inertia of the disc about Ox, Oy where Oy is perpen- 
dicular to Ox. Then by substitution in (1) we have 

A'a>' =a){A cos a — F sin a). 

Ex. 1. An elliptic area of eccentricity e is turning about one latus rectum. 
Suddenly this latus rectum is loosed and the other fixed. Show that the angular 

velocity is - — j-^ of its former value. 

Ex. 2. A right-angled triangular area ACB is turning about the side AC. 
Suddenly i4C is loosed and BC fixed. If C be the right angle, the angular velocity 
is ^BCIAC of its former value. 
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Ex. 3. A rectangle ABCD has ito plane vertical and its lower edge AB horizon- 
tal and fixed in space. A slight disturbance being given the rectangle tnms round 
AB, bnt when its plane becomes horizontal the side AD is fixed and AB released. 
It then begins to turn round AD and when the plane is again vertical AB is fixed 
and AD released. Show that the final angular velocity about AB is given by the 
equation <tf>=27<7(16a+9&)/512&3, where AB=2a and AD=2b, 

Ex. 4. A point is suddenly fixed in a lamina which is instantaneously rotating 
about any given axis in its own plane. Show that if the new instantaneous axis 
is at right angles to the former the point must lie on a hyperbola one of whose 
asymptotes is perpendicular to the given axis and the other is its conjugate with 
regard to the momental ellipse at the centre of gravity. 

291. Case 3. Let the body be turning round an instantaneous 
axis 01 with a known angular velocity o>, and let some axis 07' 
which intersects the former in a point be suddenly fixed. 

Let I, m, n be the direction-cosines of 01 referred to the 
principal axes at 0, and l\ m\ n' the direction-cosines of 0I\ Then 
by Art. 264, the angular momenta about these principal axes just 
before the change are Aa>l, B(om, Conn, The angular momentum 
about 01' just before the change is therefore (by Art. 265) 
(-4K'-f 5mm'+ CVin')a). If to' be the anc^lar velocity of the 
body about 0/^ just after OF becomes fixed in space the angular 
momentum is {AV* + Bm'^ H- Cn^) to. Equating these we have to, 

Ex. 1. A solid right cone of semi- vertical angle a is rotating about a generating 
line. Suddenly another generating line is fixed, the axial planes through the 
generating lines being inclined at an angle 0. Show that the ratio of the angular 
velocities is equal to (2 + (4 + n) cos 0) : (6+vt), where n^tan^a. 

Ex. 2. When a body turns about a fixed point the product of the moment of 
inertia about the instantaneous axis into the square of the angular velocity is called 
the vis viva. Let 2T be the vis viva of the body when it is turning freely about 
the axis 01, and 2T' its vis viva when the axis 01' is suddenly fixed. Construct 
the momental ellipsoid at the point 0, and let be the angle between the eccentric 
lines of the two axes 01, 01', Prove that T' = 7 cos' B» It follows that the vis viva 
is always lessened by fixing a new axis. 

292. Case 4. Let the motion of the body be given by its 
components of motion u, v, w, ©i, cOy, a>g, the centre of gravity 
being the base point. Let the equation to the straight line whose 

motion is suddenly changed be — t^ = - — - = , where f, m, n 

are the actual direction-cosines. 

Suppose this straight line to be suddenly fixed in space. The 
angular momentum before the " fixing " is given in Arts. 263, 265, 
266. If to be the angular velocity about this straight line after 
the " fixing," the angular momentum is Ito\ where I is given in 
Art. 17, Ex. 9. Equating the two values we have ©'. 

293. Suppose the sudden motion forced on the straight line 
to be represented by the velocities CT, F, W of some point P on 

B. D. 16 
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the straight line, and the angular velocities 0, 0, '^. Then the 
motion of the body may be represented by the linear velocities 
Uy V, W of the same base P and the angular velocities + ill, 
<f> + ilm, 'yjt + iln, where fl is the only unknown quantity. 

The angular velocities 0, <p, yp may be chosen in an infinite variety of ways to 
represent the given motion of the straight line, because an angular velocity about 
the straight line does not move the line itself. If d, 0, ^ have been chosen to 
make the component ld-{-m^+n\lf about the line equal to zero, and if (Z, m, n) be 
the actual direction-cosines of the straight line, then O will be the angular velocity 
of the body about the axis just after the change. 

This quantity H, whatever meaning it may have, is to be 
found by equating the angular momenta about the axis before 
and after the change. These momenta may be written down as 
explained in Art. 266. 

294. Suppose the sudden motion forced on the straight line 
to be represented by giving the velocities of two points P, P* on 
the line. And let the required motion of the body after the change 
be represented by the components of motion u\ v\ v/, co-r', <»/, a>/ 
at the centre of gravity taken as the base. The angular momentum 
both before and after the change may be written down as already 
explained. Equating these we have the dynamical equation. The 
resolved velocities of P and P' may be found by Art. 238 and 
equated to their given forced values. Thus we have on the whole 
six independent equations to find the six components of motion 
after the change. 

Ex. 1. An elliptic disc is at rest. Suddenly one extremity of the major axis 
and one extremity of the minor are made to move perpendicularly to the plane of 
the disc with velocities XJ and V, Show that the centre of gravity will begin to 
move with a velocity equal to ^ ( 17+ F). 

Ex. 2. An elliptic disc is at rest. Suddenly one extremity of the latus rectum 
is made to move parallel to the major axis with a velocity U, while the other 
extremity is made to move perpendicularly to the plane of the disc with a velocity 
W. Show that the velocities of the centre resolved parallel to the axes of the disc are 

U -Ue W 

2* 2(1T3J' 2(l + 4e«)' 

Ex. 3. A circular disc turning freely in its own plane which is vertical faUs on 
another equal circular disc whose plane is horizontal and which is turning aboat 
a fixed vertical axis through its centre. At the moment of impact the two discs 
become rigidly connected. If the point of impact bisect a radius of the horizontal 
circle, show that the angular velocity about the fixed vertical axis is reduced one half. 

Ex. 4. Let the motion of a free body be given by the components u, v, tr, 
Wgi Uy, »g referred to any base. Let the sudden motion given to a straight line be 
represented by the components U, V, W, 6, </>, \p referred to the same base. Then 
the relative motion is given by the components u-UyV-V, &o. Taking these as 
the given quantities, find the components of motion after the change on the 
supposition that the straight line is suddenly fixed. Let these results be »', t/, Ac. 
Then prove that the required motion is represented by the components 17+ u', 
F+v', Ao» This process of solution may be called reducing the straight line to rest. 
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295. Case 5. In some cases, instead of a straight line, a 
single point P in the body is seized and made to move in some 
given manner. In this case the angular momentum about every 
straight line through the fixed point is unchanged. Choosing 
some three convenient axes through the point and equating the 
angular momentum about each before the change to that after 
the change we have three dynamical equations. Besides these we 
have the geometrical equations, supplied by Art. 238, expressing 
the fact that the resolved velocities of P are equal to the given 
forced velocities. In this way we may form six equations to find 
the six components of motion. 

296. Let us consider an example of this process. Suppose 
the motion of the body to be given by the components u, v, w, 
€Ox, (Oy, cDgy the centre of gravity being the base; and let the point 
P whose coordinates are /, g, h be suddenly fixed. Let A, B, C, 
Dy E, F be the moments and products of inertia of the body 
about the axes at the centre of gravity, and let accented letters 
represent the corresponding quantities for parallel axes at P, Let 
flajf fl^y, ^2 be the required angular velocities of the body about 
the axes meeting at P parallel to those at the centre of gravity. 
Then the equations of momenta give 

Aco^ - Fa>y - Ea}g + M{vh- wg) = A'il^ - F'fly - ^'n^,, 
- F<o^ + Bo>y - D(Ot '{■M{wf-uh) = - F'n^ + B'Oy - D'fl^, 
-^a)a,-Da)y+ Ccog + M (ug - vf) = - ^'H^ - D'fly + C'fl^. 

It is obvious that these equations may be greatly simplified by 
choosing the axes so that one set may be principal axes. 

297. If the body be turning about an axis GI through the 
centre of gravity Q just before the point P is fixed, the terms which 
contain the velocities of the centre of gravity disappear from the 
equations. They now admit of an easy geometrical mterpretation. 
The equation to the momental ellipsoid at the centre of gravity is 

AX^ + B7' + CZ^-2DYZ'-2EZX-2FX7^M^. 

It is therefore clear that the left-hand sides of these equations are 
proportional to the direction-cosines of the diametral plane of a 
straight line whose direction-cosines are proportional to (coa-, roy, cog). 
In the same way if we construct the momental ellipsoid at P, the 
right-hand sides are proportional to the direction-cosines of the 
diametral plane of the axis (D,xy ^y* ^z)- Thus the instantaneous 
axes of rotation, before and after P is fiaed, are so related that 
their diametral planes with regard to the momental ellipsoids at 
and P respectively are parallel. 

We may also deduce this result, without difficulty, firom Art. 
118. The motion of the body about the axis QI may be produced 
by an impulsive couple in the plane diametral to 01 with regard 

16—2 
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to the momental ellipsoid at 0, Let us then^ suppose the body 
at rest a/nd P fixed, and let it he acted on hy this couple. It 
follows from the same article, that the body will begin to turn 
about an axis PF which is such that its diametral plane with 
regard to the momental ellipsoid at P is parallel to the plane of 
the couple. 

To find the direction of the blow at P we notice that the centre 
of gravity being at rest suddenly begins to move perpendicularly 
to the plane containing it and the axis PI\ This is obviously 
the direction of the blow. 

298. Ex. 1. A sphere, in co-latitude 0, hung up by a poirit in its surface, is in 
equilibrium under the action of gravity. Suddenly the rotation of the earth is 
stopped, it is required to determine the motion of the sphere, [Math. Tripos, 1857. 

Let O be the centre of the sphere, O its point of susfJ^nsion, and a its radius. 
Let C be the centre of the earth. Let as suppose the figure so drawn that the 
sphere is moving away from the observer. Let w= angular velocity of the earth, 
then if (7G=/ua, the sphere is turning about an axis Op parallel to CP, the axis 
of the earth, with angular velocity ta, while the centre of gravity is moving with 
velocity ^ui sin ^ . w. 

Let OC, Op, and the perpendicular to the plane of 00, Op be taken as the axes 
of X, y, z respectively, and let fix* ^y> ^« ^® ^® angular velocities about them just 
after Uie rotation of the earth is stopped. 

By Art. 295, the angular momenta about Ox, just before and just after the rota- 
tion is stopped, are equal to each other ; .*. Mk^wooB6= MK^Ox, 
where Mi^ is the moment of inertia of the sphere about a diameter. 

Again, the angular momenta about Oy are equal to each other ; 

.-. -Af**w8in^ + JJfA*a3w8in^=3f(&' + a*)0,. 

Lastly, the angular momenta about Os are 
equal; .-. 0=Mk*O,. 

Solving these equations, we get 

_ . . -k^+fia^ . . -2 + 6/* 

Qy=(a sin 6 — : -„ — V-- = « sm ^ „ — . 

' k^ + a^ 7 

But 0^=^ c^ ^* Adding together the squares 
of ilg, Qp, Qg we have 

where is the angular velocity of the sphere 
about its instantaneous axis. 

Ex. 2. A particle of mass M, without ve- 
locity, is suddenly attached to the surface of 
the earth at the extremity of a radius vector making an angle 6 with the axis 
of the earth. If E be the mass of the earth before the addition of M, A and C 
its principal moments of inertia at the centre, <a the angular velocity about its 

,^ , « , EMAr* Bin* 

axis, prove that 




Q" '^{E + M)AC + EMCr^co^0' 



COt0 = COt^-f 



E + M ^4 

E ' Mr^^n0QOB0* 
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where Q is the initial angular velocity about an axis parallel to the axis of the earth, 
and the angle that the initial axis of rotation makes with the axis of the earth. 

Ex. 8. A regular homogeneous prism whose normal section is a regular polygon 
of n sides rolls on a perfectly rough plane. Prove that, when the axis of rotation 
changes from one edge to another, the angular velocity is reduced in the ratio of 

^ „ 2ir ^ 2t 

2 + 7 cos — : 8 + cos — . 
n n 

299. Gradual Changes. Id these examples the changes 
produced in the motion were sudden, but the method of proceed- 
ing is the same if the changes are gradual. 

Ex. 1. A bead of mass m slides on a circular wire of mass M and radius a, 
and the wire can turn freely about a vertical diameter. Prove that, if w, O be the 
angular velocities of the wire when the bead is respectively at the extremities of 

a horizontal and a vertical diameter, - = 1 + 2 — . 

to M 

Ex. 2. If the earth gradually contracted by radiation of heat, so as to be 
always' similar to itself as regards its physical constitution and form, prove that 
when every radius vector has contracted an rC'^ part of its length, where n is small, 
the angular velocity has increased a 2n^ part of its value. 

Ex. 3. If two railway trains each of mass M were to travel in opposite 
directions from the pole along a meridian and to arrive at the equator at the same 
time, prove that the angular velocity of the earth would be decreased by 2 Af a'/Eik* 
of itself, where a is the equatorial radius of the earth and Elfi its moment of inertia 
about its axis of figure. What would be the effect if one train only were to travel 
from the pole to the equator? 

Ex. 4. A fly alights perpendicularly on a sheet of paper lying on a smooth 
horizontal plane and proceeds to describe the curve r=f(d) traced on the sheet of 
paper, the equation of the curve being referred to the centre of gravity of the paper 
as origin. Supposing the fly to be able to prevent himself from slipping on the 
paper, show that his angular velocity in space about the common centre of gravity 

of the paper and fly is equal to — :_^ . ,^ ^ 3- , where M and m are the masses 

of the paper and the fly, and k is the radius of gyration of the paper about its 
centre of gravity. Hence find the path of the fly in space. 

Ex. 6. Suppose the ice to melt from the polar regions twenty degrees round 
each pole to the extent of something more than a foot thick, enough to give 1^ feet 
over those areas or *066 of a foot of water spread over the whole globe, which would 
in reality raise the sea-level by only some such undiscoverable difference as f ths of 
an inch or an inch, then this would slacken the earth's rate as a time-keeper by 
one-tenth of a second per year. This and the next example are taken from the 
Phil. Mag. They are both due to Sir W. Thomson, now Lord Kelvin. 

If E be the mass of the earth, a its radius, k its radius of gyration about the 
polar axis, w its angular velocity before the melting, we have by the principle 

X Tl/F 2 

of angular momentum — = - --7rTOOs^(l-f-costf), where If is the mass of the ice 

melted and is twenty degrees. Substituting for the letters their known numerical 
values, the value of dco is easily found. 

Ex. 6. A layer of dust is formed on the earth h feet thick, where h is small, by 
the faU of meteors reaching the earth from all directions. Show that the change in 
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the length of the day is nearly — ^ of a day, where a is the radius of the earth 

a u 

in feet, p and D the densities of the dast and earth respectively. If the density of 

the dust be twice that of water and h=^, express this result numerically. 

Oppolzer in a paper in the Aatronomische Nachrichten (No. 2573) and more 

recently H. A. Newton in the American Journal of Science, Vol. xxx. 1884, have 

considered the effects on the earth both of the impact of meteors and the gravitation 

attraction of those which pass near the earth without hitting it. Prof. B. S. 

Woodward and Dr Johnstone Stoney have also written on this subject in the 

Astronomical Jowmalt July 1901 and Jan. 1902. They agree that the effect is 

inappreciable. 

Ex. 7. A spiral tube of small uniform section can turn freely about a vertical 
axis and has its two extremities on the axis. A variable quantity Q of fluid per 
second enters at its upper extremity and flows out at the lower. If ilf be the mass 
of the tube, m that of the fluid contained, show that {M+m)k^u)+QjrBmif>ds is 
constant, where is the angle the tangent to the tube at any point P makes with 
the plane containing P and the axis and r is the distance of P from the axis. One 
form of this experiment was used by Maxwell to determine whether electricity had 
momentum. See Electricity, Vol. n. Art. 574. 

Ex. 8. A light cord passing over a smooth pulley has a mass ma attached to 
one end and a bucket to the other, while from a point vertically over the bucket is 
suspended a uniform chain of mass m per unit length. The chain is released and 
after falling freely through a distance a the lower end strikes the bucket, which is 
released at that instant, prove that whatever be the mass of the bucket, the chain 
enters it at a uniform rate »J{^ga). [Math. Tripos, 1902. 

300. The principle of linear momentum may also be used, 
like that of angular momentum, to determine the gradv^ changes 
produced by alterations of tnass. The general theory is as follows. 

Let a body of mass Jf, whose resolved velocity parallel to x 
is v, be acted on by a finite force X, Let this body lose a small 
portion m = — dM of its mass in each element of time dt It is 
required to find its equation of motion. In this time the force 
increases the linear momentum by Xdty while the momentum lost 
by diminution of mass is mv. But the gain of momentum is d (Mv). 
The equation of motion is therefore 

d{Mv) = Xdt + vdM. .\ M^^X (1). 

This equation may also be obtained by taking M to represent the mass of the 
body just after the loss of the element m. Then equating the two expressions for 
the gain of momentum in the next element of time, we have Mdv=Xdt, 

Next, let us suppose that the body gains a mass m = dM in 
the time dt, and let the resolved velocity of this increment just 
be/ore it is attached to M be v. The total gain of momentum is 
now, Xdt due to the force, and mv' due to the impact produced by 
the sudden junction of the masses if and m with different velocities. 
The equation of motion is therefore 

d(ifi;) = Zde + v'dilf (2). 

If v = t; this reduces to the former result. 
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According to the rule given in Art. 85 the finite force X should 
be neglected in determining the effect of an impulse. But since 
m is infinitely small, being equal to dM, the change of momentum 
produced by the impulse is of the same order of small quantities 
as Xdt. We must therefore include the force X in the equation. 

These principles may be illnstrated by the solution of some problems on the 
rectilinear motion of strings. The curvilinear motion of strings will be discussed 
in the second volume. The reader may also consult the author's treatise on 
Dynamics of a Particle (1898), where a slight history is given together with a 
farther collection of problems set in the University. 

Ex. 1. A uniform string of length 21 hangs over a small smooth pulley A, 
which is at a height I above an inelastic table ; and to each end of the string ia 
attached a mass equal to that of half the string. Initially one mass P is very near 
to the pulley, the other mass Q lying on the table with half the string coiled up 
beside it. If the upper mass be now let go, prove that the greatest height to which 
the other mass will eventually rise is (2, where { is given by the equation 
I + 2 log (1 - i{)=16/243. [St John's CoU., 1896. 

There are three stages of the motion. First, P descends and successive links 
(with velocity 17'= 0) are taken from the heap and added to the moving chain. 
Since the mass of P is equal to that of a length I of the chain, we have, itx^AP, 

d[{x+2l)v]-xgdt. 

Multiplying by {x + 2l) v and integrating, we find that P arrives at the table with a 
velocity v^ given by v^=^lg. 

At this instant there is an impact, P is reduced to rest by the table, but the 
chain and Q move. If v^ be the initial velocity of Q, we have 

The weight Q now ascends ; and successive links are removed from the chain 
and heaped on the table. If y be the space ascended by Q, {%l'-y)dv= -(l-y) gdu 
Writing dvjdi^vdvjdy and integrating, we find that the velocity v of Q is given by 

(V- t;«)/2<7=y+2nog (1 -y/3Z). 

Putting 17=0 and y = 2^, the result follows. 

Ex. 2. One portion of a heavy uniform string is coiled up on a table in a small 
heap A, the other portion, viz. ACB, passes over a small pulley C (which is situated 
verticaUy over A) and hangs freely down on the other side of the pulley to a depth 
C£ = &. liCA^a and h is greater than a, find the motion when the system starts 
from rest. [Tait and Steele's Dynamics ^ 1856. 

When the length of CB is =x, the velocity is given by 

(x+a)«t7«=li/(j;-6)(«2^.5ar+6a_3a*). 

Ex. 3. A flexible chain ABCDE hangs in equilibrium over a smooth vertical 
circle with one end A fixed to the extremity of a horizontal diameter. One portion 
A BC hangs vertically on one side and another portion DE hangs vertically on the 
other side of the circle. If the fixed end A be set free, show that the equation for 
determining the distance (viz. y] of the lowest point of the chain from the horizontal 
diameter during the first part of the motion is 

(l-y + igt^y-iy-gty^giy-^ie), 

where I is the whole length of the string and 2c the circumference of the circle. 

[Math. Tripos, 1870. 
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Before A is set free the lengths AB, BC and DE are all eqaal and ABC forms a 
catenary whose parameter is zero. When A is set free, AB begins first to descend. 
Each element ot AB falls freely under gravity; if therefore x — AB we have 
y - x=-}igt\ The successive elements of AB are transferred to BC each with a 
velocity v'=gt, the length of each element being - dx. Thus as BC descends and 
DE ascends the equation of motion of BCDE is 

d[(l- x) v]=(-' dx) v' +g (2if+x + c - 1) dt. 

Here v is the velocity of the chain BCDE and this is equal to the velocity of E 
upwards (not that of B downwards). Since DEszl-c-x-y we have v=x + y. 
Substituting for v and v' the result follows without difficulty. 

Ex. 4. An inelastic string of length I is attached by one end to the lower 
surface of the edge of a smooth horizontal table with a fine edge on which the rest 
of the string lies, being held taut at right angles to the edge by a force at the other 
end. If this end be set free, show that the velocity with which it will leave the 
table will be J{2gl (log 4-1)}. [June Exam. 

Ex. 5. A fine uniform chain is collected in a heap on a horizontal table, and to 
one end is attached a fine string which passes over a smooth pulley vertically above 
the chain and carries a weight equal to the weight of a length a of the chain. Prove 
that the length of the chain raised before the weight comes to rest is a v/(d), and 
find the length suspended when the weight next comes to rest. [May Exam. 

Ex. 6. A chain of length a is coiled up on a ledge at the top of a rough inclined 
plane and one end is allowed to slide down. Show that if the inclination of the 
plane is double the angle of friction (viz. X), the chain will be moving freely at the 

end of a time t given by gt'^=6a cot\. [Coll. Exam. 1887. 

Ex. 7. A balloon is at a certain moment at a height h, descending with velocity 
F, and moving horizontally with a velocity V equal to the velocity of the wind at 
that height. If the velocity of the wind be proportional to the height, and if with 
a view of descending at a particular spot the escape of the gas be regulated so as to 
keep the velocity of descent constant, prove that a miscalculation dh in the initial 

height wiU produce in the point reached an error = {1 + Jc* - «-« (1 + c)}, where 

V^e=gh, [Math. Tripos, 1871. 

Ex. 8. A spherical raindrop, descending by the action of gravity, receives 
continually by the precipitation of vapour an accession of mass proportional to its 
surface ; e being its radius when it begins to descend, and r its radius after the 

interval t, show that its velocity Vis given by V=j- (l + - + 3 + ;5)» W^e resistance 

of the air being left out of account. [Smith's Prize Ex., 1853. 

301. The Invariable Plane. Let us represent the mo- 
mentum mv of a particle P by a straight line PP' drawn from 
the particle in the direction of its motion ; see Art. 283. By 
the rules of statics, this momentum is equivalent to an equal 
and parallel linear momentum applied at any arbitrary point 0, 
together with a couple whose moment is mvp, where p is the 
perpendicular from on PP\ Let us represent this transferred 
linear momentum by the straight line OM, which of course is 
equal and parallel to PP', The plane of the couple is the plane 
containing OM and P, and it may be represented in direction and 
magnitude by an axis ON perpendicular to its plane. 



ART. 301.] THE INVARIABLE PLANE. 249 

Taking all the particles of the system we may compound the 
linear and couple momenta of the several particles into a single 
resultant linear momentum applied at the arbitrary point 0, 
together with a sinrie couple momentum. Let OV ana OH be 
two straight lines drawn from to represent in direction and 
magnitude these two resultants. Then these two straight lines will 
represent graphically the instantaneous momenta of the particles 
considered as one system. 

Let us refer the system to Cartesian coordinates. Since nub, 
my, mz are the resolved parts of the momentum of the particle m, 
the vector OF is the resultant of Xmx, ^my, Imz. Again, as in 
Art. 75, m(i/z — zy) is the moment of the momentum of the same 
particle about the axis of x. Hence OH is the resultant of the 

three couple-momenta hi = 2m (yi — zy), 

h^ = Xm (zx — xz), 

A, = 2m {xy — yx). 

Let U8 now suppose thai no external forces act on the system, 
so that it moves subject only to the mutual actions and reactions 
of its several parts. In this case, since no additional momentum 
is given to the system, the straight lines V and OH are fixed in 
magnitude and direction throughout the motion ; Art. 283. 

The resolved parts of OF and OH must be constant. It follows 
that each of the quantities hi,h^,h^ is constant. If we represent 
by h the angular momentum about OH, we have h^^h^ + h^ + h^. 

The ratios -^ , r i t^ are therefore the direction-cosines of a 

ti n ti 

straight line (viz. OH) which is fixed throughout the motion. 

That the resolved angular momenta hi, h^, h^ are constant 
follows also at once from Ait. 78. Referring to the second equation 
given in that article, we see that, when the moment of the external 
forces about any straight line fixed in space is zero, the angular 
momentum about that line is constant. 

The straight line OH is called the invaHahle line at 0. A 
plane perpendicular to OH is called the invariable plane at 0. 
The straight line OH is sometimes called the resultant axis of 
angular or couple momentum at 0. 

If any straight line OL be drawn through making an angle 
with the invariable Une OH at 0, the angular momentum about 
OL is h cos d. For the axis of the resultant momentum-couple is 
OH, and the resolved part about OL is therefore OH cos 0, Hence 
the invariable line at may also be defined as that aods through 
about which the moment of the momentum is greatest 

At different points of the system the positions of the invariable 
line are different. But the rules by which they are connected are 
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the same as those which connect the axes of the resultant couple 
of a system of forces when the origin of reference is varied. 
These have been already stated in Art. 235 of Chap, v., and it is 
unnecessary here to do more than generally to refer to them. 

In a memoir on the differential coefficients and determinants of lines, Mr Cohen 
has discussed some properties of these resultant lines. PhiL Trans. 1862. 

302. The position of the invariable plane at the centre of 

fravity of the solar system may be found in the following manner. 
let the system be referred to any rectangular axes meeting in the 
centre of gravity. Let a> be the angular velocity of any body about 
its axis of rotation. Let Mk^ be its moment of inertia about that 
axis and (a, fi, y) the direction-angles of that axis. The axis of 
revolution and two perpendicular axes form a system of principal 
axes at the centre of gravity. The angular momentum about the 
axis of revolution is Ml^a>, hence the angular momentum about 
an axis parallel to the axis of z is Mk^o) cos 7. The moment 
of the momentum about the axis of z of the whole mass collected 

at the centre of gravity ia Mya-^ — y-j-j , hence we have 

A, = XMk^G) cosy + '^Mfx-^'-y-^j. 

The values of A^, A, may be found in a similar manner. The 
position of the invariable plane is then known. 

303. The Invariable Plane may be used in Astronomy as 
a standard of reference. We may observe the positions of the 
heavenly bodies with the greatest care, determining the coordi- 
nates of each with regard to any axes we pleasa It is, however, 
clear that, unless these axes are fixed in space, or if in motion 
unless their motion is known, we have no means of transmitting 
our knowledge to posterity. The planes of the ecliptic and the 
equator have been generally made the chief planes of reference. 
Both these are in motion, and their motions are known to a near 
degree of approximation, and will hereafter probably be known 
more accurately. It might, therefore, be possible to calculate at 
some future time what their positions in space were when any 
set of valuable observations were made. But in a very long time 
some error may accumulate from year to year and finally become 
considerable. The present positions of these planes in space may 
also be transmitted to posterity by making observations on the 
fixed stars. These bodies, however, are not absolutely fixed, and, 
as time goes on, the positions of the planes of reference can be 
determined from these observations with less and less accuracy. 
A third method, which has been suggested by Laplace, is to make 
use of the Invariable Plane. If we suppose the bodies forming our 
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system, viz. the sun, planets, satellites, comets, &c., to be subject 
only to their mutual attractions, it follows from the preceding 
articles that the direction in spcu^e of the Invariable Plane at the 
centre of gravity is absolutely fixed. It also follows from Art. 79 
that the centre of gravity either is at rest or moves uniformly in 
a straight line. We have here neglected the attractions of the 
stars ; these, however, are too small to be taken account of in the 
present state of our astronomical knowledge. We may, therefore, 
determine to some extent the positions of our coordinate planes 
in space, by referring them to the Invariable Plane, as being a 
plane which is more nearly fixed than any other known plane in 
the solar system. The position of this plane may be calculated at 
the present time from the present state of the solar system, and at 
any future time a similar calculation may be made founded on the 
then state of the system. Thus a knowledge of its position cannot 
be lost. A knowledge of the coordinates of the Invariable Plane 
is not, however, sufficient to determine conversely the position of 
our planes of reference. We must also know the coordinates of 
some straight line in the Invariable Plane whose direction is fixed 
in space. Such a line, as Poisson has suggested, is supplied by 
projecting on the Invariable Plane the direction of motion of the 
centre of gravity of the system. If the centre of gravity of the 
solar system is at rest or moves perpendicularly to the Invariable 
Plane, this method fails. In any case our knowledge of the motion 
of the centre of gravity is not at present sufficient to enable us to 
make much use of this fixed direction in space. 

304. If the planets and bodies forming the solar system can 
be regarded as spheres whose strata of equal density are con- 
centric spheres, their mutual attractions act along the straight 
lines joining their centres. In this case the motion of their 
centres is the same as if each mass were collected into its centre 
of gravity, while the motion of each about its centre of gravity 
would continue unchanged for ever. Thus we may obtain another 
fixed plane by omitting these latter motions altogether. This is 
what Laplace has done, and in his formulae the terms depending on 
the rotations of the bodies in the preceding values of hi, ^, h^ are 
omitted. This plane may be called the Astronomical Invariable 
Plane to distinguish it from the true Dynamical Invariable Plane. 
The former is perpendicular to the axis of the momentum couple 
due to the motions of translation of the several bodies, the latter 
is perpendicular to the axis of the momentum couple due to the 
motions of translation and rotation. 

Poinsot, in a note to his Statics^ called attention to the fact 
that Laplace's plane is not the true invariable plane. He remarks 
that the area due to the rotation of the sun is at least 25 times 
that due to the motion of the earth round the sun. This omission 
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alters by some minutes the inclination of the plane to the ecliptic 
and by several degrees the longitude of the ascending node. 

The Astronomical Invariable Plane is not strictly fixed in 
space, because the mutual attractions of the bodies do not strictly 
act along the straight lines joining their centres of gravity, so 
that the terms omitted in the expressions for hi, h^, h^ are not 
absolutely constant. The effect of precession is to make the axis 
of rotation of each body describe a cone in space, so that, even 
though the angular velocity is unaltered, the position in space 
of the Astronomical Invariable Plane must be slightly altered 
A collision between two bodies of the system, if such a thing 
were possible, or an explosion of a planet similar to that by which 
Olbers in 1802 supposed the planets Ceres, Pallas, Juno and Vesta, 
&c., to have been produced, might make a considerable change in 
the sum of the terms omitted. In this case there would be a 
change in the position of the Astronomical Invariable Plane, but 
the Dynamical Invariable Plane would be altogether unaffected. 
It might be supposed that it would be preferable to use in 
Astronomy the true Invariable Plane. But this is not necessarily 
the case, for the angular velocities and moments of inertia of the 
bodies forming our system are not all known, so that the position 
of the Dynamical Invariable Plane cannot be calculated to any 
near degree of approximation, while we do know that the terms 
into which these unknown quantities enter are all very small or 
nearly constant. All the terms rejected being small compared with 
those retained, the Astronomical Invariable Plane must make only 
a small angle with the Dynamical Invariable Plane. Although 
the plane is very nearly fixed in space, yet its intersection with 
the Dynamical Invariable Plane, owing to the smallness of the 
inclination, may undergo considerable changes of position. 

In the Mdcanique Celeste, Tome, iii., p. 188, Laplace calculated 
the position of the Astronomical Invariable Plane at the two 
epochs, 1750 and 1950, assuming the correctness for this period of 
his formulae for the variations of the eccentricities, inclinations 
and nodes of the planetary orbits. Neglecting the areas due to 
the motion of the satellites about their primaries (that due to the 
planet Neptune being also omitted) he found that at the first 
epoch the inclination of this plane to the ecliptic was 1° 35' 31", 
and the longitude of the ascending node 102° 57' 29"; at the 
second epoch the inclination will be the same as before, and the 
longitude of the node 102° 57' 14". 

In the Smithsonian Contributions to Knowledge^ Vol. 18, 1873, 
J. N. Stockwell gives the inclination of the Astronomical Invariable 
Plane to the ecliptic of 1850 (supposed fixed) as 1° 35' 19"-376. 
He includes Neptune, but omits the Satellites. The inclination 
is not constant but it must lie between the limits 0° and 3° 6'. 
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He has also calculated the inclinations of the orbits of the eight 
principal planets to the invariable plane and their maximum and 
minimum values, together with the positions of the nodes and 
their mean motions per Julian year. 

In the Astronomische Nachrichten, No. 3923, there is ao 
important memoir by Prof See on the degree of accuracy attain- 
able in determining the position of Laplace's Invariable Plane^ 
1903. He particularly discusses the best determination of the 
masses of the several planets and the degree of uncertainty in 
each. He finds 106° 8' 46"-688 for the longitude of the ascending 
node and V 35' 7"'745 for the inclination of the plane referred to 
the fixed ecliptic of 1850*0. He considers that the inclination is 
uncertain only to the extent of 1" and the node by about 1'. The 
plane has therefore now been determined wdth very considerable 
accuracy. 

305. Laplace remarks that, the origin of coordinates being at the centre of 
gravity of the system, the equation 

h = 'LM(xy-yx) (1) 

may be put into the form 

^2Jf=SSAfiJf,{(x,-a:i)(y,-yi)-(y,-yj)(ia-ii)> (2). 

where the Z2 may include or exclude the terms in which the suffixes are the same« 

To prove this, collect the terms which have the factor M^ . These are 

Afj [-LM^ { {x^y^ - y^ij} + (x^y^ - y,x^) 2Af J 

+ Ml [ - a?i 2itfni/n - Vi ^^n^n + Vi 2iV„i,, + ij SiV,»y J, 

where the Z implies summation for aU values of n, including n=l. The last four 
terms vanish because the origin is at the centre of gravity. We now repeat this 
process and collect the terms in (2) which contain ilf , as a factor. We are thus 
taking every term in (2) twice over, because the product M^M^ is made to supply a 
term to each collection. After adding the results of all the collections together we 
have 

+ {Afi (xi^i - yiii) + Afj (xjyj - j/jia) + 4c. } S3f,» , 

and this is twice the left-hand side of (2). 

In this form the equation of moments is made to depend on the differences of the 
coordinates of the bodies which form the solar system. We shall now change the 
origin to the centre of the sun. Let S be the mass of the sun, M^, M^, &o, those of 
the other bodies, ((j, 17,, ^j) ((,, iji,, ^3) &q, their coordinates referred to the centre of 
the Bun. The equation (2) then becomes 

If a be the semi-major axis of any planetary orbit, e=sin the eccentricity, n the 
mean motion in a Julian year, x the angle the plane of the orbit makes with the 
plane of xy, say, the ecliptic, we have 

^r)-r)i=:na^(iOB<pcosx (4). 

The terms of the second order depending on the products of the masses of the 
planets are omitted. The two greatest planets are Jupiter and Saturn, their masses 
are respectively only 1/1047 and 1/8500 of that of the sun. These terms are therefora 
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less than the uncertainty attaching to the tenns of the first order. The satellites, 
asteroids and comets are too small and too symmetrically distributed to exert a 
sensible influence on the position of the plane. 

Since the ratios of h^, h^, A, are all that we want, we write unity for the mass 
of the sun and express the masses of the several planets as fractions of that of the 
sun. The formulaa used to find Z^* ^, A, now become 

^3=2 {Mna* cos cos x)t ^ = 2) {Mna* cos sin x oos ^), 
/t3= Z [Mnc? cos sin x ^^ ^)« 

where ^ is the longitude of the ascending node of the planet's orbit on the fixed 
plane of reference at a particular epoch. 

305 a. Ex. 1. Show that the invariable plane at any point of space in the 
straight line described by the centre of gravity of the solar system is parallel to 
that at the centre of gravity. 

Ex. 2. If the invariable planes at all points in a certain straight line are 
parallel, then that straight line is parallel to the straight line described by the 
centre of gravity. 

Impulsive Forces in Three Dimensions. 

306. Constrained single body. To determine the general 
equations of motion of a body about a fixed point under the action 
of given impulses. 

Let the fixed point be taken as the origin, and let the axes 
of coordinates be rectangular. Let (fla;, fly, fl,), (a>a;, Wy, ««) be 
the angular velocities of the body just before and just after the 
impulse, and let the differences ©a. — fl^, a>y — fly, », -fl, be 
called ©a;', cjy, <»/. Then o)/, oDy, a>/ are the angular velocities 
generated by the impulse. By D'Alembert's Principle, see Art. 87, 
the difference between the angular momenta of the system just 
before and just after the action of the impulses is equal to the 
moment of the impulses. Hence by Art. 262 

Acog — (Imay) oDy — (S,mxz) a>g =L' 

Bwy —(^myz) ouz — {^myx)tOgi =^ M> (1), 

Co/ — (^mzx) (oj — (2m^y) coy = N^ 

where L, M, N are the moments of the impulsive forces about 
the axes. These three equations will suffice to determine the 
values of w^, cdy\ (02, By adding these to the angular velocities 
before the impulse, the initial motion of the body after the impulse 
is found. 

S07. Ex. 1. Show that these equations are independent of each other, and that 
none of the angular velocities w,, ciiy, (ii« is infinite. 

This follows from Art. 20, where it is shown that the eliminant of the equations 
cannot vanish. 

Ex. 2. Show that, if the body be acted on by a finite number of given impulses 
following each other at infinitely short interyals, the final motion is independent 
of their order. 
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308. It is to be observed that in these equations the axes of 
reference are any whatever. They should be so chosen that the 
values of A, Xmxy, &c., may be most easily found. If the positions 
of the principal axes at the fixed point are known, these will in 
general be found the most suitable. 

In that case the equations reduce to the simple forms 

^ai«' = X, Bwy'^M, Ca>;^N. (2). 

The values of co^, <i>yt ®«' being known, we can find the pressures 
on the fixed point. For by D'Alembert*s Principle the change in 
the linear momentum of the body in any direction is equal to the 
resolved part of the impulsive forces. Hence if F, 0, H be the 
pressures of the fixed point on the body 

SX + J^'-Jf.^byArt. 86 

= M{tOyZ - (o^y) by Art. 238 

SOS a. If X^ F, Z are the components of any blow, j>, q, r the coordinates of its 
point of application, the equations (2) may be written 

ii(w,-0J=2(gZ-rF), Ac, &c. 
The gain of vis viva due to the impulses is by Art. 863, 

= K+OJ S(gZ-rr) + K+Oy) 2 (rX-j>Z) + *c. 

Separate the terms with Z, T, Z and this becomes by Art. 288 

2 {Z(tti+Us) + r(i?i+t7,) + Z(w?i + w?a)}, 

where (%, v^, w^ (u,* Vsf v't) '^^ ^^ resolved velocities of the point of application 
just before and just after the blow. See Arts. 171, 846, 884. 

309. Ex. 1. A unif(yrm due hounded by an arc OP of a parabola, the axis ON, 
and the ordinate PN, has its ^ 
vertex O fixed. A blow B is 
given to it perpendicular to 
its plane at the extremity P 
of the curved boundary. Sup- 
posing the disc to be at rest 
before the application of the 
bloWf find the initial motion. 

Let the equation to the 
parabola be y*=4<u;, and let 
the axis of z be perpen- 
dicular to its plane. Then 
Zmxzs^O, 2ifiyc=0. Let fi 
be the mass of a unit of area 

And let ONi=c, Also ^mxy=fji I lxydxdy=fi I x^dx=2fi j ax^dx=^fjkac^, 
A=^fi r y»<to=-J|A*aM, B=fi j x^ydx=^naic^, and C=J+B, by Art. 7. 
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The moments of the blow B about the axes are L = Bfs/4aCf Af= - Bct N=0. The 
equations of Art. 306 will become after substitution of these values 

These equations determine the initial motion. By eliminating B we find the 
ratio of uty to w,. It easily follows that if NQ is taken equal to ^NP, the disc 
begins to rotate about OQ. 

Ex. 2. One end of an inelastic string is attached to a fixed point and the other 

to a point in the surface of a body of mass M. The body is allowed to fall freely 

under gravity without rotation. Show that just before the string becomes tight 

/ / 1 X* u' F^\ 
the loss of kinetic energy due to the impact is ^V^ (if'^l'*'^''"?*)' ^^^ ^ ^* 

the resolved velocity of the body in the direction of the string just before impact* 
the string only touching the body at the point of attachment, I, m, n, X, /i, p are 
the coordinates of the string at the instant it becomes tight and A^ B, C the 
principal moments of inertia of the body with respect to its principal axes at its 
centre of inertia. [Math. Tripos, 1899. 

The result in the question follows from the equations of Arts. 308 and 238. 
Here X, /ia, v are the moments about the axes of a unit force acting along the string, 
and 2, m, n are its resolved parts. See the author's Statics, 1896, Art. 260 for 
references. 

310. New statement of the Problem. When a body free 
to turn about a fixed point is acted on by any number of impulses, 
each impulse is equivalent to an equal and parallel impulse 
acting at the fixed point together with an impulsive couple. The 
impulse at the fixed point can have no effect on the motion of the 
body, and may therefore be left out of consideration if only the 
motion is wanted. Compounding all the couples, we see that the 
general problem may be stated thus : — A body moving about a fixed 
point is acted on by a given impulsive couple, find the change 
produced in the motion. The analytical solution is comprised in 
the equations which have been written down in Art, 306. The 
following examples express the result in a geometrical form. 

Ex. 1. Show from these equations that the resultant axis of the angular 
velocity generated by the couple is the diametral line of the plane of the couple 
with regard to the momental ellipsoid. See also Art. 118. 

Ex. 2. Let Q be the magnitude of the couple, p the perpendicular from the 
fixed point on the tangent plane to the momental ellipsoid parallel to the plane 
of the couple G. Let O be the angular velocity generated, r the radius vector of 
the ellipsoid which is the axis of U, Let K be the parameter of the eUipsoid, 
as in Art. 19. Prove that K^=prQ. 

Ex. 3. If O^, Oy, 0^ be angular velocities about three conjugate diameters of 
the momental ellipsoid at the fixed point, such that their resultant is the angular 
velocity generated by an impulsive couple G, A\ B\ C* the moments of inertia 
about these conjugate diameters, prove that ^'02=0 cos a, fOy=Gcos/9, 
C'(2f = G C0S7, where a, /3, 7 are the angles the axis of G makes with the conjugate 
diameters. 

Ex. 4. If a body free to turn about a fixed point be acted on by an impulsive 
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coaple O, whose axis is the radius vector r of the ellipsoid of gyration at 0, and if 
p be the perpendicular from on the tangent plane at the extremity of r, then the 
axis of the angular velocity generated by the blow will be the perpendicular p, and 
the magnitude Q is given by G=Mpril, 

Ex. 5. Show that, if a body at rest be acted on by any impulses, we may take 
moments about the initial axis of rotation, according' to the rule given in Art. 89, 
as if it were a fixed axis. 

Ex. 6. When a body turns about a fixed point, the product of the moment of 
inertia about the instantaneous axis and the square of the angular velocity is 
called the Yis Yiva. Let the vis viva generated from rest by any impulse be 2r, 
and let the vis viva generated by the same impulse when the body is constrained to 
turn about a fixed axis passing through the fixed point be 2T', Then prove that 
T' = TcoB^^, where B is the angle between the eccentric lines of the two axes of 
rotation with regard to the momental ellipsoid at the fixed point. 

Ex. 7. Hence deduce Euler's theorem, that the vis viva generated from rest 
by an impulse is greater when the body is free to turn about the fixed point than 
when constrained to turn about any axis through the fixed point. This theorem 
was afterwards generalized by Lagrange and Bertrand in the second part of the first 
volume of the Micanique Analytique. 

311. Free single body. To determine the motion of a free 
body acted on by any given impulse. 

Since the body is free, the motion round the centre of gravity 
is the same as if that point were fixed. Hence, the axes being 
any three straight lines at right angles meeting at the centre of 
gravity, the angular velocities of the body may still be found by 
equations (1) and (2) of Art. 306. 

To find the motion of the centre of gravity, let (U, V, W), 
(«, V, w) be the resolved velocities of the centre of gravity just 
before and just after the impulse. Let X, F, Z be the components 
of the blow, and let M be the whole mass. Then by resolving 
parallel to the axes we have 

If we follow the same notation as in Art. 306, the diflferences 
u ^U, V — V, w — W may be called u\ v\ w\ 

312. Ex. 1. A body at rest is acted on by an impulse whose components 
parallel to the principal axes at the centre of gravity are (Z, F, Z) and the co- 
ordinates of whose point of application referred to these axes are (p, q, r). Prove 
that if the resalting motion be one of rotation only about some axis, 

A{B-C)pYZ -k-B (C - A) qZX + C {A-B)rXY=0, 

Is this condition sufficient as well as necessary ? See Art. 241. 

Ex. 2. A homogeneous cricket-ball is set rotating about a horizontal axis in 
the vertical plane of projection with an angular velocity fi. When it strikes the 
ground, supposed perfectly rough and inelastic, the centre is moving with velocity 
F in a direction making an angle a with the horizon, prove that the direction of 
the motion of the ball after impact will make with the plane of projection an angle 

tan~^ -z „ 1 where a is the radius of the ball. 

5 Fcosa 

R. D. 17 
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Ex. 3. A rough lamina, turning with angular velocity Q about a fixed axis 
perpendicular to its plane, is impulsively gripped by a solid cone of semi-vertical 
angle a, whose vertex is fixed at the point where the axis meets the lamina, turning 
about its own axis with angular velocity w. The moments of inertia of the cone 
being denoted hyA,A, C and that of the lamina by /, prove that the loss of kinetic 

energy is i (O - w sin a)'//^! + ^J * + ^^\ . [Math. Tripos. 19(S. 

The cone will begin to roll on the lamina which can only turn about its axis, 
say the axis of g. Let G be the couple of reaction between the cone and lamina, its 
axis being that of z. Let the cone touch the lamina along the axis of x. Take 
moments for the cone about its principal axes OC, OA and for the lamina about its 
principal axis OZ ; we find C (w,' -«) = (? sin a, ilw/= - G cos a, I (O' - O) = - G, 
Since the cone rolls on the lamina cu^'sin a - w/ cos a=0'. Solving, these we find G 
and thence ta^, ^\ and (y. The loss of energy follows at once. 

313. Motion of any point of the body. To prove that the 
components of the change of velocity of any point of the body are 
linear functions of the components of the blow. The equations of 
Art. 311 completely determine the motion of a free body acted on 
by a given impulse, and from these by Art. 238 we may determine 
the initial motion of any point of the body. Let (/>, y, r) be the 
coordinates of the point of application of the blow, then the 
moments of the blow round the axes are respectively qZ — rY, 
rX—pZ, pT^qX. These must be written on the right-hand 
sides of the equations of Art. 306. Let {p\ q\ r') be the co- 
ordinates of the point whose initial velocities parallel to the axes 
are required. Let (Ui, Vi^ Wi\ (t*,, Vg, w^) be its velocities just 
before and just after the impulse. Let the rest of the notation be 
the same as that used in Art. 306. Then 

14, — ill = w' -h ayyY — a)tq\ 

with similar equations for Vi — Vi, w, — Wj. Substituting in these 
equations the value of u, v\ «/, &>/, oDy, (Og given by Art. 311 we 
see that m, — t«i, v, — Vi, w, — Wi are linear fwnctions of X, Y, Z, of 

the form u^-u.^ FX+OY-¥ HZ, 

where F, G, H depend on the structure of the body and the 
coordinates of the two points. 

814. When the pomt whose initial motion is required is the point of application 
of the blow, and the axes of reference are the principal axes at the centre of 
gravity, these expressions take the simple forms 






The right-hand sides of these equations are the differential coefficients of a 
quadratic function of X, F, Z, which we may call £. It follows that for all blows 
at the same point P of the same body the resiUtant change in the velocity of the point 
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P of application is perpendietUar to the diametral plane of the direction of the blow 
with regard to a certain ellipsoid^ whoee centre is at P^ and whose equation is 
E= constant. 

The expression for E may be written in either of the equivalent forms : 
2E = ^^^^^ + -^{{Ap*-{-Bq^+Cr^(AX^ + BY*-^CZ^)^{ApX+BqY+CrZ)*) 

In this Utter form we see that 2jE = lf (tt'»+t;'»+ «?'•) + il«,''+BM/*+C«,'', 
which is the vis viva of the motion generated by the impulse. 



Impact of a/ay two bodies. 

315. Two bodies moving in any manner impinge on each other. 
To find the motion after impajct. 

Inelastic Bodies. If the bodies are inelastic and either 
perfectly smooth or so rough that the sliding must be destroyed 
before the termination of the impact, it is unnecessary to introduce 
the reactions into the equations. In either case we take the 
point of contact as the origin. Let the axes of x Andy be in 
the tangent plane, and that of z be normal. Let U, V, W be the 
resolved velocities of the centre of gravity of one body just before 
the impact, and u, v, w the resolved velocities just after the impact. 
Let i\, 0,y, ilg, a>«, (Oy, (Og be the angular velocities just before and 
just after. Let A, B, C, D, E, F be the moments and products of 
inertia at the centre of gravity. Let M be the mass of the body, 
and X, y, z the coordinates of its centre of gravity. Let accented 
letters denote the same quantities for the other body. 

Then taking moments about the axes for one body we have, 
by Arts. 306 and 78, 

-jP(fl)a.-n,) + jB(a>y-ny)-i)K-n,)-(t(;-Fr)a:+(M- [7)^ = 0, 
- ^(a>« - Ila;) - D (ft,y-ny)+ G (q>, - €i^^{u " TJ)y +(v - F) a? = 0. 

Three similar equations apply for the other body, diflFering from 
these only in having all the letters accented. 

Resolving along the axis of ^ for both bodies, we have 

The relative velocity of compression is zero at the moment of 
greatest compression, we have therefore 

'^ -" ^xV + ®y^ = «/ — a)«y + €dyX', 

We thus have eight equations between the twelve unknown 
resolved velocities and angular velocities. 

17—2 
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316. If the bodies be smooth we obtain four more equations by 
resolving for each body parallel to the axes of x and y. For the 

one body we have u-U =0, v — F = 0, 
with similar equations for the other body. 

317. If the bodies be rough we obtain two of the four equations 
by resolving the linear momenta parallel to the axes of x and y, viz. 

jf (v - F) -h if' (v' - F') =or 

We have also two geometrical equations obtained by equating to 
zero the resolved relative velocity of sliding, viz. 

u — (OyZ + (OzV = w' — (Oysf + w/y' I 
V — (OiX + <OxZ = v' — Q)/a?' + G)«Vj ' 

318. Smooth Elastic Bodies. If the bodies be smooth and 
imperfectly elastic, we must introduce the normal reaction into the 
equations. In this case we proceed exactly as in the general case 
when the bodies are rough and elastic, which we shall consider in 
the following articles. The process is of course simplified by putting 
both the frictions P and Q equal to zero in the twelve equations 
of motion (1), (2), (3) and (4). We also have the velocity C of 
compression equal to zero at the moment of greatest compression. 
Thus we have one more equation from which the normal reaction R 
may be found. Multiplying this value of ii by 1 -f e, where e has 
the meaning given to it in Art. 179, we have the complete value 
of R for the whole impact. Substituting this last value of R in 
the twelve equations of motion (1) and (2), (3) and (4), the motion 
of both bodies just after impact is found. 

319. Rough Elastic Bodies. The problem of determining 
the motion of any two rough bodies after a collision involves some 
rather long analysis and yet in some points it differs essentially 
from the corresponding problem in two dimensions. We shall, 
therefore, first consider a special problem which admits of being 
treated briefly, and will then apply the same principles to the 
general problem in three dimensions. 

320. Two rough ellipsoids moving in any manner impinge 
on ea^h other so that the extremity of a principal diamster of one 
strikes the extremity of a principal diameter of the other, at an 
instant when the three principal diameters of one are parallel to 
those of the other. Find the motion just after impact 

Let us refer the motion to coordinate axes parallel to the 
principal diameters of either ellipsoid at the beginning of the 
impact. Then since the duration of the impact is indefinitely 
small and the velocities are finite, the bodies will not have time 
to change their position, and therefore the principal diameters will 
be parallel to the coordinate axes throughout the impact. 
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Let Uy V, W be the resolved velocities of the centre of gravity 
of one body just before impact; u, v, w the resolved velocities 
at any time t after the beginning of the impact, but before its 
termination. Let il^, ily, ilg be the angular velocities of the 
body just before impact about its principal diameters at the centre 
of gravity; odx, fi)y, eo^ the angular velocities at the time t Let 
a, b, c be the semiaxes of the ellipsoid, and A, B,C the moments 
of inertia at the centre of gravity about these axes respectively. 
Let M be the mass of the body. Let accented letters denote the 
same quantities for the other body. Let the bodies impinge at 
the extremities of the axes c, c. 

Let P, Q, R be the resolved parts parallel to the axes of the 
momentum generated in the body M by the blow during the time 
t Then — ?, — Q, — iZ are the resolved parts of the momentum 
generated in the other body in the same time. ' 

The equations of motion of the body M are 

A (Ctfa; — Ha;) = Qc \ 

5(a>y-n,) = -Pc (1), 

C(a>,-n,) = j 

M{U'-U)=P\ 

M{v^V)=q\ (2). 

M{w''W)^R) 

There are six corresponding equations for the other body 
which may be derived from these by accenting all the letters on 
the left-hand side and writing — P, — Q, — ii, — c' for P, Q, R 
and c on the right-hand side. Let us call these new equations 
respectively (3) and (4). 

Let S be the velocity with which one ellipsoid slides along the 
other, and 6 the angle which the direction of sliding makes with 
the axis of ^, then, as in Art. 192, 

S cos = U -h C'cJy — U +C(Oy (5), 

S sin = V — c'cDx — V - ca)x (6). 

Let C be the relative velocity of compression, then 

C = w'-w (7), 

Substituting in these equations from the dynamical equations 

we have 8 cos = SqCos 0^ — pP (8), 

S sin 0=^Sosm 00 -qQ (9), 

C^Co-rR (10), 

where So cos 0o=U' + c'ily -U-h cfl J 

iSosin^o=F'-c'n^'-F-cn^y (11), 

(7o = F'-Tr 
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lie' c'« I 

These are the constants of the impact. So, C© are the initial 
velocities of sliding and compression, and Oq the angle which the 
direction of initial sliding makes with the axis of x. Let us take 
as the standard ca^e that in which the body M' is sliding along and 
compressing the body M, so thai 80 and (7© cire both positive. The 
other three constants p, q, r are independent of the initial motion 
and are essentially positive quantities 

321. Exactly as in the corresponding problem in two dimen- 
sions, we shall adopt a graphical method of tracing the changes 
which occur in the frictions. Let us measure along the axes 
of Xy y, z three lengths OF, OQ, OR to represent the three re- 
actions P, Q, R, Then, if these be regarded as the coordinates 
of a point Ty the motion of T will represent the changes in the 
forces. It will be convenient to trace the loci given by £> = O, 
(7 = 0. The locus given by S = is a straight line parallel to 
the axis of R; this we may call the line of no sliding. The 
locus given by (7=0 is a plane parallel to the plane POQ] this 
we may call the plane of greatest compression. At the begiuning- 
of the impact one ellipsoid is sliding along the other, so that 
according to Art. 154 the friction called into play is limiting. 
Since P, Q, R are the whole resolved momenta generated in the 
time t, dP, dQ, dR are the resolved momenta generated in 
the time dt, the two former being due to the frictional, and the 
latter to the normal blow. Then the direction of the resultant of 
dP, dQ must be opposite to the direction in which one point of 
contact slides over the other, and the magnitude of the resultant 
must be equal to fjdR, where fi is the coefficient of friction. We 
have therefore 

;T7T = cote' = ^ — -. — ^ — ^^ (Id), 

dQ So sm do'-qQ 

(dPy + (dQy^,M'{dRy (14). 

The solution of these equations will indicate the manner in 
which the representative point T approaches the line of no sliding. 

The equation (13) can be solved by separating the variables. 

We cret 1 1 

(So cos 00 - pPy = a (/So sin 0o - 9Q)« , 

where a is an arbitrary constant. At the beginning of the motion 
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P and Q are zero, hence we have 

1 1 

'So cos 6o — 
So cos Oo 

which may also be written 

1^ 1 

Sco9 0\P /SsinOv 



>f7-(^i:^r ■<"). 



/ S cos Y _ f Ssmff y . . 

[SoCosdoJ "[SoQindol ^ ^' 



p « 



s = sj'^r\ r^y-" (it). 

\8in 00^ \Cos J 

This equation gives the relation between the direction and the 
velocity of sliding. 

322. If the direction of sliding does not change daring the 
impact, must be constant and equal to Oq. We see from (16) 
that, if p^q, then 0^0o\ and that conversely if 0^0o, S is 
constant unless p = q. Also, if sin^© or cos^o be zero, S must 
be zero or infinite unless 0^0o. The necessary and sufficient 
condition that the direction of friction should not change during 
the impact is therefore p^q or sin 20o = 0. The former of these 
two conditions, by (12), leads to 



i-5) + <'"(l'-F) = « W 



If this condition holds, we have by (13) P=Qcot^o and 
therefore by (14) 

P=^fiRcos0o, Q^fjLRsin0o (19). 

It follows from these equations that, when the friction is 
limiting, tA« representative point T moves along a straight line 
making an angle tan~^ fi with the axis of i2, in such a direction 
as to meet the straight line of no sliding. 

323. If the condition p = q does not hold, we may, by dif- 
ferentiating (8) and (9) and eliminating P, Q, and fif, reduce the 
determination of R in terms of to an integral. 

By substituting for S from (17) in (8) and (9), we then have 
P, Q, R expressed as functions of 0. Thus we have the equations 
to the curve along which the representative point T travels. The 
curve along which T travels may more conveniently be defined 
by the property that its tangent, by (14), makes a constant angle 
tan"* fi with the axis of R and its projection on the plane of PQ 
is given by (15). And it follows that this curve must meet the 
straight line of no sliding, for the equation (15) is satisfied by 
pP = SoCos^o, gQ = Sosin^o. 

324. The whole progi'ess of the impact may now be traced 
exactly as in the corresponding problem in two dimensions. The 
representative point T travels along a certain known curve, wntil 
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it reaches the line of no sliding. It then proceeds along the line 
of no sliding, in sttch a direction that the abscissa R increases. 
The complete value R^ of R for the whole impact is found by 
TnvMiplying the abscissa Ri of the point at which T crosses the 
plane of greatest compression byl+e, so that R^^ Ri(l •{• e), if e be 
the measwre of the elasticity of the two bodies. The complete values 
of the frictions called into play are the ordinates of the positions 
of T corresponding to the abscissa iJ = iJa. Substituting these in the 
dynamical equoMons (1), (2), (3), (4), the motion of the two bodies 
ju^t after impact may be found, 

825. Since the line of no sliding is perpendicular to the 

{)lane of PQy P and Q are constant when T travels along this 
ine. So that, when once the sliding friction has ceased, no more 
friction is called into play. If therefore sliding ceases at any 
instant before the termination of the impact, as when the bodies 
are either very rough or perfectly rough, the whole frictional 
impulses are given by 

So cos ^0 r\ ^0 sin 0c 



p q 

If a be the arc of the curve in the plane of PQ whose equation 
is (15) measured from the origin to the point where it meets the 
line of no bliding, then the representative point T cuts the line of 

no sliding at a point whose abscissa is i2 = - . If the bodies are 

a C 
so rough that - < — ^ , the point T will not cross the plane of 

greatest compression until after it has reached the line of 

no sliding. The whole normal impulse is therefore given by 

C 
iJ = — (1 + 6). Substituting these values of P, Q, R in the 

dynamical equations, the motion just after impact may be found. 

826. Ex. 1. If ^ be the angle which the direction of sliding of one eUipsoid over 
the other makes with the axis of x, prove that continually increases or continnaUy 
decreases throughout the impact. And if the initial value of $ lie between and }«-, 
then $ approaches }t or zero according as p> or <q. Show also that the repre- 
sentative point reaches the line of no sliding when $ has either of these values. 

Ex. 2. If the bodies be such that the direction of sliding continues unchanged 
during the impact and the sliding ceases before the termination of the impact, the 

roughness must be such that fi> ^^ ,i -r* 

CoP(l + c) 

Ex. 8. If two rough spheres impinge on each other, prove that the direction 
of sliding is the same throughout the impact. This proposition was given bj 
J. A. Euler, and by Goriolis, Jeu de billard, 1885. See Art. 822. 

Ex. 4. If two inelastic solids of revolution impinge on each other, the vertex 
of each being the point of contact, prove that the direction of sliding is the same 
throughout the impact. This and the next proposition have been given by 
M. Phillips in the fourteenth volume of Liouville's Journal, 
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Ex. 5. If two bodies having the principal axes at their centres of gravity 
parallel impinge, so that these centres of gravity are in the common normal at the 
point of contact, and if the initial direction of sliding be parallel to a principal axis 
at either centre of gravity, then the direction of sliding wUl be the same throughont 
the impact 

Ex. 6. If two ellipsoids of equal mass impinge on each other at the ex- 
tremities of their axes c, c', and if aaf^bb' and ca^=bc\ prove that the direction 
of friction is constant throughout the impact. 

Ex. 7. A billiard ball rolls without sliding on the table and impinges against a 
cushion, find the subsequent motion. See also Vol. n. Art. 239. Ed. 1906. 

Let the planes of the cushion and table be called the planes of xy and xz 
respectively. Let the initial velocity of the centre of gravity resolved parallel to x 
and 2 be - tt and - tr and let the angular velocity about the vertical be n. After 
rebounding the ball will describe a series of very small parabolic jumps which are 
hardly perceptible. Finally the ball may be regarded as rolling on the table. This 

final motion is given by U'= -u + ^y{u + an), pj^'= _tr + f (l+7 + €)ir, 
where y is the smaller of the two quantities f and /u (1 + e) ir/{ii7^ + (u+an)^} . 

327. Two rough bodies moving in any manner impinge on each 
other. Find the motion just after impact 

Let us refer the motion to coordinate axes, the axes of a?, y 
being in the tangent plane at the point of impact and the axis 
of z along the normal. Let U, V, W be the resolved velocities of 
the centre of gravity of one body just before impact, u, v, w the 
resolved velocities at any time t after the beginning, but before 
the termination of the impact. Let flg., fly, ilg be the angular 
velocities of the same body just before impact about axes parallel 
to the coordinate axes, meeting at the centre of gravity; a)^;, Q)y, &)« 
the angular velocities at the time t Let A, B, C, 2), E, F be 
the moments and products of inertia about axes parallel to the 
coordinate axes meeting at the centre of gravity. Let M be the 
mass of the body. Let accented letters denote the same quantities 
for the other body. 

Let P, Q, 2J be the resolved parts parallel to the axes of the 
momentum generated in the body M from the beginning of the 
impact, up to the time t Then — P, - Q, - iJ are the resolved parts 
of the momentum generated in the other body in the same time. 

Let {x, y, z), (x\ y\ /) be the coordinates of the centres of 
gravity of the two bodies referred to the point of contact as origin. 
The equations of motion are therefore 

il(a>a;-fl:r)-P(Wy-fly)-iE'K-flz) = -yfl + -^Q] 

^P(a)a;-fl,) + jB(Q)y-fly)-D(G),-fl^) = -^P + ^'iji (1), 

-.F(6)x-fl«)-i)K-fly) + CK-fl,) = -irQ + yP| 

M(v^V)^q\ (2). 
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We have six similar equations for the other body, which differ 
from these in having all the letters, except P, Q, R, accented, 
and in having the signs of P, Q, R changed. These we shall call 
equations (3) and (4). Let S be the velocity with which one 
body slides along the other and the angle which the direction 
of sliding makes with the axis of x. Also let C be the relative 
velocity of compression, then 

S cos = u' — WyV + o)/y' — u + a)yZ - <o,yl 

Ssin ^ = V —to/x' + (OgZ — v + ©^a? — a}x^\ (5). 

C = w' — eoxy + a>yx' — u; + (Ogy — a>yX) 

If we substitute from (1) (2) (3) (4) in (5) we find, (Art. 314) 

So 008 0-8 COS 0^aP +/Q + eR] 

So sin0- 8 sin 0=fP + bQ + dR\ (6), 

Co-C^eP+dQ-^cR] 

where 8^, 0^, C© are the initial values of S, 0, C and are found from 
(5) by writing for the letters their initial values. The expressions 
for a, 6, c, d, e, / are rather complicated, but it is unnecessary to 
calculate them. 

328. We may now trace the whole progress of the impact by 
the use of a graphical method. Let us measure from the point of 
contact 0, along the axes of coordinates, three lengths OP, OQ, OR 
to represent the three reactions, P, Q, R. Then if, as before, these 
are regarded as the coordinates of a point T, the motion of T 
will represent the changes in the forces. The equations of the 
line of no sliding are round by putting S = in the first two 
of equations (6). We see that it is a straight line. 

The equation of the plane of greatest compression is found by 
putting (7= in the third of equations (6). 

At the beginning of the impact one body is sliding along the 
other, so that the friction called into play is limiting. The path 
of the representative point as it travels from is given, as in 

Art. 321. by dP^S-.^^j^ (7). 

cos ^ sm ^ '^ 

When the representative point T reaches the line of no sliding, 
the sliding of one body along the other ceases for the instant. 
After this, only so much friction is called into play as will suffice to 
prevent sliding, provided that this amount is less than the limiting 
friction. If therefore the angle which the line of no sliding makes 
with the axis of R be less than tan"* /Lt, the point T travels along it. 
But if the angle be greater than tan""* /x. more friction is necessary 
to prevent sliding than can be called into play. Accordingly the 
friction continues to be limiting, but its direction is changed if 8 
changes sign. The point T then travels along a curve given by 
equation (7) with increased by tt. See Art. 194. 



ART. 330.] IMPACT OF BOUGH ELASTIC BODIES. 267 

The complete value ^ of 12 for the whole impact is found 
by multiplying the abscissa Ri of the point at which T crosses the 
plane of greatest compression by 1 + 6, where e is the measure of 
elasticity, so that i2, = iii (1 + 6). The complete values of P and Q 
are represented by the ordinates corresponding to the abscissa iZ,. 
Substituting in the dynamical equations, the motion just after 
impact may be found. 

329. The path of the representative point before it reaches 
the line of no sliding must be found by integrating (7). By 
differentiating (6) we have 

d (S cos 0) _ adP +fdQ + edR a/j^oB 0+ffisin0 + e .^. 
dW^m0)^ fdPTUq + ddR ""fyTcoB 0Tb fi sin + d'"^ ^' 

which reduces to 

, ja -7r- + — 7r-co8 2^H-/sin2^+-cos^ + -8in^ 

1 dS 2 2 ^ fi fM .g. 

^"^^ -'^8in25+/cos2^ + -cos^--sin5 

From this equation we may find £> as a function of in 
the form S = Af{0), the constant A being determined from the 
condition that S = Sq when = 0^, DiflFerentiating the first of 
equations (6) and substituting fi:om (7) we get 

- Ad {cos 0f{0)] = {fi^a cos + ///sin 0-Jre)dR (10), 

whence we find R = AF(0) + B, the constant B being determined 
from the condition that R vanishes when = 0^, By substituting 
these values of 8 and R in the first two equations of (6) we find 
P and Q in terms of 0, The three equations giving P, Q, 22 as 
functions of are the equations to the path of the representative 
point. It should be noticed that the tangent to the path at any 
point makes with the axis of R an angle equal to tan~~^ /lu 

330. If the direction of friction does not change during the 
impact, is constant and equal to 0^, so that cannot be chosen as 
the independent variable. In this case P = /ii2cos ^oi Q = M-^ ^^^ ^o 
and the representative point moves along a straight line making 
with the axis of R an angle tan""' fi. Substituting these values of 
P and Q in the first two of equations (6) we have 

s- sin 2^0 +/cos 2^0 + - cos ^o - - sin ^o = . . .(11) 

as a necessary condition that the direction of friction should not 
change. Conversely, if this condition is satisfied, the equations 
(6) and (7) may all be satisfied by making constant In this 
case it is also easy to see that the path of the representative point 
intersects the line of no sliding. 

If So be zero, the representative point is situated on the line of 
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no flliding. If the angle made by this straight line with the axis 
of jR be less than tan"^/i, the representative point travels along it. 
But if the angle be greater than tan""*yu,, more friction is necessary 
to prevent sliding than can be called into play. Since So is zero, 
the initial value of is unknown. In this case, differentiating the 
first two equations of (6) and putting fif = 0, we see by division that 
the initial value of must satisfy equation (11). The condition 
that the direction of friction does not change is therefore satisfied. 
This value of makes the subject of integration in (9) infinite, so 
that the reasoning there given must be modified. But, by what 
has just been said, we see that the path of the representative point 
is a straight line, which makes with the axis of R an angle equal 
to tan""^ /i, and has the proper initial value of 0. 

381. Ex. 1. LetG= A -F -E yR-zQ 

-F B -D ■ zP-xR 

-E -D C xQ-yP 

yR-zQ zP-xR xQ-yP 

and let A be the determinant obtained by leaving out the last row and the last 
column. Let G', A' be corresponding expressions for the other body. Then 
a, &, c, dy e, f are the coefficients of P*, Q\ l^^ 2QR, 2RP, 2PQ in the quadrio 

where 2E is a constant, which may be shown to be the sum of the vires vivo of the 
motions generated in the two bodies, as explained in Art. 314. 

Tbis quadrio may be shown to be an ellipsoid by comparing its equation with 
that given in Art. 28, Ex. 3. 

Show also that a, &, c are necessarily positive, and that db->f*^ bocP, ca>^. 

Show that, by turning the axes of reference round the axis of JR through the 
proper angle, we can make /zero. 

Ex. 2. Prove that the line of no sliding is parallel to the conjugate diameter 
of the plane containing the frictions P, Q. Prove also that the plane of greatest 
compression is the diametral plane of the reaction R, 

Ex. 3. The line of no sliding is the intersection of the polar planes of two 
points situated on the axes of P and Q, at distances from the origin respectively 

2F 2E 

and — 7—T^ . The plane of greatest compression is the polar plane of 



Sq cos ^0 Sq sin d^ 

a point on the axis of JR, distant -7- from the origin. 

Ex. 4. The plane of PQ cuts the eUipsoid of Ex. 1 in an ellipse, whose axea 
divide the plane into four quadrants; the line of no sliding cuts the plane of PQ in 
that quadrant in which the initial sliding Sq occurs. 

Ex. 5. A parallel to the line of no sliding through the origin cuts the plane of 
greatest compression in a point whose abscissa R has the same sign as Cq. Henoe 
show, from geometrical considerations, that the representative point T must cross 
the plane of greatest compression. 
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1. A cone revolves round its axis with a known angular velocity. The altitade 
begins to diminish and the angle to increase, the volume being constant. Show 
that the angular velocity is proportional to the altitude. Art. 299. 

2. A circular disc is revolving in its own plane about its centre ; if a point in 
the circumference becomes fixed, find the new angular velocity. Art. 171 a. 

3. A uniform rod of length 2a lying on a smooth horizontal plane passes 
through a ring which permits the rod to rotate freely in the horizontal plane. The 
middle point of the rod being indefinitely near the ring, any angular velocity is 
impressed on it, show that when it leaves the ring the radius vector of the middle 
point has swept out an area equal to la\ 

4. An elliptic lamina is rotating about its centre on a smooth horizontal table. 
If oyi, w,, w, be its angular velocities when the extremity of its major axis, its 
focus, and the extremity of its minor axis respectively become fixed, prove that 
7w2 W3 = 6{tf2 W3 + 5<i}i W3 . 

5. A rigid body moveable about a fixed point at which the principal moments 
are At B, C is struck by a blow of given magnitude at a given point. If the 
angular velocity thus impressed on the body be the greatest possible, prove that, 
(a, bf c) being the coordinates of the given point referred to the principal axes 
at O, and (I, m, n) the direction cosines of the blow, 

«l+ to,+cn=0. « (i, - ^) + i (^ - ^,) + i (-L - ^) =0. 

6. Any triangular lamina ABC has the angular point C fixed and is capable 
of free motion about it. A blow is struck at B perpendicularly to the plane of the 
triangle. Show that the initial axis of rotation is that trisector of the side AB 
which is furthest from B, 

Beplacing the lamina by its three equivalent particles and equating to zero the 
angular momentum about BC^ Art. 149, it is evident that the particles at E and F 
(bisecting ACt AB) have equal and opposite initial velocities. It follows that the 
instantaneous axis bisects EF and passes through C. Considering this axis as a 

transversal of the triangle AEF, we deduce the result given. 

« 

7. A cone of mass m and vertical angle 2a can move freely about its axis, 

which is vertical and has a fine smooth groove cut along its surface so as to make a 
constant angle /3 with the generating lines of the cone. A heavy particle of mass P 
moves along the groove under the action of gravity, the system being initially at 
rest with the particle at a distance c from the vertex. Show that, if $ be the angle 
through which the cone has turned when the particle is at any distance r firom the 
vertex, 

mfc«+Pr«sin«a ggsin^.cotB 

mA« + Pc* sin ■» a 

k being the radius of gyration of the cone about its axis. 

8. A body is turning about an axis through its centre of gravity when a 
point P in it becomes suddenly fixed. If the new instantaneous axis be a principal 
axis at P, show that the locus of P is a rectangular hyperbola. 



* These examples are taken from Examination Papers which have been set in 
the University or in the Colleges. 
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Just before P is fixed the whole momentum is equivalent to a couple G acting 
in the diametral plane of the instantaneous axis with regard to the momental 
ellipsoid at 0, Art. 118 or 810. When P is fixed we may suppose the body to be 
at rest and acted on by the couple G ; it therefore begins to turn about the diame- 
tral line of the plane of G with regard to the momental ellipsoid at P ; see Art. 297. 
By the question this is to be a principal axis, and it is therefore perpendicular to 
its diametral plane. The loons of P is therefore such that one principal axis at P 
is parallel to a fixed straight line, viz. the perpendicular to the plane of O. The 
locus is a rectangular hyperbola by Art. 51, Ex. 4. 

9. A cube is rotating with angular velocity w about a diagonal when one of 
its edges which does not meet the diagonal suddenly becomes fixed. Show that the 
angular velocity w' about this edge is given by 4 >^3a»' =:<•). 

10. Two masses m, m' are connected by a fine smooth string which passes 
round a right circular cylinder of radius a. The two particles are in motion in 
one plane under no impressed forces, show that, if il be the sum of the absolute 
areas swept out in a time t by the two unwrapped portions of the string, 

dMl /I 1\ 

T being the tension of the string at any time. 

11. A piece of wire in the form of a circle lies at rest with its plane in contact 
with a smooth horizontal table, when an insect on it suddenly starts walking along 
the arc with uniform relative velocity. Show that the wire revolves round its 
centre with uniform angular velocity, while that centre describes a circle in space 
with uniform angular velocity. 

12. A uniform circular wire of radius a, moveable about a fixed point in its 
circumference, lies on a smooth horizontal plane. An insect of mass equal to that 
of the wire crawls along it, starting from the extremity of the diameter opposite 
to the fixed point, its velocity relative to the wire being uniform and equal to F. 
Prove that after a time t the wire will have turned through an angle 

13. A small insect moves along a uniform bar, of mass equal to itself and of 
length 2a, the extremities of which are constrained to remain on the circumference 
of a fixed circle, whose radius is 2a/^3. Supposing the insect to start from the 
middle point of the bar, and its velocity relatively to the bar to be uniform and equal 
to V\ prove that the bar in time t will turn through an angle $ where a tan {O^S) = Vt. 

14. A circular disc can revolve freely in a horizontal plane about a vertical axis 
through its centre. An equiangular spiral is traced on the disc, having the centre 
for pole. An insect whose mass is n times that of the disc crawls along the curve, 
starting from the point at which it cuts the edge. Show that, when the insect reaches 
the centre, the disc has revolved through an angle } tan a log (1 + 2n), where a is 
the angle between the tangent and the radius vector at any point of the spiral. 

15. A uniform circular disc moveable about its centre in its own plane (which 
is horizontal) has a fine groove in it cut along a radius, and is set rotating with 
an angular velocity w. A small rocket whose weight is an n^ of the weight of the 
disc is placed at the inner extremity of the groove and discharged ; when it has 
left the groove the same is done with another equal rocket, and so on. Find the 
angular velocity after n of these operations, and, if n be indefinitely increased, show 
that the limiting value of the same is tae^K 
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16. A rigid body is rotating about an axis through its centre of gravity, when a 
certain point of the body becomes suddenly fixed, the axis being simultaneously set 
free ; find the equations of the new instantaneous axis ; and prove that, if it be 
parallel to the originally fixed axis, the point must lie in the line represented by 

the equations a»Za^+6>my + c»fts=0, (6>-c»)| + (c«-a«) ^ + (o»-&*)-=0; where the 

principal axes through the centre of gravity are taken as axes of coordinates, a, &, c 
are the radii of gyration about these lines, and l^ m, n the direction-cosines of 
the originally fixed axis referred to them. Art. 296. 

17. A solid body rotating with uniform velocity <a about a fixed axis contains 
a closed tubular channel of small uniform section, filled with an incompressible fiuid 
in relative equilibrium ; if the rotation of the solid body were suddenly destroyed 
the fiuid would move in the tube with a velocity v given by vl=2Au, where A is the 
area of the projection of the axis of the tube on a plane perpendicular to the axis 
of rotati^, and I is the length of the tube. 

Any element of mass mds is moving with velocity bir in a direction normally to 
the plane containing the element and the axis of rotation. The normal pressures 
of the tube destroy all motion perpendicular to the tube, so that we need only 
consider the component wr.rdSjdty Art. 307. Each element impinges on those 
adjacent, but the linear momentum is unaltered by this impact. Integrating the 
momentum along the whole tube, we have mlv=jmufr^d0, which gives the result. 

18. A gate without a latch, in the form of a rectangular lamina, is fitted with a 
universal joint at the upper corner, and at the lower corner there is a short bar, 
normal to the plane of the gate and projecting equally on both sides of it. As the 
gate swings to either side from its stable position of rest, one or other end of the 
bar becomes a fixed point. If A be the height of the gate, A tan a its length, and 
2/9 the angle which the bar subtends at the upper comer, show that the angular 
velocity of the gate as it passes through the position of rest is impulsively di- 
minished in the ratio -:-^ r — —-, and that the time between successive impacts 

sm*a-Htan*/9* '^ 

when the oscillations became small decreases in the same ratio, the weights of the 
bar and joint being neglected. 



CHAPTER VIL 

VIS VIVA. 

The Force-function and Work. 

332. Time and space integrals. If a particle of mass m 
is projected along the axis of x with an initial velocity V and is 
acted on by a force F in the same direction, the motion iS given 

iPx 
by the equation m -^-^ = F, 

Integrating this with regard to ^, if v be the velocity after 
a time ^, we have 



m{v-V)= Fdt 
Jo 

If we multiply both sides of the differential equation of the 

second order by dx/dt and integrate, we get* 

-m(v^-V^)= Fdx. 



Jo 



* It is seldom that Mathematioians can be found engaged in a controYersy snch 
as that which raged for forty years in the eighteenth oentory. The object of the 
dispute was to determine how the force of a body in motion was to be measured. 
Up to the year 1686, the measure taken was the product of the mass of the body 
and its velocity. Leibnitz, however, thought he perceived an error in the common 
opinion, and undertook to show that the proper measure should be the product 
of the mass and the square of the velocity. Shortly all Europe was divided 
between the rival theories. Germany took part with Leibnitz and Bernoulli ; while 
England, true to the old measure, combated their arguments with great success. 
France was divided, an illustrious lady, the Marquise du Chatelet, being first a 
warm supporter and then an opponent of Leibnitzian opinions. Holland and Italy 
were in general favourable to the German philosopher. But what was most strange 
in this great dispute was, that the same problem, solved by geometers of opposite 
opinions, had the same solution. However the force was measured, whether by the 
first or by the second power of the velocity, the result was the same. The arguments 
and replies advanced on both sides are briefly given in Montuda's History , and are 
most interesting. For these however we have no space. The controversy was at 
last closed by D'Alembert, who showed in his treatise on Dynamics that the whole 
dispute was a mere question of words. When we speak, he says, of the force of 
a moving body, we either attach no clear meaning to the word or we understand 
only the property that certain resistances can be overcome by the moving body. It 
is not then by any simple considerations of merely the mass and the velocity of the 
body that we must estimate this force, but by the nature of the obstacles overcome. 
The greater the resistance overcome, the greater we may say is the force ; provided 
we do not understand by this word a pretended existence inherent in the body, but 
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The first of these integrals shows that the change of the 
momentum is equal to the time-integral of the force. By applying 
similar reasoning to the motion of a dynamical system we have 
been led in the last chapter to the general principle enunciated 
in Art. 283, and afterwards to its application in determining the 
changes produced by very great forces acting for a very short time. 
The second integral shows that half the change of the vis viva 
is equal to the space-integral of the force. It is our object in this 
chapter to extend this result also, and to apply it to the general 
motion of a system of bodies. 

333. Vlg viva. For purposes of description it is convenient 
to give names to the two sides of this equation. Twice the left- 
hand side is usually called the vis viva of the particle, a term 
introduced by Leibnitz about the year 1695. Half the vis viva 
is also called the kinetic energy of the particle. Many names have 
been given to the right-hand side at various times. It is now 
commonly called the work of the force F, When the force does 
not act in the direction of the motion of its point of application 
the term "work" requires a more extended definition. This we 
shall discuss in the next article. 

334. Work. Let a force ^ act at a point ^ of a body in the 
direction AB, and let us suppose the point A to move into any 
other position A^ very near A, If <^ be the angle made by the direc- 
tion AB of the force with the direction AA' of the displacement of 
the point of application, then the product ^.^lil^cos^ is called 
the work done by the force. If for <f) we write the angle made 
by the direction AB o{ the force with the direction A' A, opposite 
to the displacement, the product is called the work done against 
the force. If we drop a perpendicular A'M on AB, the work done 
by the force is also equal to the product F .AM, where -4Jlf is to 
be estimated as positive when in the direction of the force. If F' 
be the resolved part of F in the direction of the displacement, the 
work is also equal to F' ,AA\ If several forces act, we can in the 
same way find the work done by each. The sum of all these is 
the work done by the whole system of forces. 

Thus defined, the work done by a force, corresponding to any 
indefinitely small displacement, is the same as the virtual moment 
of the force. In statics we are only concerned with the small 
hypothetical displacements given to the system in applying 
the principle of virtual work, and this definition is therefore 
sufficient. But in dynamics the bodies are in motion, and we 

simply Qse it as an abridged mode of expressing a faot. D*Alembert then points 
out that there are different kinds of obstacles and examines how their different 
kinds of resistances may be used as measures. It will perhaps be suf&cient to 
observe, that the resistance may in some oases be more conveniently measured 
by a space-integral and in others by a time-integral. See Montucla's History^ 
Vol. m. and Whewell's History, Vol. n. 

R. D. 18 
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must extend our definition of work to include the case of a 
displacement of any magnitude. When the points of application 
of the forces receive finite displacements we must divide the path 
of each into elements. The work done in each element may be 
found by the definition given above. The sum of all these is the 
whole work. 

It should be noticed that the work done by given forces, as the 
body moves from one given position to another, is iudependent of 
the time of transit. As stated in Art. 332, the work is a space- 
integral and not a time-integral. 

335. If two systems of forces be equivalent, the work done by 
one in any small displacement is equal to that done by the other. 
This follows at once from the principle of virtual work in statics. 
For if every force in one system be reversed in direction without 
altering its point of application or its magnitude, the two systems 
will be in equilibrium, and the sum of their virtual moments will 
therefore be zero. Restoring the system of forces to its original 
state, we see that the virtual moments of the two systems are 
equal. If the displacements are finite the same remark applies to 
each successive element of the displacement, and therefore to the 
whole displacement. 

336. We may now find an analytical expression for the work 
done by a system of forces. Let {x, y, z) be the rectangular 
coordinates of a particle of the system and let the mass ot this 
particle be m. Let (X, F, Z) be the accelerating forces acting on 
the particle resolved parallel to the axes of coordinates. Then 
mX, mYy mZ are the dynamical measures of the acting forces. 
Let us suppose the particle to move into the position x^-dx, 
y -h dy, z-^dz\ then, according to the definition, the work done by 
the forces will be 

%{mXdx'\'mTdy-\'mZdz) (1), 

the summation extending to all the forces of the system. If the 
bodies receive any finite displacements, the whole work will be 

l.mf(Xdx + Ydy^Zdz) (2), 

the limits of the integral being determined by the extreme 
positions of the system. 

337. Force-Ainction. When the forces are such as gener- 
ally occur in nature, it will be proved that the summation (1) of 
the last Article is a complete differential, i.e. it can be integrated 
independently of any relation between the coordinates a?, y, z. 
The summation (2) can therefore be expressed as a function of the 
coordinates of the system. When this is the case the indefinite 
integral of the sumination (2) is called the force-function. This 
name was given to the function by Sir W. R. Hamilton and Jacobi 
independently of each other. 
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If the force-function be called 17, the work done by the forces 
when the bodies move from one given position to another is the 
definite integral 17, — fTj, where Ui and f/, are the values of U 
corresponding to the two given positions of the bodies. It follows 
that the work is independent of the mode in which the system 
moves from the first given position to the second. In other words, 
the work depends on the coordinates of the two given extreme 
positions, and not on the coordinates of any intermediate position. 
When the forces are such as to possess this property, i.e. when 
they possess a force-function, they have been called a conservative 
system of forces. This name was given by Sir W. Thomson, now 
Lord Kelvin. 

338. There will he a force-fun<itiony firstly, when the external 
forces tend to fijxed centres at finite distances and are fimctions 
of the distances from those centres ; and, secondly, when the forces 
due to the mutuai attractions or repulsions of the particles of the 
system are functions of the distances between the attracting or 
repelling particles. 

Let m<l>(r) be the action of any fixed centre of force on a 
particle m distant r, estimated positive in the direction in which r 
is measured, i.e.from the centre of force. Then the summation (1) 
in Art. 336 is clearly Xm<f} (r) dr. This is a complete differential. 
Thus the force-function exists and is equal to ^mjij> (r) dr. 

Let mm'if) (r) be the action between two particles m, m' whose 
distance apart is r, and as before let this force be considered 
positive when repulsive. Then the summation (1) becomes 
^mm'4>{r)dr. The force-function therefore exists, and is equal 
to %mm'J(l>{r)dr. 

If the law of attraction be the inverse square of the distance, 
^ (r) = — — and the integral is - . Thus the force- function differs 
from the Potential by a constant quantity. 

339. It is clear that there is nothing in the definition of the 
force-function to compel us to use Cartesian coordinates. If P, Q, 
&c. be forces acting on a particle, Pdp, Qdq, &c. their virtual 
moments, m the mass of the particle, then the force-function is 

U= lmf(Pdp + Qdq -h &c.), 

the summation extending to all the forces of the system. 

Ex. 1. If (p, 0, 2) be the cylindrical or semi-polar ooordinates of the particle 
m; P, Q, Z the resolved parts of the forces respectively along and perpendicular to 
p and along z, prove that dU= Zm (Pdp + Qpd^ + Zdz). 

Ex. 2. If (r, e, 0) be the polar coordinates of the particle m ; P, Q, i2 the 
resolved parts of the forces respectively along the radius vector, perpendicular to it 
in the plane of B, and perpendicular to that plane, prove that 

dU=JM (Pdr + Qrde + Rr sin ed<p). 

18—2 
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Ex. 3. If {Xy y, z) be the obliqae Cartesian coordinates of m; X, Y, Z the 
components along the axes, prove that 

dU='Lfn {X {dx + vdy + fidz) + Y (vdx + dy + \dz) + Z {jjuix + \dy + dz) }, 

where (\, /i, i') are the cosines of the angles between the axes yz, zx, xy respectiyelj. 
This result is due to Poinsot. 

340. If a system receive any small displacement ds parallel to 
a given straight line and an angular displacement d6 round the 
line, then the partial differential coefficients dUjds and dUjdd 
represent respectively the resolved part of all the forces along the 
line and the moment of the forces about it. 

Since dU is the sum of the virtual moments of all the forc5es 
due to any displacement, it is independent of any particular co- 
ordinate axes. Let the straight line along which ds is measured 
be taken as the axis of z. Taking the same notation as before, 

dU=lm {Xdx + Ydy + Zdz\ 

But (ir = 0, dy — 0, and dz = ds, hence we have 

dU-^ds,lmZ; ,\dU/ds = lmZ, 

Here dU means the change produced in CTby the single dis- 
placement of the system, taken as one body, parallel to the given 
straight line, through a space ds. 

Again, the moment of all the forces about the axis of z is 
'Zm(xY—yX\ but dx^ — ydd, dy = ad0,Sind dz = 0. Hence the 

above moment _ ^ Ydy + Xdx + Zdz ^dU 

^2.m j^ -^. 

Here dU is the change produced in U by the single rotation 
of the system, taken as one body, round the given axis, through 
an angle dff. 

341. As considerable use will be made of the force-function, 
the student will find it advantageous to acquire a facility in 
writing down its form. The following examples have therefore 
been chosen as likely to be most useful. 

342. Work done by gravity. A system of bodies fails 
under the action of gravity. If M be the whole mass, h the space 
descended by the centre of gravity of the whole system, the work 
done by gravity is Mgh. See Art. 140. 

Let the axis of s be vertical and let the positive direction be downwards. Then 
in the summation (1 ) of Art. 336, X= 0, F = and Z = g. Hence dU^ Zmgdx. If t 
be the depth of the centre of gravity below the plane of xy, and C be any constant, 
we find U=Mgi + C. Taking this between limits we easily obtain the resnlt given. 

Unitg of work. The theoretical unit of work is the work 
done by a dynamical unit of force acting through a unit of space. 
We may use the result of this example to supply a practical unit. 
The work required to raise the centre of gravity of a given mass 



ART. 343.] VARIOUS KINDS OF WORK. 277 

a given height at a given place may be taken as the unit of work. 
English engineers use a pound for the mass and a foot for the 
height, and the unit is then called b, foot-pound. The term Horse- 
potver is used to express the work done per unit of time. The 
unit of horse-power is usually taken to be 33000 foot-pounds per 
minute. The duty of a steam-engine is the actual work done by 
the consumption of a unit quantity, usually a bushel, of coal. 

A more complete aoooont of the various anits used in dynamios is given in the 
author's treatise on Dynamie* of a Particle, 

Ex. 1. A force communicates to a particle whose mass is equal to that of a 
cubic foot of water a velocity of one foot per minute. Find the work in foot-pounds. 

Ex. 2. Determine the resistance of a ateamer in tons when 8000 effective horse- 
power is required to drive it at 17^ knots (of 6080 feet) per hour. 

[Univ. of London, 1886. 

Ex. 3. Supposing a tricycle and rider weighing together 200 lbs. to run 
uniformly at 8 miles an hour down an incline of one in 100 against the resistances 
of the air and of the road, without working the pedals ; prove that to go up an 
incline of one in 200 at the same speed the rider must be working at the rate of '064 
of a horse-power; and that the mean pressure on each pedal will then be about 
12*672 Ibs.f supposing the cranks to be 5 inches long and to make 100 revolutions a 
minute. [Univ. of London, 1886. 

Ex. 4. Prove that the amount of work required to raise to the surface of the earth 
the homogeneous contents of a very small conical cavity, whose vertex is at the 
centre of the earth, is equal to that which would be expended in raising the whole 
mass of the contents through a space from the surface equal to one-fifth of the 
earth's radius, supposing the force of gravity to remain constant. [Coll. Exam. 

343. Work of an elastic gtiing. Ex. If the length of an 
elastic string or rod which is uniformly stretched be altered, the 
work don^ by the tension is the product of the compression of ilie 
length and the arithmetic mean of the initial and final tensions. 

Let the length be altered from r to /. Let p be any length between these two, 
let I be the unstretched length, and let E be the constant of elasticity. The tension 

is T^E—— and acts opposite to the direction in which p is measured. The 

work done while p becomes p+dpis therefore equal to - Tdp. If we integrate this 

E 
from p=r to p = r' vre find that the work required is - Si {('"' ~ 0*~ (^- ^)'}« This 

leads at once to the result given. 

If a string becomes slack, the tension is supposed to vanish, and no work is 
done until the string again becomes tight. In applying the rule, the compression is 
the difference between the two terminal lengths if the string he tight m both^ 
whether it has been slack or not during the various changes of length which may 
have occurred during the process. If the string be slack in either terminal state we 
must in calculating the compression suppose the string to have its unstretched 
length in that terminal state. 

In the case of a rod the tension becomes negative when the rod is compressed, 
and the rule applies so long as the rod remains straight, and we can suppose 
Hooke's law to be true. 
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If the string is not straight but is uniformly stretched oyer a surface or in a 
fine tube, the same rule to find the work is still true. To prove this, we divide the 
string into elements, each of which may be considered as straight. When the 
whole string is now uniformly stretched the work done is the mean of the tensions 
into the sum of the contractions of all the elements. This last is clearly the con- 
traction of the whole string. 

If the surface be fixed the string cannot contract without one, at least, of the 
extremities moving, and in this case the work is done at that extremity. 

If the surface move, and the extremities of the string be fixed in space, the work 
is transferred to the surface by means of the reactions. If the string have no 
effective forces, these reactions are in equilibrium with the tensions at the points 
Af B where the string leaves the surface. Now let the surface receive any small 
displacement. By the principle of virtual work the work done by the reactions 
on the surface is equal to that done by the two equal tensions at the points A^ B. 
But this work is the instantaneous tension into the contraction of the string, t.«. it 
is - Tdp. If the surface receive a finite displacement, the work done is the integral 
of this expression, and the rule is of course the same as before. 

Whether the string have mass or not, we may consider each separate element of 
it as one of the moving bodies whose motion enters into the equation of vis 
viva. The work done by the contraction of all the elements is to be regarded as 
distributed over all the bodies. The work done by the equal and opposite reactions 
between the string and surface will then be zero. 



344. Work of collecting a body. Ex. 1. If m, m' be the 

masses of two particles attracting each other with a force , 

where r is the distance between them, show that the work done by 
the mvtual force when they have moved from an infinite distance 

apart to a distance r is . This follows from Art. 338. If the 

particles repel each other we regard either m or m' bls negative. 

Ex. 2. Let two finite masses M, M' attract each other and 
occupy given positions. Prove that the work of bringing the par- 
ticles of one from infinite distances apart into their given positions 
under the attraction of the second, supposed fixed in its given 
position, is the same as that of bringing the particles of the second 
from infinity into their positions under the attraction of the first 
Prove also that this work may be found by taking both bodies in 
their final positions and mvUiplying the mass of each element of 
one body by the potential of the other at that element, then inte- 
grating throughout the volume of the former body. This integral is 
sometimes called the mutual work or the mutvul potential of the 
two bodies. 

Let there be two sets of attracting particles which we may represent by 
fiij, m,, Ac, 914', m,', &G., and let the particles of each set attract the particles of 
the other set, but not the particles of its own set. Suppose the particles iiij, m,, Jtc, 
to occupy any given positions, and let one particle m' of the second set be brought 
from an infinite distance to any given position, say to a position at distances 
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ri,r^, &c. from the particles m^^,m^f&c. The work done is m' ( — + — + Ac. . ) = m' F, 
where V is the potential of the attracting masses at the given position of m\ 

Let ns now bring in snocession all the particles r/i]', m^', &o. from infinite 
distances to their given final positions under the attraction solely of the masses 
m^f irto* <^c. The whole work is 'Sm'V, which may also be written in the sym- 
metrical form 2 , where r is the distance between the particles m, m\ and the 

Z implies sununation for every combination of each particle of one set with each 
particle of the other. This symmetrical form proves the first part of the pro- 
position. 

The particles may be elementary, and in that case we see that the work of 
collecting any mass M* into a given position under the attraction of a mass M 
placed in a given position is equal to jVdm\ where V is the potential of the mass 
M at the final position of dm' and the integration extends over the whole mass 
of M\ 

Ex. 3. If the particles composing any given mass were sepa- 
rated from each other, work might be obtained from their mutual 
attractions by allowing^ the particles to approach each other. The 
work thus obtained is gi'eatest when the particles are collected 
together from infinite distances. If dv be an element of volume 
of a solid mass attracting according to the law of nature, p the 
density of the element, V the potential of the solid mass at the 
element dv, prove that the work performed in collecting the particles 
composing the mass from infinite distances is ^fVpdv, 

The problem of determining how much work can be obtained 
from the bodies forming the solar system by allowing them to 
consolidate into a solid mass has been considered by several philo- 
sophers. Sir W. Thomson has calculated that the potential energy 
or the work which can be obtained from the existing solar system 
is 38 X 1(F foot-pounds. Edin. Trans, 1854. 

As we bring the particles in succession into their proper places we find the 
whole work by multiplying the mass of each by the potential at it of the mass 
already collected and summing the products. We shaU prove that the same result 
is obtained by multiplying tfie mass of each by the potential at it of the whole nuiss 
finally collected together , provided we take only half the sum. 

Let m^^m^, <&c. be the masses of the particles; let (1, 2); (2, 3) ; &c. be the 
distances between the masses m^ , m, ; th,, in, ; <&c. in the given final arrangement. 
Supposing the particles 9%, m,, ... m^^i to have been brought into their proper 
places, let us bring m^ from infinity into its place under the attraction of 
%» n«a» ... »»»-i' The work is 



Wri m^ 



I -a '"w— 1 \ 



Thus m^ is taken once with each of the masses m^, m,, ... m^^^. When we 
bring in succession m^H-D m^,^j^, (fee. from infinity we obtain a similar series for 
each, and therefore m^ is taken once with each of these masses as it is brought in. 
Thus m^ is taken once with every mass except itself. If m, m' are the masses of 
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any two partioles, r their distance apart in the final arrangement, we may write the 

work in the form F=S — 

r 

If Fj is the potential in the given final arrangement at the particle m, of all 

the particles except itself^ Vy = 7^g\ + . ^. + <fec. Let F,, F,, &c. have similar 

meanings. We shall now consider how often the mass m^ occurs in the expression 
^i^h + ^^"H + • • • • It occars once in Fjmi combined with ni^ > once in V^n^ combined 
with m, and so on. Again it occars in V^m^ combined with every other mass. 
Thus on the whole m^ occurs tvnce combined with every other mass. It follows 
that the work of collecting the body into the given arrangement is 

i;=i(FiTOi+Fains+...)=42FTO. 

We have thus two rules to find the work of collecting a system of particles ; 
(1) the work is the sum of the products of the masses taken two together, divided by 
the distance ; (2) the work is half the sum of the products of the mass of each 
particle by the potential at that particle of the rest of the system. For two particles 

these rules give re8i)ectively and -^Xm — i- m' — > . 

In finding the potential of any solid mass at any point P we may disregard the 
matter within any indefinitely small element enclosing P if it$ density be finite. 
For, since potential is ''mass divided by distance," and the mass varies as the cube 
of the linear dimensions, it follows that the potential of similar figures at points 
similarly situated must vary as the square of the linear dimensions and must vanish 
when the mass becomes elementary and the distance indefinitely small. In 
applying, therefore, the form £^=4ZFm to a solid body we may write pdv for m, and 
take F to be the potential of the whole mass at the element dv. 

Ex. 4. The particles composing a homogeneous sphere of mass M and radius r 

were originally at infinite distances from each other. Prove that the work done by 

8 M* 
their mutual attractions is - — . 

5 r 

Ex. 5. The particles of a homogeneous ellipsoid, whose mass is M and semiaxes 
are a, &, c, are collected from infinite distances, show that the work done is 

8 M« ^" '"' 



: 



Ex. 6. If a given system is regarded as the sum of two masses 
My M\ external to each other, the work of collecting the particles 
of the system M-\-M' i& equal to the sum of the works of collecting 
M, M' separately plus the mutual potential of M and M\ 

If a given system is regarded as the difference M — M' oi two 
masses M, M' (the second being a part of the first) the work 
of collecting Jf — if' is equal to the sum of the works of collecting 
if, if' separately minus the mutual potential of M and M'. 

To prove the first theorem, let 3f , M' be the masses already collected. Let us 
bring an additional particle dM. from an infinite distance and add it to the mass Jf. 
The addition to the work of collecting M-\-M\ is that due to the attraction of AT 
plus that due to the attraction of 3f ^ The first of these is the addition required to 
change the work of collecting M into that of collecting 3f +<2M, the second changes 
the mutual work of (M^ W) into that of {}l-^dM^ M'). It follows, by symmetiy, 
that an addition to M' also does not disturb the equality. 
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In the same way we may prove that the second equality is not disturbed by 
giving increments dif, dW in succession to M^ JIf '. The following verification of a 
simple case will indicate another mode of proof. 

To simplify the second theorem, let us suppose that the body M contains four 
particles mi^m^, 974'* ^' while the body M' has two particles %', m^ which are 
common to both bodies. The works of collecting M-M' and M^ are respectively 

7i^ and ^^. . The work of collecting M is 

TTtjAig 77i^v7t|' tnr^m^ m^fn^' m^fn^ Wr^vn^ 

"py "^ (li') ■*■ (12T "*" "(21^ "*■ "(22T ■*■ "(i^ ' 

The mutual potential of M, M' is 

/ / "*! '"a ^' \ / / ''h "*« ''^i' \ 
"^ VflP) "*■ (ST) "^ (T20; "*''^ V(l20 ■*■ W) "*" (2^/ ' 

where, as explained above, the term m^ is omitted in the first bracket and rn^ in the 
second. The theorem follows by an obvious substitution. 

Ex. 7. A quantity of homogeneous matter is bounded by two spheres which do 
not intersect, one sphere being wholly within the other. The radii of the spheres 
are a and 6, apd the distance between the centres is c. Show that the work of 

llectmg this matter from infinite distances is ^ ^ <-= — ^ ■*" To "*" ~fi~( * 



CO. 



345. Work of a gaseous pressure. Ex. 1. An envelope 
of any shape, whose volume is v, contains gas at a uniform 
pressure p. Assuming that the pressure of the gas per unit of 
area is some function of the volume occupied by it, prove that the 
work done by the pressure when the volume increases from v^a to 
v^b is Jpdv, the limits being v = a to v^b. 

Divide the surface into elementary areas each equal to cf<r, then pdff is the 
pressure on dff. When the volume has increased to v + civ, let any element da^ take 
the position da'f and let dn be the length of the perpendicular drawn from the 
central point of d</ on the plane of da, then pdffdn is the work done by the pressure 
on dc and pjda^dn is the work done over the whole area. But dffdn is the volume 
of the oblique cylinder whose base is da and opposite face da' ; so that jdadn is the 
whole increment of volume. The whole work done when the volume increases by 
dv is therefore pdv. 

Ex. 2. A spherical envelope of radius a contains gas at pressure P. Assuming 
that the pressure of the gas per unit of area is inversely proportional to the volume 
occupied by it, prove that the work required to compress the envelope into a sphere 
of radius b is 4ira'Ploga/&. 

Ex. 3. An envelope of any shape contains gas and the shape is altered 
without altering the volume. Show that the work done over the whole surface is 
zero. 

Ex. 4. A hollow cylinder contains equal masses of two different elastic fluids 
at the same pressure P separated by a piston without weight. Show that the 
work done in moving the piston till the densities of the two fluids are inter- 
changed is PA (a - b) log a/&, where A is the area of the piston, and a, b are the 
lengths of the portions of the cylinder occupied by the fluid. 

[Pembroke College, 1868. 

Ex. 5. A mass of air of uniform density p (1 +«) is enclosed in an envelope and 
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surrounded by air of atmospherio density p. If the mass expand until its density is 

equal to that of the atmosphere, prove that the work done is k (log(l+<) - ^ ) 

where k is the product of the pressure and the volume. If « be small the work is 
very nearly Jft«'. This result is useful in the theory of sound. 

346. Work of an Impulse. Ex. 1. An impulsive force 
acts on a body in a fixed direction in space. Show that, if -^ be 
the whole momentum communicated by the force, u^, Wi the velo- 
cities of the point of application, resolved in the direction of the 
force, just before and just after the impulse, the work done by the 
impulse is ^-^(Uo + u^. This result is given in Thomson and Tait's 
Natural Philosophy. 

When a force is measured in the usual way by the momentum generated per unit 
of time, the work is measured by the product of the force into the resolved displace- 
ment. But impulses are not so measured, we oannot therefore directly apply this 
rule to find the work of an impulse. 

Let us regard the impulse as the limit of a finite force acting in the fixed direc- 
tion for a very short time 7. Let the direction of the axis of « be taken parallel to 
the fixed direction and let X be the whole momentum communicated during a time 
t measured from the commencement of the impulse. Here t is any time less than 
r, and X varies from zero to F as t varies from to T. Also, since X is the whole 
momentum up to the time t, X is the acting force on the body at the time t. Ijet 
u he the resolved velocity of the point of application at the time t, then ti^, and u^ are 
the values of u when t=0 and t = 7. Since udt is the space described in the time dt 
by the point of application of the force X, the work done in the time T is judX, 
from X=0 to F, To integrate this we must know what function u is of X. 

If the body be a particle of mass m, we know that, when the time of action is very 
small, m{u- Uq) =X, hence, substituting for u, we find after integrating u^F-^^F^/m. 
When X = F'we have by definition u=Ui , .'. miu-i- Uf^)=F. Eliminating m, we find 
the work is JF(Uq+ Uj). 

If the body be moving in two dimensions, let u be the velocity of the centre of 
gravity at the time t resolved parallel to the direction of the impulse, and w the 
angular velocity ; we then have by Arts. 16S and 137 

m (i7 - Mq) = X, Tiub* (cu - Wg) = Xp, u^u + up. 

Hence u=Uq + LX where L is a quantity independent of X and therefore constant 
during the integration. Substituting for u, the integral takes the form F (Uq + ^LF), 
But as before ti^=UQ + LF. Eliminating L the result follows at once. 

If the body be moving in three dimensions, the velocity u is known by Art. 313 

to be a linear function of X, so that we may write u=Uq-\-LX, where L is a constant 

depending on the nature of the body. Substituting this value of u, we have the 

F« 
work equal to J (mq + LX) dX= UqF + L — - , the limits being to F. But Mj = ti^ + I.F. 

Eliminating L we find that the work = J (^o + ^i) ^* 

Ex. 2. If one blow Fj be followed immediately by a second blow F^ at the same 
point in the same straight line, and if Ug, tij , tij be the resolved velocities of the point 
of application before and after the blows, verify that the work i (Uo+t's) ('^i+'^2) ^ 
the whole blow is the sum of the works of the separate blows, viz. i (tto + *h) '^i ^^^ 
i{u^-\-u^F2. This follows at once, since K] = t<o + LFj and U2=Ui + LF^, The 
results of Ex. 8 may be deduced from Ex. 1 in this manner. 
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Ex. 8. Find the w6rk done by an impulse whose direction is not necessarily 
the same daring the indefinitely short duration of the force. 

Let X, Y,Z he the components of the whole momentnm giyen to the body in 
any time t measored from the commencement of the impolse. Let u, v, v be the 
resolved yelocities of the point of application at the time t. Then, by the same 

reasoning as before, the work done = / {tu+Yv + Zw) dL But by Art. 314 when T 

dE dE AB , „ . , 

is indefinitely small i*=»o+jv» ^'^^o+Tir* ^-^o'^dZ' ™®'® -E is a known 

quadratic function of (X, Y, Z) depending on the nature of the body. Substituting 
we have the work 

where X^ , Tj , Zj , ^i are the values of X, 7, Z, E when t = T. 

We may eliminate the form of the body and express the work in terms of 
the resolved velocities of the point of application just after the termination of the 
impulse. Since E^^ is a homogeneous quadratic function of X^, ^i* ^n ^^ have 

Substituting we find the work=?^^±^ Xj + ^^^ Y^ + ^^^^ Z^. 

347. WoKk of a mamteaiM equally stretebed in all dlreetiona. Consider 
a rectangle whose sides are a and &, which may be considered as an element Let 
T be the Unsion (ictom any line referred as unial to a unit of length. The tension 
across the side a is Ta, and when the side b has increased to b' the work done by 
these will be Ta{b'-b), Supposing the tension across the side 6' to be BtUl T, 
(which is true when tiie rectangle is an element) the tension across the whole 
length will be Tb\ and, when the side a becomes a', the work will be Tb' (a' - a). 

The whole work is therefore T{a'b'-ab), i.e. the work is the prodtict of the 
tension and the change of area. 

If the membrane is spherical, the area is 4irr^. The increase of area is therefore 
Swrdr, Hence the work done by the tensions when the radius is increased from 
r=ator=&is Sir jTrdr, the limits being r=a to 6. 

If the membrane be such that we may apply Hooke's law to the tensioil T, 

f -m d 

we have T=:E , where a is the natural radius of the membrane and E is the 

a 

coefficient of elasticity. Substituting this value of T we find that the work done 

4» E 
by the tensions, when the radius increases from a to 6, is — — {b- of {2b + a). 

o a 

If we assume that for a soap-bubble T is constant, we find that the work done 
when the radius increases from a to 6 is 4irr (6^ - a'). 

If we suppose the spherical membrane to be slowly stretched by filling it with 
gas at a pressure j>, we have by a theorem in hydrostatics j>r = 2r. In this case the 
work required has been shown to be jpdv^ and, since 17=: ^Tf*, this leads to the same 
result as before. 

348. Work of a couple. Ex. A given couple is moved in 
its owD plane from one position to another ; show that the work is 
the product of its moment by the angle turned through. 
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Any displaoement of a couple is eqaivalent to a rotation ronnd one extremity 
of its arm and a transference of the whole couple parallel to itself. The work 
done by the two forces during the transference is clearly zero. We need therefore 
only consider the work done during the rotation. 

Let F be the force, a the length of the arm, and let the couple be tamed round 
one extremity A of its arm through an angle d0. The force at A does no work, and 
the work done by the other force is F . add. Integrating this we have the work done 
by the couple when it turns through any finite angle. 

349. Work of bending a rod. Ex. 1. A rod originally 
straight is bent in oDe plane. If L be the stress couple at any 
point, p the radius of curvature, it is known both by experiment 

and by theory that Z = — , where J? is a constant depending on the 

nature of the material, and the form of a section of the rod. 
Assuming this, prove (1) when the rod is bent into a given form, so 
that /9 is a known function of s (whether the forces are known or 

not) the work is J l-ids, (2) when the rod is bent by known forces 

Jp 
so that X is a kuowu function of s (whether the form of the rod is 

r]j 
known or not) the work is ^ j-^ ds. The limits of integration are 

from one end of the rod to the other. 

Let PQ be any element of the rod and let its length be ds. As PQ is being bent, 

let ^ be the indefinitely small angle between the tangents at its extremities, then 

}L ds E f 

the stress couple is £ ^ . As ^ increases from to — the work done iB — I ^d^, 

which is the same as -^r-^ . The work done on the whole rod is therefore o f 3 <^* 

Zp* ^ J r 

Ex. 2. A uniform hea^y rod of length I and weight w is supported at its two 
extremities so as to be horizontal. Show that the work done by gravity in bending 



it is 



240£ ' 



Ex. 3. A uniform light rod is supported at its extremities A and B, and supports 

a weight w at any point C. If ^ C = a, BC = 6 and 2 = a + &, the work done by gravity 

IT* a' 6' 
in bending the rod is . 

Conservation of Vis Viva and Energy, 

350. Def. The Vis Viva of a particle is the product of its 
mass and the square of its velocity. 

The principle of vis vlVa. If a system be in motion under 
the action of finite forces, and if the geometrical relations of the 
parts of the system be eocpi^essed by equations which do not con- 
tain the time explicitly, the change in the vis viva of the system m 
passing from any one position to any other is equal to twice the 
corresponding work done by the forces. 
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In determining the force-function all forces may be omitted 
which do not appear in the equation of virtual work. 

Let X, y, z be the coordinates of any particle m, and let X, F, Z 
be the resolved parts in the directions of the axes of the impressed 
accelerating forces acting on the particle. 

The eflFective forces acting on the particle w at any time t are 

d}x d^y d?z 

"^df^' ^d^' ^d^- 

If the eflFective forces on all the particles be reversed, they will be 
in equilibrium with the whole group of impressed forces, by Art. 67. 
Hence, by the principle of virtual work, 

x»{(x-S)8«.(r-S).,.(z-g)^.o, 

where Sx, Sy, Sz are any small arbitrary displacements of the par- 
ticle m consistent with the geometrical relations at the time t 

Now if the geometrical relations are expressed by equations 
which do not contain the time explicitly, the geometrical relations 
which hold at the time t will hold throughout the time St ; and, 
therefore, we can take the arbitrary displacements Sa?, 8y, Bz to be 

respectively equal to the actual displacements -j- hty -r. St, -^ Bt, 

of the particle in the time St. 

Making this substitution, the equation becomes 

,, fd^x dx dhj dy d?zdz\ -. / xr <^ . xr ^y . /z ^^\ 

Integrating, we get 

where C is a constaut to be determined by the initial conditions 
of motion. 

Let v and rl be the velocities of the particle m at the times 
t and i. Also let ZT^, TJ^ be the values of the force -function 
for the system in the two positions which it has at the times 
t and t\ Then 2mi;'» - Smv" = 2 ( C7a - JJ^. 

351. The following illustration, taken from Poisson, may show 
more clearly why it is necessary that the geometrical relations 
should not contain the time explicitly. Let, for example, 

^(^,y,^,0 = o (1) 

be any geometrical relation connecting the coordinates of the 
particle m. This may be regarded as the equation to a moving 
surface on which the particle is constrained to rest. The quantities 
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Sxy Sy, Bz are the projections od the axes of any arbitrary 
displacement of the particle m consistent with the geometrical 
relations which hold at the time t They must therefore satisfy 

the equation ^ Bx + ^Sy + ^iz^O. 

dx dy dz 

The quantities -^ hty -^ hU -tt St are the projections on the 

axes of the displacement of the particle due to its motion in the 
time St They must therefore satisfy the equation 

^^St-^^^ St-\-^^ St + ^^ St = 
dx dt dy dt dz dt dt 

Hence, unless -^ is zero throughout the whole motion, we 

j„ J-. jg 

cannot take Sa, Sy, Sz to be respectively equal to -i- &, -j:St, -^ St 

The equation -^ ^0 expresses the condition that the geometrical 
equation (1) should not contain the time explicitly. 

352. The great advantage of this principle is that it gives 
at once a relation between the velocities of the bodies considered 
and the variables or coordinates which determine their positions 
in space, so that when, from the nature of the problem, the 
positions of all the bodies may be made to depend on one variable, 
the equation of vis viva is sufficient to determine the motion. 
In general the principle of vis viva will give a first integral of 
the equations of motion of the second order. If, at the same 
time, some of the other principles enunciated in Art. 282 can be 
applied to the bodies under consideration, so that the whole number 
of equatioDS thus obtained is equal to the number of independent 
coordinates of the system, it becomes unnecessary to write down 
any equations of motion of the second order. See Art. 143. 

The principle of vis viva was first used by Huyghens in his determination of 
the centre of oscillation of a body, bat in a form different from that now used. See 
the note to Art. 92. The principle was extended by John Bemoolli and applied by 
his son, Daniel Bernoulli, to the solution of a great variety of problems, such as the 
motion of fluids in vases, and the motion of rigid bodies under certain given con> 
ditions. See Montucla, Histoire de$ MathSmatiqueSf Tome iii. 

853. ZBitlal motioii. Suppose the system to begin to move from rest under 
the action of the forces X, T, Z, <&c. After a time dt the vis viva is given by 

2m»'«= 22m {Xdx + Ydy + Zdz), 

The left-hand side of this equation is necessarily positive. We therefore infer that 
if a system start from rest, the initial motion must be such that the virtual work of 
the forces for that motion must be positive. 

There may be several different ways (geometrically considered) in which the 
system could begin to move from its initial state of rest. Let the system be com- 
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pelled to take any one of these ways of motion by obliging a saffioient number of 
its points to describe certain smooth cnrres, or by introducing any forces which 
have no virtual work for that particular mode of displacement. The system can 
now moTe only in one way, or as we often express it, the system has only one path 
open. There are two directions in which it can travel along this path. The 
question arises — ^in which direction will it begin to move? Since the virtual work of 
the forces is in general positive for one of these directions and negative for the 
other, the system must begin to move along the former. 

354. BzamplAS of tlM principle. If a system be under the action of no 
external forces, we have X=0, 7=0, Z=rO, and hence the vis viva of the system is 
constant. 

If, however, the mutual reactions between the particles of the system are such 
as do appear in the equation of virtual work, then the vis viva of the system 
will not be constant. Thus, even if the solar system were not acted on by any 
external forces, its vis viva would not be constant. For the mutual attractions 
between the several planets are reactions between particles whose distances do not 
remain the same, and hence the sum of the virtual works is not zero. 

Again, if the earth be regarded as a body rotating about an axis and in course 
of time slowly contracting from loss of heat, the vis viva will not be constant, for 
the same reason as before. The increase of angular velocity produced by this con- 
traction can be easily found by the principle of angular momentum. See Art. 299. 

355. Let gravity be the only force acting on the system. Let the axis of 2 be 
vertical, then we have X= 0, Y= 0, Z= -g. Hence the equation of vis viva becomes 

Smv'2 - Smv» = - 2Mg (z' - «). 

Thus the vis viva of the system depends only on the altitude of the centre of 
gravity. If any horizontal plane be drawn, the vis viva of the system is the same 
whenever the centre of gravity passes through the plane. See Art. 142. 

356. Ex. If a system in motion pass through a position of equilibrium, i,t, a 
position in which, if placed at rest, it would remain in equilibrium under the action 
of the forces, prove that the vis viva of the system is either a maximum or a 
minimum. De Courtivron's Theorem, M.im. de VAcad. 1748 and 1749. 

357. The equation of virtual work in statics is known to 
contain in one formula all the conditions of equilibrium. In the 
same way the general equation 

2m (g &c + J 8y + g 8«) = 2m (Z&r + YSy + Zhz), 

may be made to give all the equations of motion by properly 
choosing the arbitrary displacements hx, hy, Bz. In Article 350 
we made one choice of these displacements and thus obtained an 
equation in an integrable form. 

If we give the whole system a displacement parallel to the axis 

of z we have Bx = 0, 8y = 0, and Bz is arbitrary. The equation 

cPz 
then becomes Sm -y- = ^mZ, which represents any one of the 

three first general equations of motion in Art. 72. 

If we give the whole system a displacement round the axis 
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of z through an angle Stf, we have 8a? = — yZQ, By = xSO, hz = 0. 

The equation then becomes 2m fa? -r^ — y-rrj] =2m(a:F— yX), 

which represents any one of the last three general equations of 
motion in Art. 72. 

358. Potential and kinetic energy*. Suppose a weight 
mg to be placed at any height h above the surface of the earth. 
As it falls through a height z^ the force of gravity does work which 
is measured by mgz. The weight acquires a velocity v, half of 
its vis viva is ^mv*, which is known to be equal to mgz. If the 
weight fall through the remainder of the height A, gravity may be 
made to do more work, measured by mg{h — z). When the weight 
has reached the ground, it has fallen as far as the circumstances 
of the case permit, and no more work can be done by gravity 
until the weight has been lifted up again. Throughout the motion 
we see that, when the weight has descended any space z, half its 
vis viva, together with the work that can be done during the rest 
of the descent, is independent of z and equal to the work done by 
gravity during the whole descent h. 

If we complicate the motion by making the weight work some 
machine during its descent, the same theorem is still trua By 
the principle of vis viva, proved in Art. 350, half the vis viva of 
the particle, when it has descended any space z, is equal to the 
work mgz which has been done by gravity during this descent, 
diminished by the work done on the machine. Hence, as before, 
half the vis viva, together with the diflference between the work 
done by gravity and that done on the machine during the re- 
mainder of the descent, is constant and equal to the excess of the 
work done by gravity over that done on the machine during the 
whole descent. 

Let us now extend this principle to the general case of a 
system of bodies acted on by any conservative system of forces. 

359. Let us select some position of a moving system of bodies 
as a position of reference. This may be an actual final position 
passed through by the system in its motion, or any position which 
it may be convenient to choose, into which the system could be 
moved. Suppose the system to start from some position which we 
may call A, and at the time ^, to occupy some position P. Then 
at the time £, half the vis viva generated is equal to the work 
done from A to P. Hence half the vis viva at P together with 

* Coriolis, Helmholtz and others have saggested that it would be more con- 
venient if the vU viva were defined to be half the sam of the products of the 
masses into the squares of the velocities. See Phil. Tram. 1854, p. 89. But this 
change in the meaning of a term so widely established in Europe would be very 
likely to cause some confusion. It seems better for the present to use another 
name, such as kinetic energy. 
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the work which can be done from P to the position of reference 
is constant for all positions of P. 

To express this, the word energy has been used. Half the vis 
viva is called the kinetic energy of the system. The work which 
the forces can do as the system is moved from its existing position 
to the position of reference is called the potential energy of the 
system. The sum of the kinetic and potential energies is called 
the energy of the system. The principle of the conservation of 
energy may be thus enunciated : — 

When a system moves under any conservative forces, the sum of 
the kinetic arid potential energies is constant throughout the motion, 

360. The distinction between work done and potential energy 
may be analytically stated thus. The force-function has been 
defined in Art. 337 to be the indefinite integral of the virtual 
work of the forces. As the system moves the work done is 
the definite integral takcD with its lower limit determined by 
some standard position of reference, which we may call C, and 
its upper limit determined by the instantaneous position of the 
system. The potential energy is the definite integral taken with 
its upper limit determined by some fixed position of reference 
which we may call D, and its lower limit determined by the 
instantaneous position of the system. If the two fixed positions 
of reference which we have distinguished by the letters G and D 
are identical, the work integral is the same as the potential integral 
with its sign changed. But this is not generally the case ; the 
positions of reference are chosen each to suit the particular integral 
in connection with which it is used. 

361. B-gampl— of Potential Bnorsy. Ex. 1. A particle describes an ellipse 
freely about a centre of force in its centre. Find the whole energy of its motion. 

Let m be the mass of the particle, r its distance at any time from the centre, 
/ir the accelerating force on the particle. If coincidence of the particle with the 
eentre of force be taken as the position of reference, the potential energy by Art. 360 
is j{-m/tr)dr=^mfja* when taJcen between the limits r=rtor=0. If /be the 
semi-oonjugate of r, the velocity of the particle is r'^/x and the kinetic energy is 
therefore ^m/tr^. As the particle describes its eUipse round the centre of force, the 
sum of the potential and kinetic energies is equal to ^vn/i (a' +6^) where a and b are 
the semi-axes of the ellipse. 

Ex. 2. A particle describes an ellipse freely about a centre of force in the 
centre. Show that the mean kinetic energy during a complete revolution is equal 
to the mean potential energy ; the means being taken with regard to time. 

Ex. 3. If in the last example the means be taken with regard to the angle 
described round the centre, the difference of the means is ^mfiia-b)*, 

Ex. 4. A mass M of fluid is running round a circular channel of radius a with 
velocity u, another equal mass of fluid is running round a channel of radius b with 
velocity v, the radius of one channel is made to increase and the other to decrease 
until each has the original value of the other, show that the work required to pro- 
duce the change is ^ ( ~ - ^^ (6« - a«) M. [Math. Tripos, 1866. 

B. D. 19 
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362. lAmt of Toaeo^u to bo omitted. In applying the principle of vis viva to 
any actual cases, it is important to know beforehand what forces and internal 
reactions may be disregarded in forming the equation. The general rule is that all 
forces may be neglected which do not appear in the equation of virtual work. 
These forces may be enumerated as follows : 

A. Those reactions whose virtual displacements are zero. 

1. Any force whose line of action passes through an instantaneous axis ; as 
rolling friction^ but not sliding friction or the resistance of any medium. 

2. Any force whose line of action is perpendicular to the direction of motion 
of the point of application ; as the reaction of .a smooth fixed turfaee^ bat not that 
of a moving surface. 

B. Those reactions whose virtual displacements are not zero and which there- 
fore would enter into the equation, but disappear when joined to other reactions. 

1. The reaction between two particles whose distance apart remains the same ; 
as the tension of an inextenaible string^ but not that of an elastic string. 

2. The reaction between two rigid bodies, parts of the same system, which roll 
on each other. It is necessary however to include both these bodies in the acane 
equation of vis viva. 

G. All tensions which act along inextensible strings, even though the strings 
are bent by passing through smooth fixed rings* 

For let a string whose tension is T connect the particles m, m', and pass through 
a ring distant respectively r, r' from the particles. The virtual work is clearly 
-TSr-TSr', because the tension acts along the string. But, since the string is 
inextensible, dr+dr'=0; therefore the virtual work is zero. 

363. Expressions for the vis viva of a rigid body in 
motion. If a body move in any manner its vis viva at any instant 
is equxd to the vis viva of the whole mass collected at its centre 
of gravity, together with the vis viva due to motion round the 
centre of gravity considered as a fixed point : or 
the vis viva of a body = vis viva due to translation 

-f vis viva due to rotation. 

Let X, y, z be the coordinates of a particle whose mass is m 
and velocity v, and let x, y, z be the coordinates of the centre of 
gravity G of the body. Let a; = ^ + ^, y = y4-97, 2r = i-ff. Then, 
by a property of the centre of gravity, Zmf = 0, Smiy = 0, 2mf = 0. 

Hence 2m -if = 0, 2m ^ = 0, 2m ;ii = 0. Now the vis viva of 

•^^^ w=.-{(S)V(|)V(g)]. 

Substituting for x, y, z, this becomes 

All the terms in the last line vanish, as they should do, by Art. 14. 
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The first term in the first line is the vis viva of the whole mass 
2m, collected at the centre of gravity. The second term is the 
vis viva due to rotation round the centre of gravity. 

This expression for the vis viva may be put into a more con- 
venient shape. 

364. Firstly. Let the motion be in two dimensions. See Art. 139. 

Let V be the velocity of the centre of gravity, r, its polar co- 
ordinates referred to any origin in the plane of motion. Let r^ 
be the distance from the centre of gravity of any particle whose 
mass is m, and let Vi be its velocity relatively to the centre of 
gravity. Let q> be the angular velocity of the whole body about 
the centre of gravity, and i/A:" its moment of inertia about the 
same point. 

The vis viva of the whole mass collected at & is ilfv", which 
may be put into either of the forms 

«=^{©"-(D'}-^i(S)"--(f)'}- 

The vis viva about G is Smvj^. But since the body is turning 
about 6, we have Vi = ri©. Hence 2mVi^ = cd* . 2m7'i* = o)* . M/(^. 

The whole vis viva of the body is therefore 

2mt;« = Ainp + Mir'c^, 

If the body be turning about an instantaneous axis, whose 
distance from the centre of gravity is r, we have v = ra). Hence 

where Mk'^ is the moment of inertia about the instantaneous axis. 
Secondly. Let the motion be in space of three dimensions. 

Let V be the velocity of G; r, 0, ^ its polar cooi*dinates 
referred to any origin. Let (Oxy (Oy, cog be the angular velocities 
of the body about any three axes at right angles meeting in G, 
and let A, B, C he the moments of inertia of the body about the 
axes. Let f , ^, f b^ the coordinates of a particle m referred to 
these axes. 

The vis viva of the whole mass collected at G is Mv\ which 
may be put equal to 

^i(S)'-(l)"-©"}"^{(S)'--''°'n^)'^KS)1. 

according as we wish to use Cartesian or polar coordinates. 
The vis viva due to the motion about G is 

But ^ = <»yi - ^zVy ^ = ®«f ~ ®«?» di^ ®*^ " ^^^' ' 

19—2 
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Substituting these values, we get, since A = 2m («;• + f *), 
£ = 2m(?» + p), 0=2m(f* + i7'), 

— 2 (Smfiy) ©a-cDy — 2 (Smiyf ) ©ya);^ — 2 (Swiff) ©^o),- 

We may find the vis viva of the motion about G in another manner. Lei O be 
the angular velocity aboat the instantaneous axis, I the moment of inertia abont 
it. The via viva is then dearly 2D'. Now I is found in Art. 15, and in our case 
<tfi=Oa, cu2=0A W3=07, following the notation of that article. Eliminating a, /3, y 
we get the same result as before. 

If the axes of coordinates be the principal axes at (r, this 

reduces to Smvi^ = -4o)jb' + jBo)y' + Cwg^. 

If the body be turning about a point 0, whose position is fixed 
for the moment, the vis viva may be proved in the same way to be 

where A\ B\ C are the principal moments of inertia at the point 
0, and A)a;, Q>y, ci>z are the angular velocities of the body about the 
principal axes at 0. 

365. Bacamplies of ▼!• TiTa. Ex. 1. A rigid body of mass M is moving in 
space in any manner, and its position is determined by the coordinates of its 
centre of gravity and the angles 6^ 4>t ^ which the principal axes at the centre of 
gravity make with some fixed axes, in the manner explained in Art. 256. Show 
that its vis viva is given by 

2r= JIf (i»+y«+i«) + C {0 + ^coB d)«+ (ii sinV+^ooflV) ^ 

+ Bin^e(A cos'^ + B 8in<0) \ffi+2{B - A) sin 9 sin ^ cos 0^^. 

Show also that, when two of the principal moments A and B are equal, this 
expression takes the simpler form 

2r=Jf(i»+y«+i«) + C(^ + ^co8d)3+^(^+sin«d^). 

This result will be often found useful. 

Ex. 2. A body moving freely about a fixed point is expanding under the in- 
fluence of heat, BO that in structure and form it remains always similar to itself. 
If the law of expansion be that the distance between any two particles at the 
temperature is equal to their distance at temperature zero multiplied by f{6), 

show that the vis viva of the body =^«/ + Bwy« + C«,«+i(ii+B + C)/^-?^^-*h', 
where A^ B, C are the principal moments at the fixed point. 

Ex. 3. A body is moving about a fixed point and its vis viva is given by the 
equation 2T=Ata^ + Bwy* + Cw,* - 2D(UyWf - 2E<ajUj^ - 2Fu)g.(ay . 

Show that the angular momenta about the axes are - — . ^ — , ^— . 

dMg (Uiiy dia^ 

Let the body be moving freely and let 2To be the vis viva of translation. Prove 
that, if X, y, 2 be the coordinates of the centre of gravity referred to any rectangular 
axes fixed or moving about a fixed point, and if accents denote differential coefficients 
with regard to the time, the linear momenta parallel to the axes will be dTJdjc\ 
dTJdy\ dToldz'. 
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Ex. 4. The elliptio coordinates of a particle are X» /», y, and h, k are the 
semi-major-axes of the two focal conies. Prove that the vis viva is 

(X« - /i>) (X« - ik») "*" {M*-^*)(/i*-**) (i^-^«)(i^-fc*) * 

We notice that the terms containing the products of X, /I, p are absent. This 
result may be deduced from the expression for (ds)* in eUiptic coordinates given in 
Salmon's Solid Geometry, Art. 410. 1882. 

366. FiroblMns on Um PrlBeiple of Tis TiTa. Ex. 1. A circular wire can 
turn freely about a vertical diameter at a fixed axis, and a bead can slide freely 
along it under the action of gravity. The whole system being set in rotation about 
the vertical axis, find the subsequent motion. 

Let M and m be the masses of the wire and bead, w their oonmion angular 
velocity about the vertical. Let a be the radius of the wire, Mi^ its moment of 
inertia about the diameter. Let the centre of the wire be the origin, and let 
the axis of y be measured vertically downwards. Let $ be the angle which the 
axis of y makes with the radius drawn from the centre of the wire to the bead. 

It is evident, since gravity acts vertically and since all the reactions at the fixed 
axis must pass through the axis, that the moment of all the forces about the vertical 
diameter is zero. Hence, taking moments about the vertical, we have 

MJ^w + ma^<a sin* $=h. 

And by the principle of vis viva, 

3f*»««+wi{a«^+o»sin2^cii'} = C+2)ii^aoos^. 

These two equations will suffice for the determination of d and w. Solving 

K^ fd0\* 

them, we get vi^z o-^-s-b+ww^ ( 37 ) =C+2m^acos^. 

Mk*-^ma^ sin^d \dt J ^ 

This equation cannot be integrated, and hence $ cannot be found in terms of t. 
To determine the constants A and C we must recur to the initial conditions of 
motion. Supposing that initially $=ir, and ^=0 and w=a, then h^Mk^a and 
C=2mga+Mkhi^. See Art. 362. 

Ex. 2. A lamina of any form rolls on a perfectly rough straight line under the 
action of no forces ; prove that the velocity 17 of the centre of gravity O is given by 

v^=^ -^ - X , where r is the distance of G from the point of contact, k the radius 

r* + Ac* 

of gyration of the lamina about an axis through G perpendicular to its plane, and 
c some constant. 

Ex. 3. Two equal beams connected by a hinge at their centres of gravity so as 
to form an X are placed symmetrically on two smooth pegs in the same horizontal 
line, the distance between which is b. Show, that, if the beams be perpendicular to 
each other at the commencement of the motion, the velocity v of their centre of 
gravity, when in the line joining the pegs, is given by v^(b*+4k*)^li^g, where k 
is the radius of gyration of either beam about a line perpendicular to it through 
its centre of gravity. 

Ex. 4^ A uniform rod is moving on a horizontal table about one extremity, 
and driving before it a particle of mass equal to its own, which starts from rest 
indefinitely near to the fixed extremity ; show that, when the particle has described 
a distance r along the rod, its direction of motion makes with the rod an angle 
given by (r»+fc«)tan*^=;k». [Christ's CJoU. 

Ex. 5. A thin uniform smooth tube is balancing horizontally about its middle 
point, which is fixed; a uniform rod such as just to fit the base of the tube is placed 
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end to end in a line with the tabe, and then shot into it with such a horizontal 
velocity that its middle point shall only jnst reach that of the tnbe ; supposing the 
velocity of projection to be known, find the angular velocity of the tube and rod at 
the moment of the coincidence of their middle points. [Math. Tripos. 

Result If m be the mass of the rod, mf that of the tube, and 2a, 2a' their 
respective lengths, v the velocity of the rod's projection, u the required angular 

velocity, then iii^= 



'r.'i' 



Ex. 6. If an elastic string, whose natural length is that of a uniform rod, be 

attached to the rod at both ends and suspended by the middle point, prove by means 

of vis viva that the rod will sink until the strings are inclined to the horizon at an 

6 

angle ^, which satisfies the equation oof- - cot^ - 27t=0, where the tension of the 

2 A 

string, when stretched to double its length, is n times the weight. [Biath. Tripos. 

Ex. 7. One end of a uniform rod moves on a smooth inclined plane whose 
inclination is a ; the other end is freely jointed to a small peg which can move in a 
smooth horizontal groove situated in a vertical plane perpendicular to the inclined 
plane. The rod starts from rest when leaning upwards against the plane at an 
angle j9 with the horizon and in the vertical plane through the groove. Show that 
it will leave the plane when horizontal if sin j9=cot a (1 + 3 cot' a), it being assumed 
that the plane is su£9ciently steep to make the value of /3 given by this equation 
positive real and less than a. [Math. Tripos, 1902. 

Ex. 8. A smooth solid hemisphere is held with its base on a smooth horizontal 
table, and a vertical rod of the same weight, which is constrained by smooth supports 
so that it can only move vertically, rests with its lower end against a point on the 
surface of the hemisphere where the normal makes an angle a with the vertical ; if 
the hemisphere be set free so that motion ensues, show that its final velocity is 
%sj(^ag cos* a) where a is the radius of the hemisphere. [Coll. Ex. 1904. 

Ex. 9. The centre C of a circular wheel is fixed and the rim is constrained to 
roll in a uniform manner on a perfectly rough horizontal plane so that the plane of 
the wheel makes a constant angle a with the vertical. Bound the oiroumferenoe 
there is a uniform smooth canal of very small section, and a heavy particle which 
just fits the canal can slide freely along it under the action of gravity. If m be the 
particle, B the point where the wheel touches the plane, and 9 = z BCm, and if n be 
the angular rate at which B describes the circular trace on the horizontal plane, 

prove that ( ^7 ) = <^b ^ cob d-n^ cos' a cos' 6 + const., where a is the radius of 
the wheeL [Annales de Oergonne, Tome zix. 

Ex. 10. A regular homogeneous prism, whose normal section is a regular polygon 
of n sides, the radius of the circumscribing circle being a, rolls down a perfectly 
rough inclined plane whose inclination to the horizon is a. If ta^ be the angular 
velocity just before the n^ edge becomes the instantaneous axis, then 

8 + cos — /2 + 7C08 — \ / . 8+oos — \ 

asin-5 + 4cos — \ 8 + cos — / \ asin-5 + 4oos — / 

367. The Principle of Similitude. What are the con- 
iditions necessary that two systems of particles which are initially 
geometrically similar should also be mechanically similar, %,e. that 
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the relative positions of the particles in one system after a time t 
should always be similar to the relative positions in the other 
system after another time if, such that t' bears to ^ a constant ratio ? 

In other words, a model is made of a machine, and is found to 
work satis&ctorily, what are the conditions that a machine made 
according to the model should work as satisfactorily ? 

The principle of similitude was first enunciated by Newton in 
Prop. 32, Sec. vii. of the second book of the Principia. But the 
demonstration has been very much improved by M. Bertrand in 
Cahier xxadi, of the Journal de Vicole Polytechniqvs, He derives 
the theorem from the principle of virtual work so as to avoid that 
necessity of considering the unknown reactions which enters into 
some other modes of proof. Since all the equations of motion 
may be deduced from the general principle of virtual work, that 
principle seems to aflford the simplest method of investigating any 
general theorem in dynamics. 

368. Let (a?, y, z) be the coordinates of any particle of mass m 
in one system referred to any rectangular axes fixed in space, and 
let (Z, Y, Z) be the resolved parts of the impressed forces on that 
particle. Let accented letters refer to corresponding quantities in 
the other system. 

Assuming that the reactions of the system are such as do not 
appear in the equations of virtual velocities (Art. 362), that principle 
supplies the two following equations : 

X{{X -mx)hx +&c.} = 0, 
S{(Z'-m'^')Sa?' + &c.}=0. 

It is evident that one of these equations will be changed into 
the other if we put X' = FX, T==FY, (Sec, x'^lx, y' = Zy, &c., 
m' == fim, &c., If = rt, &c., where F, I, fi, t are all constants, provided 
that fd = Ft\ In two geometrically similar systems we have but 
one ratio of similarity, viz. that of the linear dimensions, bvt in two 
mechanically similar systems we have three other ratios, viz. thit 
of the masses of the particles, that of the forces which aot on them, 
and that of the times at which the systems are to be compared. 
It is clear that, if the relation just established hold between these 
four ratios of similitude, the motions of the two systems will be 
similar. 

Suppose then that the two systems are initially geometrically 
similar, that the masses of corresponding particles are proportional 
each to each, and that they begin to move in parallel directions 
with like motions and in proportional times, then thejr will continue 
to move with like motions and in proportional times provided 
the external acting forces in either system are proportional to 

mass X linear dimensions o.- ^i i j i -x- r 

r-. — . Since the resolved velocities ot any 

(time)* '^ 
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dx 
particle are -^-, &c., it is clear that in two similar systems 

the velocities of corresponding points at corresponding times are 

_^. , ^ linear dimensions ^r i- - x xi_ x- 

proportional to - -. . If we eliminate the tune 

between these two relations, we may - state, briefly, that the 
condition of similitude between two systems is that the acting 

r XT. _x- 1 X i^^^s X (velpcity)^ 

forces must be proportional to ^ 1^ r-^--. 

^ ^ linear dimensions 

369. On Models. M. Bertrand remarks that, in comparing 
the working of a model with that of a large machine, we must 
take care that all the forces bear their proper ratios. The weights 
of the several parts will vary as their masses. Hence we infer that 
the velocity of working the model must be made to be proportional 
to the square root of its linear dimensions. The times of describing 
corresponding arcs will also be in the same ratio. 

When the speeds of working the model and the large machine 
are thus related it is convenient to apply to them the terms 
" corresponding velocities^ 

If there be any forces besides gravity which act on the model, 
these must bear the same ratio to the corresponding forces in the 
machine, if the model is to be similar to the machine. If the 
model be made of the same material as the machine, the weights 
of the several parts will vary as the cubes of the linear dimensions. 
Hence the impressed forces must be made to vary as the cubes 
of the linear dimensions. For example, in the case of a model of 
a steam-engine, the pressure of the steam on the piston varies as 
the product of the area of the piston into the elastic force. Hence, 
the elastic force of the steam used must be proportional to the 
linear dimensions of the model. 

Supposing the impressed forces in the two systems to have, 
each to each, the proper ratio, it is easy to see, by forming the 
equations of motion, that the mutual reactions between the parts 
of the system will, of themselves, assume the same ratio. Thus 
the equations obtained by resolution are linear and give the 
reactions their proper ratio to the forces. In the equations formed 
by taking moments, if the reactions, like the impressed forces, act 
at definite corresponding points in the two systems, each will be 
multiplied by an arm proportional to the linear dimensions of the 
system and the product must have the dimensions of mk^d^O/d^. 
Thus in all the equations the reactions will have their proper 
ratios. 

To make this clear, let us examine some simple case of motion, 
say that discussed in Art. 162. The equations (1) show that both 
the reaction J2 and the sliding friction fiR vary as the product of 
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the mass by the Unear dimensions divided by the square of the 
time. We see by Art. 161 that the friction-force F follows the 
same law. But by Art. 163 this is not the case with either the 
couple of rolling-friction or with the friction-force called into play 
by its action. The moment of the friction-couple is fmg, where / 
is a linear quantity which depends on the materials used but does 
not vary with the dimensions of the system. The ratio of this 
couple to lail&d varies inversely as the linear dimensions of the 
body and is greater in the model than in the machine. The 
magnitude of the friction-couple is so small that it is usually 
neglected (Art. 153), but, when it is necessary to take account of 
it, its presence in the equations of motion may prevent some of the 
other reactions from obeying the law of similarity. 

If the resistance of the air is proportional to the product of the 
area exposed and the square of the velocity the resistance will bear 
the proper ratio in the model and in the machine. 

370. BzamplM. As an example, let as apply the principle to the case of a 
rigid body oscillating about a fixed axis under the action of gravity. That the 
motions of two pendulums may be similar they must describe equal angles, 
corresponding times are therefore proportional to the times of oscUlation. Since 
the forces vary as the mass into gravity, we see that when a pendulum oscillates 
through a given angle, the square of the time of oscillation must vary as the ratio 
of the linear dimensions to gravity. 

As a second example consider the case of a particle describing an orbit round 
a centre of force whose attraction is equal to the product of the inverse square of 
the distance and some constant /a. The principle at once shows that the square of 
the periodic time must vary as the cube of the distance directly, and as /x inversely. 
This is Kepler's third law. 

Ex. 3. Experiments are to be made on the deflection of a bridge 50 feet long 
and weighing 100 tons, when an engine weighing 20 tons passes with a velocity of 
40 miles per hour, by means of a model bridge 5 feet long and weighing 100 oz. 
Find the weight of the model engine, and if the model bridge be of such stiffness 
that its statical central deflection under the model engine be one-tenth of the statical 
central deflection of the bridge due to the engine, show that the velocity of the model 
engine must be 18*55 feet per second. [Coll. Exam., 1887. 

371. nrondtt's tbeorvm. In Froude^s experiments to determine the resistance 
to ships, small models were used, the method being founded on the following rule. 
If the linear dimensions of a ship be n times those of the models the mean densities 
being equal, and if at a speed V the measured resistance to the model be i?, then at 
the corresponding speed, viz, V^Jn, the resistance to the ship will he lin*. 

The ship and the model being similar, and of equal mean densities, the linear 
dimensions of the portions immersed are in the ratio 7i : 1. The resistances to 
similar bodies in deep water are known to vary nearly as the squares of the velocities 
multiplied by the areas of the wetted surfaces, i.e. if the velocity of the ship is n' 
times that of the model, the resistances are in the ratio nV : 1. The resistances 
must be in the same ratio as the other corresponding forces, i.e. n*A'*=n^, Art. 369. 
Hence n'=sy/n and the resistances are in the ratio n^ : 1. 

This resistance is chiefly spent in making waves which continually travel away 
from the ship. Another but lesser cause of resistance is the friction between the 
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will be similar each to each if the forces vary as ^^. ^^'^ . But bj Marriotte's 
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ship and the water. Both effects have here been roaghly summed up in using the 
experimental law of resistance. 

372. flavart's tliaorein. In the twenty-ninth volume of the Annales de 
ChinUe (Paris 1825) Savart describes numerous experiments which he made on the 
notes sounded by similar vessels containing air. He thence deduced the following 
general law. When masses of air are contained in two similar vesseUf the number 
of vibrations in a given time [i.e. the pitch of the note sounded>\ is inversely pro- 
portional to the linear dimensions of the vessel. 

This theorem of Savart's follows at once from the principle of similarity. Divide 
the similar vessels into corresponding elements, then the motions of these elements 

mass X lin. dim. 
(timej^ 

law the force between two elements varies as the product of the area of contact 
into the density. Hence the times of oscillation of corresponding particles of air 
must vary as the linear dimensions of the vessel. 

The first person who gave a theoretical explanation of Savart's law was Cauchy, 
who showed, in a Mimoire presented to the Academy of Sciences in 1829, that it 
followed from the linearity of the equations of motion. He refers to the general 
equations of motion of an elastic body whose particles are but slightly displaced 
even though the elasticity is different in different directions. These equations, 
which serve to determine the displacements (^, 17, ^) of a particle in terms of the 
time t and the coordinates (a;, y, z) of its undisturbed position, are of two kinds. 
One applies to all points of the interior of the elastic body and the other to all 
points on its surface. These are to be found in all treatises on elasticity. An 
inspection of the equations shows that they will continue to exist if we replace 
^) Vi ^> ^f y* ^t ^ ^7 K^i KVi Jf^} ff^i f^lfi KZt Kty where jr is any constant, provided that 
we alter the accelerating forces in the ratio /c to 1. Hence if the accelerating forces 
are zero, it is sufficient to increase the dimensions of the elastic body and the 
initial values of the displacements in the ratio 1 to ic, in order that the general 
values of {, ^, ^ and the durations of the vibrations may vary in the same ratio. 
Hence we deduce Gauchy's extension of Savart*s law, viz., if we measure the pitch 
of the note given by a body, a plate or an elastic rod, by Vie number of vibrations 
produced in a unit of time, the pitch will vary inversely as the linear dimensions of 
the body, plate, or rod, supposing all its dimensions altered in a given ratio. 

373. Theory of Dimensionfl. These results may be also 
deduced from the theoiy of dimensions. Following the notation 
of Art. 332, a force F is measured by m(Px/dt\ We may then 
state the g^eneral principle, that all dynamical equations must be 
such that the dimensions of the terms added together are Hie same 
in space, time and mass, the dimensions of force being taken to be 
mass . space 

{Umef~' 

To show how the principle may be used let us apply it tx) the 
case of a simple pendulum of length I, oscillating through a given 
angle a, under the action of gravity. Let m be the mass of the 
particle, F the moving force of gravity, then the time t of oscilla- 
tion can be a function of F, Z, m and a only. Let this function be 
expanded in a series of powers of F, I and m. Thus 

T = ^AFPl^m\ 
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where A, being a function of a only, is a number. Since t is 
of no dimensions in space, we have |) + 5 = 0. Also t is of one 
dimension in time ; .*. — 2p = 1. Finally t is of no dimensions in 
mass; .'. p + r=^0. Hence p=^ — h ? = ^ = i> stnd since p, q, r 
have each only one value, there is but one term in the series. 

We infer that in any simple pendulum t = -4 a/ -^ where A is 
an undetermined number. See also Art. 370. 

Ex. 1. A particle moves from rest towards a centre of force, whose attraction 
varies as the distance, in a medium resisting as the velocity, show by the theory of 
dimensions that the time of reaching the centre of force is independent of the 
initial position of the particle. 

Ex. 2. A particle moves from rest in vacuo towards a centre of force whose 
attraction varies inversely as the n*^ power of the distance, show that the time of 
reaching the centre of force varies as the i(n + 1)'^ power of the initial distance of 
the particle. 

374. Xma^iaarj Time. The equations of motion of a system are changed 
into those of a similar system by multiplying the forces, lengths, masses and times 
by the constants F, I, /*, r, where fd—Fr^. The systems however may present only 
an analytical similarity, for if F were negative, and /ti, I positive, the ratio of the 
corresponding times would be imaginary. The change of sign of F is, of course, 
equivalent to reversing the directions of all the impressed forces. 

Iiet us suppose that the two similar systems are such that 2=1, ai=1 and only 
so far differ that the impressed forces JT, X' <&c. are equal and opposite and in con- 
sequence t'lt= ±V( ~ ^)> ^^^' ^6®< ^^ follows that the same system can have two 
conjugate motions with opposite forces such that in one (x, y, <&c.) are the same 
functions of t that (x\ y\ &c.) in the other are of if. The initial positions are the 
same in the two cases, and if v^dx/dt, v' = dx'ldt' are any corresponding velocities, 
their ratio V/v = t ^^( - 1) . We also evidently have dx'/dt = dxjdt. Hence we arrive 
at the foUowing theorem. A system of material points, subject to constraints which 
are independent of the time and under the action of forces which depend only on the 
position of the several points, being given ; the integrals of the differential equations 
remain real if we replace t by t^(-l) and the resolved initial velocities v^yVy, v,, 
of any particle by -Vj^y/{-l), -Vy^{-1), -Vg,J(-l), the initial positions being 
the same. The equations thus obtained are those of a new movement which the same 
material particles would take if acted on by forces equal and opposite to those which 
produced the first motion, the initial values of the coordinates and their velocities 
being the same in the two casev, Appell, On an interpretation of the imaginary values 
of the time; Comptes Eendus, Vol. 87, 1878, page 1074. Painlev6, Lemons sur VinU- 
gration des Equations diffSrentielles de la Micanique, 1895, page 226. 

374 a. These considerations will sometimes enable us to find an interpretation 
for an analytical result which gives an imaginary value for the time. This will be 
made clear by an elementary example. Let be the angle a simple pendulum, 
suspended from 0, makes with the downward vertical BOA, and let the pendulum 
start from rest at an angle 6 = a. Since ddjdt is initially negative the time of 
moving from $=a to 6=0 is given by 



/g _ [9 -de fu 

S/ l" j «2 v'(8in«4«-sin«i^) " } 1 



-du 



a 2 v'(8in« 4a - Bm^^d)" J 1 J (I- u*) V(l - k^u^) ' 



300 VIS VIVA. [chap. VII. 

where Bini0=usinia, ir=sin]^a and all the radicals are positWe. Pat 

Jo^(l~u^^/(l-K^u^)^ ^ -jl ^(u^ -1)^(1- ^u^)- 

The times of arrival at the lowest and highest points of the oiroular path (starting 
in each case from rest) are found by writing ^=:0, ^=:ir, that is tt=0, ii=l/< 
respectively. These times are therefore given by 



^^J-r^' *.^f='8^V(-i)- 



The latter time is imaginary, showing that nnder the given circumstances the bob 
of the pendulum does not reach the highest point. We find an interpretation 
of the value of t^ by reversing the impressed forces. When we have written - g 
for g let t^, t^ be the corresponding values of £j, t,, then t^ is now imaginary and 
t^ becomes real. Thus the real path of the pendulum in either motion corresponds 
to the imaginary path in the conjugate motion. 

If the time t is counted from the instant at which the bob passes the lowest 

point (gravity acting downwards), the motion is given by «= sn ( « /y ) . The two 

periods of this elliptic function are 4ir and 2^'^(-l), and these respectively 
determine the two times t^ and t^ . This example is discussed by both Appell and 
Painlev6 but in different ways. 

375. Olaiialnfl' tlMofy of atattonary motion. To determine the mean vi» 
viva of a system of niaterial points in stationary motion. Glausius, PhiL Mag., 
August, 1870. 

By stationary motion is meant any motion in which the points do not continually 
move further and further from their original position, and the velocities do not 
alter continuously in the same direction, but the points move within a limited 
space and the velocities only fluctuate within certain limits. Of this nature are all 
periodic motions, such as those of the planets about the sun, and the vibrations of 
elastic bodies, and further, such irregular motions as are attributed to the atoms 
and molecules of a body in order to explain its heat. 

Let x, y, z be the coordinates of any particle in the system and let its mass 
be m. Let X, F, Z be the components of the forces on this particle. Then 

m -j-^—X, We have by simple differentiation (Arts. 286, 286 &), 

md?(3p) 



T-.l^^=%c-?v-^^^ 



and therefore ^ (J)' = " ^ ^^+ i 



dt* 



Let this equation be integrated with regard to the time from to f and let the 
integral be divided by ^ we thereby obtain 

m /■< fdxy . 1 A „^^ m rd (a:») [d (x>)\ T 

in which the application of the suffix zero to any quantity implies that the initial 
value of that quantity is to be taken. 

The left-hand side of this equation and the first term on the right-hand side are 
evidently the mean values of » ( ^jt ) ^^^ ' q ^^ during the time t. For a periodic 

motion the duration of a period may be taken for the time t ; but for irregular 
motions (and if we please for periodic ones also) we have only to consider that the 
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time ty in pcoportion to the times during which the point moves in the same direc- 
tion in respect of any one of the directions of coordinates, is very great, so that in 
the coarse of the time t many changes of motion have taken place, and the ahove 
expressions of the mean values have become sufficiently constant. The last term 
of the equation, which has its factor included in square brackets, becomes, when 
the time is periodic, equal to zero at the end of each period. When the motion is 
not periodic, but irregularly varying, the factor in brackets does not so regularly 
become zero, yet its value cannot continually increase with the time, but can only 
fluctuate within certain limits ; and the divisor t, by which the term is affected, 
must accordingly cause the term to become vanishingly small for very great values 
of t. The same reasoning will apply to the motions parallel to the other coordinates. 
Hence adding together our results for each particle, we have, if v be the velocity of 

the particle m, mean ^ Zmv' = - mean i'L (Xx + Yy + Zz). 

The mean value of the expressions - ^ S (Xx + Yy+Zz) has been called by Clausius 
the virial of the system. His theorem may therefore be stated thus, the mean semi- 
vis viva of the system is equal to its virial. 

376. To apply this theorem to the kinetic theory of heat we premise that every 
body is to be regarded as a system of particles in motion. So far as this proposition 
is concerned, the particles may describe paths of any kind, and any particle may 
pass as close as we please to another. But, as no account of impacts has here 
been considered, we must either suppose the particles to be restrained from actual 
contact by strong repulsive forces at close quarters, or (which amounts to the same 
thing) suppose the particles to be perfectly elastic, so that the total vis viva is 
unaltered by the impacts. 

The forces which act on the system consist in general of two parts. In the 
first place, the elements of the body exert on each other attractive or repulsive 
forces, and, secondly, forces may act on the system from without. The virial will 
therefore consist of two parts, which are called the internal and external virials. It 
has just been shown that the mean semi-vis viva is equal to the sum of these two 
parts. 

If (r) be the law of repulsion between two particles whose masses are m and m\ 

X* — X x — x' (x' — xV^ 
we have Xx + X'x'=. - <f> (r) x-^(r) x' = <f> (r) — . And, since for the 

two other coordinates corresponding equations may be formed, we have for the 
internal virial - ]^Z {Xx+ Yy +Zz) = - 2)}r0 (r), where Z implies summation for the 
particles taken two and two together. 

Let the volume be increased, the system remaining similar to itself. Every r is 

now increased so that (2r=j9r, where /9 is an infinitely small quantity. If TTbe the 

work of the internal repulsions, we have dfr=Z0 (r) /3r. If F be the volume of the 

dW 
body, dV=SpV. Hence -SJr^ (r)= ~W -Ty ' This supplies another expression 

for the internal virial, if we understand W to represent the mean work. 

As to the external forces, in the case most frequently to be considered the 
body is acted on by a uniform pressure normal to the surface, li p he this pres- 
sure, da an element of the surface, I the cosine of the angle the normal makes with 

the axis of as, -^2Xx=^ jxplda =^ | Ixdydz, If V be the volume of the body 

this is ipV, and therefore the whole external virial is ^pV, 

Let us suppose that a gas is composed of particles (such as those here described) 
each in motion, but not acting on each other, and equally distributed throughout 
the containing vessel. It follows from tliis proposition that i^mv^=^pV, Hence 
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the resulting continuous pressure p produced by their impacts on th^ oontaining 
surface, when referred to a unit of area, is equal to one-third of the vis viva of the 
particles which occupy any unit of volume. 

The reader who is interested in these matters is referred to ApplicatiouM of 
dynamics to phytics and chemistry by Prof. J. J. Thomson, 1888. 

Ex. Show that the virial of a system of forces is independent of the origin and 
the directions of the axes, supposed rectangular. 

The first result is clear, since in stationary motion ZX=0, Ao, The second 
follows from the equality Xx+Yy + Zz= Rp, where E is the resultant of X, Y, Z^ and 
p is the projection of the radius vector on the direction of i2. 

General Theorems on Impulses. 

377. Oeneral equation of virtual work. Let (x, y, z) 

be the coordinates of any particle m, and (X, Y, Z) the resolved 
parts in the directions of the axes of the impulses which act on 
that particle. Let {u, v, w), (u\ v\ w') be the resolved parts of 
the velocity of the particle in the same directions just before and 
just after the impulse. 

The momenta m (u' — u), m (v' — v\ m (w* - w), being reversed 
for every particle, will be in equilibrium with the impulsive forces. 
Hence by the principle of virtual work we have 

Im {{u - -w) &c + (t;' - v) By + (w' - w) Sz} = l(XSx-\- YSy + ZSz), 

where Sx, By, Sz are any small arbitrary displacements of the par- 
ticle m consistent with the geometrical conditions of the system. 

This is the general equation of virtual work, and it will be 
seen further on that the subsequent motion of the system may 
be deduced from it. At present we are only concerned with such 
general properties of the motion as may be deduced from this 
equation by a proper choice of the arbitrary displacement. 

378. Camot'8 first theorem. Let us first suppose that 
the only impulsive forces are those produced by the actions and 
reactions of the bodies forming the system. (For example, two 
bodies may impinge on each other, or two points may be suddenly 
connected together by an inelastic string.) Then these mutual 
actions and reactions are in equilibrium, and the sum of their 
virtual works is zero for all displacements which do not 
alter the distance apart of the particles acting on each other. 
Suppose the bodies impinging to be inelastic, then jitst after the 
impact the points of the two bodies which impinge have no 
velocity of separation normal to the common surface of the bodies. 
If therefore we take as our arbitrary displacement the actual 
displacement of the system during the time dt just after the 
impact, the sum of the virtual works of the impulses will be 
zero. Hence, writing Bx = uStf Sy^vBty Sz = wSty we have 

2m {{u — w) w' + (v' — v) v' + (w' — w) w'] = 0. 

.-. 2m {u'^ + t;'« + «^'2) = Swi {uu + vv' + ww'). 
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This may be put into the form 

2m (w''' + 1/' + w;'«) - 2m (w« + V* + 1(;2) 

= - 2m {(!/' - uy + {v - vy + (w' - wY]. 

Therefore in the impact of inelastic bodies vis viva is always lost 
This is the first part of Camot s general Theorem. 

379. Oeneralization of Camot's theorem. It should be 
noticed that Carnot's demonstration applies, not exclusively to 
collisions but, to all impulses which do not appear in the equation 
of virtual work as applied to the subsequent displacement. Let 
a system be moving in any way, and let us suddenly introduce 
8om,e new restraints or geometrical relations by which some of the 
particles are compelled to take new courses. The impulses which 
produce this change of motion are of the nature of reactions, and 
are such that in the subsequent motion their virtual works are 
zero. It therefore follows that vis viva is lost and that the amount 
of vis viva lost is equal to the vis viva of the relative motion. This is 
sometimes called Bertrand's Theorem. 

380. Camot'8 second theorem. Let us next suppose that 
an explosion takes place in any body of the system. Tlien, jvM 
before the impulse, any two particles about to separate are moving 
so that the virtual works of their mutual actions are equal and 
opposite, but just after the explosion this may not be the case. 
Hence we now put hx = uht. By = vht, Sz = wBt and we have from 
the equation of virtual moments 

2m [{u' — u)u + (v' — v) t; + (t/;' — w) w} = 0. 

This may be put into the form 

2m (w'2 + 1;'« + w'») - 2m (u^ + v* + w^) 

= 2m {(u' - uy + (i/ - vy + (w' - wy]. 

Therefore in cases of explosion vis viva is always gained. This is 
the second part of Carnot s Theorem. 

Thirdly, let the bodies of the system be perfectly elastic. If 
two elastic bodies impinge, the whole action consists of two parts, 
a force of compression as if the bodies were inelastic, and a force 
of restitution of the nature of an explosion. The circumstances 
of these two forces are equal and opposite to each other. Hence 
the vis viva lost in compression is exactly balanced by the vis viva 
gained in the restitution. This is the last part of Garnet's Theorem. 

3S1. As an example of Carnot's theorem let us solve the problem of the 
Ballistic pendulum already considered in Art 124. 

Before the impact, the pendulum is at rest and the ball has a velocity v ; the 
vis viva is therefore mv^. After the impact the pendulum and ball move together, 
and the vis viva is {Mk'^+mt*) w^. To find the vis viva of the relative motion we 
notice (1) that the velocity of the baU has been changed from t; to iu and its 
direotion has been turned through an angle /3, the vis viva of its relative motion is 
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therefore m {i^uP + v* - 2i<av ooa p), (2) the angular velocity of the pendulam has 
been changed from zero to u, the vis viya of the relative motion is MU'^uP. We 
thus have by Garnot's theorem 

mv^ - (Mk'^ + mt«) w* = ni (t^w" + r^ _ 2i wt? cob /3) + Mk'^v^, 

This rednces to mvt cos /9 =( MA;'^ + mi^) w and determines the initial motion after 
the impact. A simplified form of this application of Carnot's theorem is given 
by M. Appell in his Micanique 1896. 

382. Three forms of the equation of virtual work. 

Let us now resume the general equation of virtual work for a 
system in motion acted on by any impulses. We have already 
seen that there are two displacements, either of which we may 
with advantage choose as our arbitrary displacement. One of 
these coincides with the motion just before, and the other with 
the motion just after, the action of the impulses. These equations 
may be written 

2m [{u! —u)u + {v* '-v)v + {w' — w) w; } = 2 {Xu + Ft? + Zw ), 
2m {(V - w) u + (v' - 1;) t;' + (w' - w) w'} = 2 {Xu + Yv' + Z%v). 

On the left-hand side of these equations (ti, v, tr), (u\ v\ w') are the resolved 
parts of the velocities of the particle whose mass is m (Art. 377). On the right- 
hand sides they represent the resolved parts of the velocities of the point of 
application of the impulse whose components are X, Y, Z. 

Besides these there is a great variety of motions which are 
geometrically possible. Let {u\ v'\ w") be the components of 
the velocity of the typical particle m for any one of these possible 
motions. Then we may write ix =■ u'^it, By = v'^Bt, Bs= w'Bt, and 
we obtain 

2m {(u' ~ u) v!' + {v - V) v" + {w' - w) w''] = 2 {Xu'' + Yi/' + Zw"). 

This equation of course includes the two former as special cases. 

This possible motion might have been produced from the initial 
state by the application of proper impulses. Let these be repre- 
sented by X\ Y\ Z\ Then with these forces the state (u", v", w") 
becomes the actual subsequent motion, and our former subsequent 
motion becomes a mere variation from this. Thus we may write 
down three more equations, obtained from these by interchanging 
« v', w) with {u'\ v", w") and (Z, F, Z) with {X\ Y\ Z'), 

By comparing these equations we may deduce several general 
theorems. 

383. A eonT«nleBt ITotatlon. Let 2T be the initial vis viva of the system. 
Let 2T' be the vis viva after the application of a set of impulses which we shall 
designate as the set Ay and let the resulting motion be called the motion A, Let 
2r'' be the vis viva of any possible variation of this motion which we shall call the 
motion B, and let the forces which produce it be called the forces B, We shall 
want to use also the vis viva of the relative motion of any two of these. Thns, 
taking the two first and expressing the vis viva of the relative motion by 2R^^, we 
have 2iio, = Sm { (u' - ti)» + (v' - vf + (w* - wf] 

=2r' + 2r-22wi(tttt' + iw'+tMc'), 
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Similarly if we call the vires viyn of the other relative motions 2R^ and 2R^^, we 

have Sm(tttt"+w" + irw7') = T+!r"-i?«, 

2m (« V + v'v" + w'w") = T' + r" - i^u . 

Thus the accents of the Tb on the right-hand side and the snffizes of the R*b 
correspond in all three equations to the accents on the left-hand side. 

The three equations deduced from the principle of virtual work in Art. 882 
may therefore be written 

T' - T- i2oi=vir. wk. of forces A in initial motion, 

T'- T+Rqi—v\i, wk. of forces A in motion A, 

T' - r-i2ij + i2oj=vir. wk. of forces A in motion B, 

where the divisor dt on the right-hand side has been dropped for the sake of 
brevity. Or we may say that the right-hand sides express the rates at which the 
forces A are doing work in the respective motions. Or again, the right-hand sides 
express the sums of the products obtained by multiplying each force by the 
velocity of its point of application resolved in the direction of the force, for the 
particular motion concerned. 

384. Change of vli viva due to impulsefl. If we add 

together the two equations of Art. 382, viz. 

1m{u — w)i4 + ... = ^Xu + ..., 
2m (w —u) II + .,, = %Xuf -\' ..., 
we have Sm (u*— u^) + . .. = 2X {u + u') + 

Since the left-hand side is the diiference between the vis viva 
before and that after the application of the impulses, we have the 
following theorem. If any impulses act on a system in motion, the 
change in the semi-vis viva is equal to the sum of the products 
obtained by multiplying each impulse by the jnean of the velocities 
of its point of application just before and just after tke action of the 
impxdse, both velocities being resolved in the direction of that impulse. 
Different proofs of this theorem for the case of a single body have 
been given in Arts. 172, 192, 346. 

385. Vis viva of the relative motion. If we take the 
difference of the two equations of Art. 382, viz. 

2m (w -'u)u -f- ... = '^Xu 4- ... , 

2m(tt' — w) w'+ ... = 2Xw'+ ... , 

we have 2m(w' — w)* +... = 2-? (u' — w) + ... . 

Hence, if any impulses act on a system in motion, the semi- 
vis viva of the relative motion is equal to the svmt of the products 
obtained by m/ultiplying each impulse by half the excess of the 
resolved velocity of its point of application just after over that 
just before the impulse, both velocities being resolved in the direction 
of thai impulse. 

386. Two cases of impact present themselves for consideration, 
(1) we may imagine certain points of the system to be suddenly 
seized and made to move with given velocities in some prescribed 

B. D. 20 
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manner, as in Art. 288, (2) we may suppose that given impulses 
act at certain points, as in Art. 306. In the former case the 
resulting displacements of the points of application of the impulses 
Xy F, Z are given, the impulses being unknown. In the latter 
the impulses X, F, Z are given, but the displacements of the 
points of application are unknown. Or, again, in the first case 
the constramts are given, in the second the impulses are given. 
Let us consider these in order. 

Let the displacement of the point of application of each impulse 
he given. 

Let us give the system two diiferent virtual displacements 
both consistent with the prescribed conditions. Let one of these 
be along the actual motion, then 

2m (t*' — w) w' -f- . . . = ^Xu + . . . . 

Here on the right-hand side u', v\ vf are proportional to the 
prescribed displacements of the points of application of the 
impulses and on the left-hand side u\ v', w' are proportional to 
the actual displacements of the particle m. 

Let the second displacement be along any geometrically 
possible motion of the system, then 

2m(M' — t£)M" + ... = 2X1^'+ ... , 

where u*\ v", w" are the resolved velocities of the particle m in 
this hypothetical motion. 

The multipliers of X, F, Z on the right-hand side are the 
same as before, because the motions of the points of application 
are prescribed. We therefore have 

2m (w' — w) tt' -h .. . = 2m {v! — w) w" -f- . . . ; 
.-. 2m (u' - u)« + ... + 2m (u" - 14')^+ ... = 2m {u"- w)« + ... . 

Each of these summations is the vis viva of a relative motion. 
Representing them by 2i2oi, 2jRia, 2i2o2 (Art. 383) we have 

It immediately follows that -R02 is greater than R^. Hence, if 
any impulsive forces act on a system in motion^ the dispUicements of 
the points of application in the tims dt being prescribed, the actucd 
motion is such that the vis viva of the relative motion, before and 
after, is less than if the system took any other course, 

387. Kelvln'8 theorem. If the system start fi*om rest, 
the velocities represented by u, v, w are zero. We therefore have, 
as in the last article, 

2mi^'" -h . . . = 2mi^'w" 4- . . . ; 
.-. 2mtt »+ ... 4- 2m (w"- w')»-f- ... = 2mw"« + ... . 

If (as in Art. 383) we represent the vis viva of the actual 
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motion after impact by 2T', that of the hypothetical motion by 
27" and that of the relative motion by 2/iu, this equation becomes 

Let a system he at rest and be set in motion hy jerks or impulses 
at given points, so that ike motions of these points are prescribed^ 
then the vis viva of the subsequent motion is less than that of any 
other hypothetical motion of the system in which these points have 
the prescribed motions. Natural Philosophy by Thomson and 
Tait, Art. 312. 

388. Let the impulses be given. Consider two geometrically 
possible motions of the system. Let one of these be the actual 
motion in which u\ v, u/ are the resolved velocities of the particle 
m, and let the second be any other motion, such that we can compel 
the system to take that motion by introducing the proper friction- 
less constraints. For instance each particle may be constrained 
to move in any direction (geometrically possible) by attaching it, 
like a bead, to a smooth wire. Let u\ v\ w" represent the resolved 
velocities of the particle m in this motion. 

Supposing the system to have the first motion, let us give it a 
virtual displacement along the second, then 

2m {v! — 2^) ^'' + . .. = 2Xu" + ... . 

Supposing the sjrstem to have the second motion, and that the 
work of the constraining reactions is zero, Art. 362, we have 

2m (m" — w) m"+ . . . = 2Xu '+ . . . ; 

.'. 2m (i^' — a) !*"+... = 2m (u"—w)u''+ ... ; 

.-. 2m(tt' - v!y + ... + 2mw"^+ ... = 2mt^''' + ... . 

Representing the vis viva of the actual motion after impact by 
21", that of the hypothetical motion by 27" and that of the 
relative motion by 2^i2, this equation gives 

It follows that T is greater than T'\ Suppose a system in 
motion to be acted on by any impulses, the vis viva of the subsequent 
motion is greater than if the system were subjected to any additional 
constraints and acted on by the same impulses. We thus arrive at 
a theorem of Lagrange generalized first by Delaunay in Liouville's 
Journal, Vol. v., and afterwards by Bertrand in his notes to the 
MScanique Analytique, See Art. 379. 

Comparing Kelvin's and Bertrand's theorems we perceive that, 
when the motions of the points of application of the impulses are 
given, the subsequent motion may be found by making the vis viva 
a minimum, but, when the impulses are given, the subsequent 
motion may be found by introducing some constraints and making 
the vis viva a maadmum, 

20—2 
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386 a. Bxamptoa. To anderstand these two principles properly we should 
examine their application to some simple cases of motion. 

Ex. 1. A body at rest having one point fixed is stnick by a given impuUtt 
find the resulting motion. See Art. 308 and Art. 310. 

Let X, If , ^ be the given components of the impulse abont the principal axes 
at 0. Then, if the body begin to torn about an bjAb fixed in space whose direction 
cosines are (Z, m, n), the angular velocity u is found by Art. 89 from 

{AP+Bm^-^Cn^)u=U+Mm-k-Nn. 

To find the axis about which the body begins to turn when free, we must by 
Lagrange's Theorem make the vis viva a maximum. That is, we have 

{Al^ + Brn^ + (7?t») b^= maximum. 

We have also the condition {^ + m^ + n' = L 

Treating these three equations in the usual manner indicated in the differential 

, , >. , Al Bm Cn 

calculus, we find ^f- = -rr = -t7 • 

L M N 

These equations determine the direction cosines of the axis about which the body 
begins to turn. 

Ex. 2. Four equal rods at rest are joined together by smooth hinges so as to 
form a rhombus ABCD, the angle at A being 60°. Apply Kelvin's theorem to 
show that if the comer A is suddenly moved with velocity V along the diagonal 
CA, the initial angular velocity of any rod is 8r/7a where 2a is the length of 
any rod. 

If the angle at A js 2^, and u the angular velocity of any rod, the vis viva is 
F" + 8raw sin ^ + 10a««« sin"^ + 2a«w» cos«^ + 2*««'. 

Equating to zero the differential coefficient with regard to w, we obtain the initial 
value of w, which reduces to the given result when 2^=60°. 

Ex. 3. A body is in motion with a point fixed in space. Suddenly a straight 
line OC fixed in the body is made to move round in a given manner ; find the 
motion, Art. 298. 

Let the instantaneous position of OC be the axis of z. Let the previous motion 
of the body be given by the angular velocities o^, ^a, o^ and the prescribed motion 
of OC by the angular velocities $, <p, about the axes of x and y. Let O be the 
required angular velocity of the body about Oz, The vis viva of the relative 
motion, before and after, is 

ii(^-Wi)^+B(0-W2)«+C(O-Ws)«-2D(0-ft>j)(O-ft>i)-2£(^-«i)(O-«J 

-2F(^-<tfi)(^-«5). 

This is to be made a minimum by Art. 386. Differentiating with regard to O, 

C (0 - wj) - D ( - wj) - E (^ - wi) = 0. 
This equation expresses the fact that the angular momentum abont OC is unaltered. 

Ex. 4. A rod AB at rest is acted on by an impulse F perpendicularly to its length 
at the extremity A, and that extremity begins to move with a velocity/. Find the 
point in AB about which the rod will begin to turn (1) when F is given and 
(2) when / is given. If AO=x^ show that both Kelvin's theorem and Bertrand's 
theorem require the same function of x to be made a minimum. 

Ex. 5. A system is moving in any manner. A blow is given at any point per- 
pendicular to the direction of motion of that point. Prove that the via viva is 
increased. 
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This follows from the first of the eqaations in Art. 888 ; for the virtaal work of 
this force (there called A) vanishes in the initial motion. Henoe T'ssT+Rq^. 

Ex. 6. A system at rest, if acted on by two different sets of impulses called 
A and B, will take two different motions. Prove that the sum of the virtual 
works of the forces A for displacements represented by the velocities in the 
motion B is eqaal to the som of virtual works of the forces B for displacements 
represented by the velocities in the motion A, See Art. 383. 

Ex. 7. Two equal uniform rods AB, BC, smoothly jointed at B, and each 
of mass in, lie making an angle a with one another on a horizontal table, and pass 
at their middle points through smooth fixed rings. To the free end A is given 
a velocity v in a direction towards and perpendicular to BC, Prove that the 
kinetic energy of the motion is Jmi;' (2 - cos a cos 8a) and that it is greater by 
^mv* cos' 2a than it would be if there were no ring on BC, [Use Kelvin's theorem.] 

[Math. Tripos, 1904. 

389. XmpavilMlly tfastio and rough bodies. When two bodies of an 
imperfectly elastic and rough system impinge on each other, we may deduce from 
the equations of Art. 382 some extensions of Camot*8 theorems. 

Let (uvw) {ufvW) (ttW) be the resolved velocities of a particle m just before 
the impact begins, at the moment of greatest compression, and just after the con- 
clusion of the impact. Let the vis viva of the system at these epochs be represented 
by the symbols 27, 2T', 2T'\ Let the vis viva of the relative motion at any two of 
these epochs be represented by 2R^i , 211^^, 2R^. 

If the bodies impinging are perfectly tmooth we have by the same reasoning as in 

Arts. 378 and 380 2m {(u' -u)tt'+<ka}=0 (1), 

2TO{(tt"-w)u' + <fcc.}=0 (2). 

Since the whole impulse between the two bodies bears to the impulse up^ to the 
moment of greatest compression the ratio 1 + « : 1 we may deduce from Art. 882 the 
two following equations 

2m{(w"-tt)M + &c.}=(l+«)2in{(tt'-tt)tt + Ac.} (3), 

2m{(»"-tt)tt" + Ao.} = (l + tf)2m{(tt'-u)ti" + &c.} (4). 

The left-hand side of either of these equations, after multiplication by dt, is equal 
to the virtual work of the whole in^inlse, and the summation on the right-hand 
side, after multiplication by dt, is equal to the virtual work of the impulse 
of compression. These are taken for the same displacement and are therefore in 
the ratio l-i-6 : 1. In the first equation the displacement chosen is the actual 
displacement just before impact. In the second equation the displacement chosen 
is that just after impact. These are both consistent with the geometrical conditions. 
The above four equations may be conveniently expressed in the forms 

r'-r=-i?oi (6), 

r'-r'=Ei5 (6), 

r"-r(l-f«)-H«r=Eoa-(l + e)Boi (7). 

r"-r(l + <?) + er=^l?oa-(l + e)Hi2 (8). 

If we eliminate the R*b from these equations, we find 

T"-r'=-«»(r'-rj (9), 

thus the gain of vie viva due to restitution or explosion is ^ into the loss of vis viva 
due to compression. 

If we eliminate the T's, we find ^oi=/-i^xa = ^ (10). 

If we eUminate 2^, R^^, i?,,, we find T"- r= - \^Rn (H), 

which may be regarded as an extension of Carnot*s third theorem in Art. 880. 
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Suppose next that the bodies impinging are rough, and slide on each other during 
the whole impact, the friction acting always in the same direction. The friction 
now bears a constant ratio to the normal pressure throughout the impact. The 
equations (.8) and (4) hold as before. The separate equations (1) and (2) no longer 
hold, but instead we may form the single equation 

2m{(tt"-M)tt'+&c.} = (l + «)Sm{(tt'-ti)i4' + &c.} (12), 

by the same reasoning as in equations (8) and (4). The equation (12) may be 

expressed in the form r"-r'(l + «) + «r=Ei, + «-Roi (13). 

Joining (13) to (7) and (8) we have three equations connecting the six quantities 
r, r', T", 1^01, R^, Rj^, We easily find 

J2« _R,^^r'-T'{l + e) + eT 

^^-OTiO"'""^" ^(1+^) ^ '' 

We may deduce from these equations tbe following theorem. When one body of 
a system impinges on another^ the three states of motion {viz. that just before, that 
just after, and that at the moment of greatest compression) are so related that ike 
vis viva of the relative motUm of any two bears to the vis viva of the relative motion 
of any other two a ratio which depends only on the coefficient of elasticity. 

Let us suppose a system to be acted on by an impulsive force whose direction 
in space remains unchanged during its time of action. A theorem similar to that 
just enunciated applies to any three epochs in the time of action of this impulse, 
provided these epochs are such that the whole impulse exerted in the interval from 
the first epoch to the second bears a known ratio (say 1 : «) to the whole impulse 
exerted in the interval from the second to the third. 

Bepresenting the vires vivie of the system at the three epochs by 2r, 2T', 2T" as 
before, and the vires vivie of the relative motions by 2Rqi, 2i2o3, 2i2i2> we notice 
that the equations (8), (4) and (12) apply to the motions of the system at the three 
epochs. Tbe equation (14) will therefore give the same relations as before between 
the six quantities T, T\ T", JZ^i, R^, R-^^. 

We may obtain an easy proof of this theorem by combining the results of Arts. 
385, 386 with Art. 318. Let X be an impulse, and let the axis of x be taken 
parallel to its direction. By Art. 385 the vis viva of the relative motion before and 
after the impulse is proportional to X (u' - u). But, by Art. 318, u*-u is a linear 
function of X, and vanishes with X. It is therefore proportional to X. The vis 
viva of the relative motion is therefore proportional to X^. It immediately follows 
that i^oi, 22og, i2j, are proportional to 1, (l + «)^ e\ 

The remaining part of the theorem follows from Art 386. Letting X now 
represent the impulse from the first to the second epoch, we have 

r'-r=JZ(w' + tt), T"~T'=\Xe(u"-\'U'). 

It easily follows that T"-T'-e{T'~ T) = JX« {u" - u). 

Since the right-hand side of this equation is R^el{\-\-e), by Art. 385, the 
remaining part of equation (14) has been proved. 

When two elastic systems impinge on each other, the theorems contained in 
equation (14) are true for the impulse on each system. They therefore follow by 
simple addition for the two impinging systems regarded as one. 

390. OaQM' measure of tbe " eonstralat." The expression, called 222 in 
the previous articles, which represents the vis viva of the relative motion, has 
been interpreted by Gauss in another manner. Let the particles m^ym^, &c of 
a system just before the action of any impulses occupy positions which we shall 
call Pi, Pa> ^^' ^^ ^B suppose that the particles if free would under the action 
of these impulses and their previous momenta acquire such velocities that in the 
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time dt subsequent to the impulses they would describe the small spaces pi^i, p^q^t 
<&o. But if the particles were cojutrained in any manner consistent with the 
geometrical conditions which hold just before the action of the impulses, let us 
suppose that they would under the same impulses and their previous momenta 
describe in the time dt subsequent to the impulses the small spaces PiVi, p^'^^'H ^^* 
Then the spaces g^ri, q^r^y Ac. may be called the deviations firom free motion due 
to the constraints. The sum 2m (qr)* is called the " constraint.*' 

391. We may also measure the constraint by the ratio of this sum to (dtf. 
We then take Piqi, &c. Pit^^ &c. to represent, not the displacements in the time dt, 
but the velocities of the particles just after the action of the forces in the two cases 
in which the particles are free or constrained. Referring to D'Alembert's principle 
in Art. 67, we see that pq represents the resultant of the previous velocity and of 
the velocity generated by the impressed force on the typical particle m, while qr 
represents the velocity generated by the molecular forces*. 

If we suppose that the lengths pq^ qr, &c. represent velocities and not displace- 
ments, let («, V, w) be the components of pq in any motion, and (u\ v\ y/) the 
components of pr in any other motion ; then 

Xm {qr)^='Zm {(u' - «)« + (©' - 1?)«+ (w' - w)*} 

measures the " constraint '' from one motion to the other. This is precisely what 
we have represented by the symbol 2R, with suffixes to define the two motions 
compared. 

392. Ckiiifla' pvinelpto or iMurt eonstralnt. Suppose a system of particles in 
motion and constrained in any given manner to be acted on by any given set of 
impulses. Let 2T' be the vis viva of the subsequent motion. This is the actual 
motion taken by the system. Let us now suppose that the particles were forced 
to take some hypothetical motion consistent with the geometrical conditions by 
introducing some further constraints. Let 2T" be the subsequent vis viva in this 
hypothetical motion. Thirdly, let us suppose that all constraints were removed so 
that the particles were acted on solely by the given set of impulses. Let 2T'" be 
the subsequent vis viva in this free motion. Let 2T be the initial vis viva common 
to all the motions. Let 2R^, ^^ut 2R^ be the vires vivas of the relative motions 
of the first, second and third subsequent motions as denoted by the suffixes. 

By Bertrand's theorem, since the hypothetical motion is more constrained than 
the actual motion, we have T' = T" + i^i, . 

* Gauss* proof of the principle is nearly as follows. By D'Alembert's principle 
the particles mi, ffi,, ^., if placed in the positions ritr^i &c., would be in equilibrium 
under the action of these molecular forces alone. Let us apply the principle of 
virtual work, and displace the system so that the typical particle m describes 
a space r/>, making an angle with the direction rq of the molecular force on m. 
Then since the product m {rq) measures the molecular force on m, we have 

2m [rq) (rp cos 4>) = 0. 

But gp" = gr"+rp^-2gr.rp cos 0. 

Hence we easily find 2m (qpY = 2m (gr)> + 2m (rp)\ 

In the actual motion the particles move from p^,&c\or^, Sta, and the "con- 
straint " is 2m (qry. If the particles had been forced to take any other hypothetical 
courses, by which they were brought into the positions pj, <S;c., the "constraint" 
would be 2m (9p)'. Gauss' Principle asserts that the former is always less than 
the latter. 
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Also, sinoe each of these is more constrained than the free motion, 

Hence we have 12g = it^s + Rj^ . 

Therefore R„ is always greater than iZj,. It follows that the motion which the 
system actually takes when subject to any impulses is such that the "constraint" 
fh)m the free motion is less than if the system took any other motion consistent 
with the geometrical conditions. This result is true whichever way the *■ ' constraint " 
is measured. 

898. If we suppose the system to be acted on by a series of indefinitely small 
impulses, these impulses may be regarded as finite forces. We therefore infer the 
following theorem, which is usually called Gaius' principle of letut comtraitu. 

The motion of a rystem of material points connected by any geometrical relatictu 
i8 always as nearly as possible in accordance with free motion; i,e, if the constraint 
during any time dt is measured by the sum of the products of the mass of each 
particle into the square of its distance at the end of that time from the position it 
would have taken if it had been free^ then the actual motion during the time dt is 
such that the constraint is less than if the particles had taken any other position. 

Gauss rema^ that the free motions of the particles when they are incom- 
patible with the geometrical conditions of the system are modified in exactly the 
same way. as geometers modify results which have been obtained by observation, 
i.e. by applying the method of Least Squares so as to render them compatible with 
the geometrical conditions of the question. 

894. Ex. Any number of particles 1%, 114, dtc. are acted on by any forces 
whose components are ntiXi, mi^i> '"h^i* ^^* Their coordinates x^, y^, z^; 
Xff y^f g^; dbc, are connected together by some relation such as ^(x^, c^c.)=0. 
(For instance the particles may be beads slung on a string of given length whose 
extremities are tied together,) It is required to form the equations of motion. 

Let U, V, W be the resolved velocities of the typical particle m at the time t ; 
tt, Vf w its resolved velocities just after the action of the impulse whose resolved 
parts are mXdt^ mYdt, mZdt, on the supposition that the particle is perfectly free. 
But as the typical particle is not perfectly free, let u', v\ w' be its actual resolved 
velocities at the same instant. Then to find u\ v\ to' we make 

2jRj,= 2m[(u'-tt)«+(i7'-t?)« + (t(7'-tr)«]=minimum (1), 

where the 2 implies smnmation for all the particles. This quantity is to be a 
minimum for all variations of u', v\ w' subject to the condition 

2 (0!ctt' + ^i;' + 0,ir') = O (2), 

where the Z here also implies summation for all suffixes. 

To make R^^ a minimum we take the total differential of each of these quantities 
with regard to all the accented letters, multiply the second by some indeterminate 
multiplier X, and add the results together. Equating to zeto the coefficients of 
du' <ftc. we obtain the three typical equations 

wi(ti'-tt) + X0,=O, m(»'-v)+X^y=0, iii(u?'-ir)+X^,=0 (3). 

Putting suffixes we have equations sufficient to find X and the (u', v', ir') of every 
particle. 

894 a. We may write these equations in another form. Since U and «' are two 
successive values at an interval dt of the same quantity in the continuous motion 

which we are considering, we write u' - U= -7- dt. Sinoe u is the resolved velocity 

Uv 
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after the impolse when the particle is free, we have u-U=siXdt. The equations 

therefore beoome ^i'Tt^^) ~'~^x=^> ^^^ 

where fidt has been written for X. 

The equations in this form might have been derived directly from the principle 
of virtual work. By that principle we have 

with the condition 2 [4^^ 8x + StcJ] = 0. 

Multiplying the second by an indeterminate multiplier fi, adding the results together, 
and equating to zero the coefficients of dx^ &c. we obtain the same results as before. 

If we write the accelerations dUldt=x'\ dVldt=y'\ dWIdt—^' as usual it follows 
at once that the equation (1) takes the form 

Gauss* principle asserts that the accelerations assumed by the system are such 
that i2]3 is a minimum subject to the geometrical conditions of the problem. 

A translation of this expression into generalized coordinates may be found in 
Art. 430 e of the next chapter. 

EXAMPLES*. 

1. A screw of Archimedes is capable of turning freely about its axis, which is 
fixed in a vertical position : a heavy particle is placed at the top of the tube and 
nms down through it. Let n be the ratio of the mass of the screw to that of the 
particle, a the angle which the tangent to the screw makes with the horizon, h the 
height descended by the partlde, a the radius. Prove that the whole angular 
velocity ta communicated to the screw is given by or' a' (n + 1 ) (n + sin' a)^2gh cos' a. 

2. A fine circular tube, carrying within it a heavy particle, is set revolving 
about a vertical diameter. Show that the difference of the squares of the absolute 
velocities of the particle at any two given points of the tube equidistant from the 
axis is the same for all initial velocities of the particle and tube. 

3. A circular wire ring, canning a small bead, lies on a smooth horizontal 
table ; an elastic thread, the natural length of which is less than the diameter of 
the ring, has one end attached to the bead and the other to a point in the wire ; the 
bead is placed initially so that the thread coincides very nearly with a diameter of 
the ring; find the vis viva of the system when the string has contracted to its 
original length. Art. 343. 

4. A straight tube of given length is capable of turning freely in a horizontal 
plane about one extremity, two equal particles are placed at different points 
within it at rest ; an angular velocity being given to the system, determine the 
velocity of each particle on leaving the tube. 

5. A smooth circular tube of mass M has placed within it two equal particles 
of mass m, which are connected by an elastic string whose natural length is § of 
the circumference. The string is stretched until the particles are in contact, when 
the tube is placed flat on a smooth horizontal table and left to itself. Show that, 
when the string arrives at its natural length, the actual energy of the two particles 
is to the work done in stretching the string as 2 (AP+J/rit+m*) : (itf +2m) (2M+m). 



* These examples, ^zoept the last two, are taken from the Examination Papers 
which have been set in the University and in the Colleges. 
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6. An endless flexible and ineztensible chain, in which the mass per unit of 
length is /it through one continuous half, and /i' through the other half, is stretched 
over two equal perfectly rough uniform circular discs (radius a, mass M) which can 
turn freely about their centres at a distance h in the same vertical line. Prove that 
the time T of a small oscillation of the chain under the action of gravity is given by 

{jji-MrjgT^ = 2ir^{M+{ira + b){n-\'fi')}. 

7. Two particles of masses m, m' are connected by an inelastic string of length a. 
The former is placed in a smootii straight groove, and the latter is projected in a 
direction perpendicular to the groove with a velocity V, Prove that the particle m 

will oscillate through a space ,, and that, if m be large compared with m\ the 

fn + m 



time of oscillation is nearly -=^ ( ^ ~ i~ ) • 



8. A rough plane rotates with uniform angular velocity n about a horizontal 
axis which is parallel to it but not in it A heavy sphere of radius a, being placed 
on the plane when in a horizontal position, rolls down it under the action of 
gravity. If the centre of the sphere be originally in the plane containing the 
moving axis and perpendicular to the moving plane, and if or be its distance from 
this plane at a subsequent time f, before the sphere leaves the plane, then 

24 n/35 \n^ ) ' Vin^ 

e being the distance from the axis to the plane measured upwards. 

9. The extremities of a uniform heavy beam of length 2a slide on a smooth 
wire in the form of the curve whose equation is r=a (1-cos 6), the prime radius 
being vertical and the vertex of the curve downwards. Prove that, if the beam 
be placed in a vertical position and displaced with a velocity just sufficient to 

bring it into a horizontal position, tan 6=^(ef^^ -e~'^)^ where 6 is the angle through 
which the rod has turned during a time e, and 3^=2a«c'. 

10. A rigid body, whose radius of gyration about G the centre of gravity is 1;, is 
attached to a fixed point C by a string fastened to a point A on its surface. CA ( » b) 
and ilG (=a) are initially in one line, and to G is given a velocity V at right angles 
to that line. No impressed forces are supposed to act, and the string is attached 
so as always to remain in one right line. If $ be the angle between AQ and AC 

at tmie t, show that ( :j7 ) = -nr ,« — ^r^—A-% wid if the amplitude of d, 

2 sin~^ — 7= , be very small, find the period. 
2^ab 

11. A fine weightless string having a particle at one extremity is partially 
coiled round a hoop, which is placed on a smooth horizontal plane, and is capable 
of motion about a fixed vertical axis through its centre. If the hoop be initially at 
rest and the particle be projected in a direction perpendicular to the length of the 
string, and if « be the portion of the string unwound at any time £, h the initial 

value of «, then <'-5^= F^t^+2Fat, where m and u are the masses of the 

hoop and particle, a the radius of the hoop and V the velocity of projection. 

12. A square, formed of four similar uniform rods jointed freely at their ex- 
tremities, is laid upon a smooth horizontal table, one of its angular points being 
fixed : if angular velocities w, ia' in the plane of the table be communicated to the 
two sides containing this angle, show that the greatest value of the angle (2a) 

between them is given by the equation cos 2a = -^ V^ _r*^/!f 



t.tf. 
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13. Two particles of masses m, m' lying on a smooth horizontal table are con- 
nected by an inelastic string extended to its fall length and passing through a small 
ring on the table. The particles are at distances a, a* from the ring and are pro- 
jected with velocities v, v* at right angles to the string. Prove that, if mv^c^ = m W^, 
their second apsidal distances from the ring will be a', a respectively. 

14. If a nniform thin rod PQ move, in consequence of a primitive impulse, 
between two smooth carves in the same plane, prove that the square of the angular 
velocity varies inversely as the difFerence between the sum of the squares of the 
normals OP, OQ to the curves at the extremities of the rod and one-third of the 
square of the whole length of the rod. 

15. Assuming that the muscular power or moving force of an animal varies as 
the sectional area of its limbs, and that its weight varies as its volume, prove that 
two animals of similar forms, but of different dimensions, can make jumps of exactly 
the same height, the height being measured by the vertical distance described by the 
centre of gravity after the animal has left the ground. 

16. The extremities of a uniform beam of length 2a, slide on two slender rods 
without inertia, the plane of the rods being vertical, their point of intersection 
fixed, and the rods inclined at angles Jtt and - Jir to the horizon. The system is 
set rotating about the vertical line through the point of intersection of the rods with 
an angular velocity w, prove that if ^ be the inclination of the beam to the vertical 
at the time t and a the initial value of 6, 



( 



d^\8 (3co8«o + sin»o)* . ,_ « . . , , • 6fir , . . ^, 

-zj] + Q- ,-—.-,.-- «»=(3co8*o + sm*a)«*+ — (Bma-sm^). 
dtj 3coB'^ + sm'^ * a ^ ' 



17. A periectly rough sphere of radius a is placed close to the intersection of 
the highest generating lines of two fixed equal horizontal cylinders of radius c, the 
axes being inclined at an angle 2a to each other, and is allowed to roll down be- 
tween them. Prove that the vertical velocity of its centre in any position will be 

sin a cos ^ \ „ ^ — y- s-^ > , where d> is the inclination to the horizon of the 

( 7-6co8'^co8*a ) 

radius to either point of contact. 

d^x dT 

18. Let a complete integral of the equation -^^=^9'^^ which T is a function 

of X, be x=X, X being a known function of a and &, two arbitrary constants, and t. 

Mm, A'P tiTl. 

Then the solution <)^ 3-3 = 3~ + 3~ > -^ being a function of x, may also be repre- 
sented by 2=X provided that a and h are variable quantities determined by the 

equations 3T=ft^r> 3-=*-^-s-t where % is a Amotion of a and h which does not 
^ dt db dt da 

contain the time explicitly. 

19. A satellite, considered as a particle, revolves about its primary with an 
angular velocity Q, and the primary rotates about an axis which is perpendicular to 
the plane of the satellite's orbit with an angular velocity n. Show that the angular 
momentum h of the system about its centre of gravity and the energy E are given 

by A= Cn + DQ~8, 2E=Cn^ - DO^, where C is the moment of inertia of the primary 
about the axis of rotation and D is a quantity depending on the masses of the 
bodies. 

Trace the carves whose ordinates are h and E and abscissa is x=DQr^, Show 
that the latter curve belongs to one or other of two species according as a 
maximam and a minimum ordinate do or do not exist, i.e. according as the 
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biqaadratic h=x + Ciy^x-* has two real roots or none. Show also that the real 
roots correspond to the oase in which the primary always tnms the same &oe to 
the satellite. 

20. AsHnming the results of the last example, determine the effect on the 
motion of a continual loss of energy (due to tidal friction or any other cause), the 
angular momentum h being constant. Show that, when the circumstanoes of the 
system are such that the energy curve is of the second spedes, the satellite mart 
ultimately fall into the planet. If the energy curve is of the first spedes, show 
that, according to the initial value of 0, the satellite will either fall into the planet 
or will approach the planet until it reaches a certain distance, when the two will 
revolve as a rigid body. 

To obtain these results imagine two points to be placed with the same abscifisa, 
one on the momentum line and the other on the energy curve, and suppose the one 
on the energy curve to guide that on the momentum line. Since the energy 
decreases, it is dear that, however the two points are set initially, the point on the 
energy curve must always slide down a slope, carrying with it the other point. The 
final podtions of the points will thus depend on the existence or absence of a mini- 
mum ordinate in the energy curve. See a paper by G. H. Darwin on the secular 
effects of tidal friction in the Proceedings of the Royal Society, June 1879, or 
Thomson and Tait*s Treatise on Natural Philotopky, Vol. i. Part ii. App. G b. 



CHAPTER VIII. 

LAGRANGE'S EQUATIONS. 

395. Two advantages of laagrange's equations. Our 

object in this section is to form the general equations of motion 
of a d3niamical system freed from all the unknovm reactions and 
expressed, so far as is possible, in terms of any kind of coordinates 
which TTUiy he convenient in the problem under consideration. 

In order to eliminate the reactions we shall use the principle 
of virtual work. This principle has already been applied to 
obtain the equation of vis viva, by giving the system that par- 
ticular displacement which it would have taken if it had been left 
to itself. But since every dynamical problem can, by D'Alembert's 
principle, be reduced to one in statics, it is clear that, by giving 
the system proper displacements, we must be able to deduce, as in 
Art. 357, not the vis viva equation only, but all the equations of 
motion. 

396. Let the coordinates of any particle m of the system 
referred to any fixed rectangular axes be (a?, y, z). These are not 
independent of each other, being connected by the geometrical 
relations of the system. But they may be expressed in terms 
of a certain number of independent variables whose values will 
determine the position of the system at any time. Extending the 
definition given in Art. 73, we shall call these the coordinates 
of the system. Let them be called 0y <j>, yft^ &c Then a?, y, z, &c. 
are functions of 0, <j>, &c. Let 

x=f(t,0,<l>,kc,) (1), 

with similar equations for y and z. It should be noticed that 
these equations are not to contain d0ldt, d<f>/dt, &c. The independent 
variables in terms of which the motion is to be found may be any 
we pleasSy with this restriction^ that the coordinates of every particle 
of the body can, if required, be expressed in terms of them by 
means of equations which do not contain any differential coefficients 
with regard to the time. When the system admits of such a 
choice of independent coordinates, it is said to be holononvous. 
This name is due to Hertz. Die Prindpien der Mechanik*, 1894. 

* The foUowing is taken from the translation by Jones and Wallay, 1896. 

A material system between whose possible positions aU conceivable continuous 
motions are also possible motions is called a holonomous system. 

The term means that such a qrstem obeys integral laws whereas material systems 
in general ob^ only differential conditions. 
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The number of independent coordinates to which the position 
of a system is reduced by its geometrical relations is sometimes 
spoken of as the number of degrees of freedom of that system. 
Sometimes it is referred to as being the number of independent 
motions of which the system admits. 

In this chapter total differential coefficients with regard to t 
will in general be denoted by accents. Occasionally dots will be 
used as before, and sometimes the differential, coefficients will be 

written at length. Thus -^ and --r- will in general be written 

x' and a?". 

If 2T be the vis viva of the system, we have 

2r=Sm(a?'« + y'« + /») (2); 

also since the geometrical equations do not contain ff^ if>\ &c., 

'■-%-%^*%*'*>^ • <"■ 

with similar equations for y' and /. In these the differential 
coefficients of/ &c. are partial. Substituting in the expression (2) 
we see that 2T takes the form 

2r = Ai^' + 2A2^</>'+...+5i6r + 5,<^'+...+(7 ...(4), 

where the coefficients ^n, &c., B^, &c., and C are functions of 
t, 0, (j), &c. The quadratic terms, i.e. those containing the square 
and products of (7, 0', &c., come from the substitution of all the 
terms of x\ except df/dt and those in y, z corresponding to it. 
If the geometrical equations do not contain the time explicitly, 
t is absent from the equations (1), the term df\dt is also absent in 
(3), and the expression for IT is reduced to the quadratic terms 
alone. We may briefly write (4) in the form 

2T=F{t, 0, 4>, &c., ^, ij>\ &c.) (5). 

When the system of bodies is given, the form of ^ is known. 
It will appear presently that it is only through the form of 
F thai the effective forces depend on the nature of the bodies 
considered ; so that two dynamical systems which have the same 
F are dynamically equivalent. 

It should be noticed that no powers of 0\ <j>\ &c, above the second 
enter into this function, and that, when the geometrical equations do 
not contain the time explicitly, it is a homogeneous function of 
ff, <f>\ &c. of the second order. 

397. Virtual work of the effectlTe fbrces. To find the 
virtual moment of the momenta of a system, and also that of the 
effective forces, corresponding to a displacement produced by varying 
one coordinate only. 
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Let this coordinate be 0, and let us follow the notation ah*eady 
explained. Let all differential coefficients be partial, unless it 
be otherwise stated, excepting those denoted by accents. Since 
x\ y\ / are the components of the velocity, the virtual moment of 
the momenta is 2m {xhx -h yfhy + /&), where &p, Sy, hz are the 
small changes produced in the coordinates of the particle m by 
a variation hO of 0, This is the same as 



M^%^^%*'%)^- 



If 2T be the vis viva given by (2) of the last article 

AT ^ I .dx 



dff 



= 2m(*'^, + &c.). 



But, differentiating (3) partially with regard to ^', we see 

dx' dx dT 

that T^ = -TA . Hence ^, 80 is equal to the virtual moment of 

the momenta. 

398. The virtual work of the effective forces is 



H^%^'"%^''%)''- 



Omitting the factor S0, this may be written in the form 

where the -7- represents a total differential coefficient with regard 
to t We have already proved that the first of these terms is 
-J- ^f^ . It remains to express the second term also as a differ- 
ential coefficient of T, Differentiating the expression for 2T 
partially with regard to d, 

dT ^ ( M' 



(^_ + &e.). 



But, differentiating the expression for x' with regard to 0, 
dal _ i?x cPx ^ cfx ^, , ^ 

and this is the same as ^r: 3^ . Hence the second term may be 
J jT at do 

written -^ , and the virtual work of the effective forces is 
d dT dT' 



therefore (--^-_)sft 



(AT ddT.\^^ 
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The following explanation will make the argument dearer. The Tixtaal 
work of the effective foroes is clearly the ratio to dt of the difference between 
the virtual moments of the momenta of the particles of the system at the times 
t+dt and t, the displacements being the same at each time. The virtual moment 

of the momenta at the time t is first shown to be ^-;; 99. Hence 

is the virtual moment of the momenta at the time t + dt corresponding to a dis- 
placement 86 consistent with the positions of the particles at that time. To make 
the displacements the same, we must subtract from this the virtual moment of the 
momenta for a displacement which is the difference between the two displacements 

dx 
at the times t and t + dt. Since dx= -^8$, this difference for the variable x is 

— I — I <f t d9. We therefore subtract on the whole Zm '{^3>(3;a}^^ + ^^4 ^^i ^^^ 

dT 
this is shown to be ^^r dt 86. 

a6 

399. Iaagrange'8 equations for finite forces. To deduce 
the general equations of motion referred to any coordinates. 

Let U be the force-function, then J7 is a function of 0, <f>, &a 
and t. The virtual work of the impressed forces corresponding 

to a displacement produced by varying only is -^ 80. But by 

au 

D'Alembert's principle this must be the same as the virtual 

work of the effective forces. Hence 

ddT_dT_dU 
dt d0' d0 " d0 • 

fx* M 1 1 d dT dT du a a 

Similarly we have -^ -r^ " ^ ~ /7a ' ®^' " ®^* 

It may be remarked that if F be the potential energy we 
must write — V for U. We then have 

ddT^dT dV_ 

dtdff d0'^d0~ ' 

with similar equations for <f>, yjt, &c. 

In using these equations, it should be remembered that all the 
differential coefiScients are partial except that with regard to t. 

Let us write L — T+U, so that L is the difference of the 
kinetic and potential energies. Then, since U is not a function 
of 0", <l>\ &c., the Lagrangian equations may be written in the 

typical form d dL dL^^ 

dtM^dO^ 

Thus it appears that, when the one function L is known, aU 
the differential equations of motion may be deduced by simple 
partial differentiations. The function L is called the Lagrangian 
function. It has also been called by Helmholtz ITie Kinetic 
Potential^ CrelWs Journal, 100, 1886.' 
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These are called Lagrange's general equations of motion. Lagrange only 
considers the case in which the geometrical equations do not contain the time 
explicitly, but it has been shown by Vieille, in Liovville*t Journal, 1849, that the 
equations are still true when this restriction is removed. Li the proof given above 
we have included Vieille's extension, and adopted in part Sir W. Hamilton's mode 
of proof, PhiL Traru,, 1834. It differs from Lagrange's in two respects ; firstly, he 
makes the arbitrary displacement such that only one coordinate varies at a time, 
and secondly, he operates directly on T instead of Zmx'*, 

399 a. Ex. 1. If we change the coordinates in Lagrange's equation from 
df ^, &o. to any others x, y, which are connected with $, 0, &c. by equations which 
do not contain differential coefficients with regard to the time, show by an analytical 
traruformation that the form of Lagrange's equations is not altered, i.e. that the 
transformed equations are the same as the original ones with x, y, &c. written 
for $t 0, &c. This is of course evident by dynamics. 

By differentiating L we see that 

dL ddL fdL ddL\de fdL d dL\d<p ^ 



^:^__(dL _d^dL\da fdL 
:'^\d0 dtde'jdx'^ \d0" 



dx dtdx' \de dtde'Jdx \d^ dtd4>'Jdx 

m 

If then every term on the right-hand side is zero, the term on the left must also 
vanish. 

See a note near the end of this volume on the proof of Lagrange^t equations. 

Another demonstration founded on the Calculus of Variations is given in Art. 460, 

Vol. II. of this treatise. An extension of the theorem to the case in which L is 

a function of 0", 0"\ &c. ; 0", </>"*, &c. as well as of 6, 6' ; 0, 0' ; &o. may then 

be made. Let the operator 

d d d d^ d ^ 

de dt de' dt^ d0" 

be represented by the symbol A^. Then when the variables are changed to 
Xj y, &c. we have 

Ex. 2. If two sides 6, c and the included angle A of any triangle be taken as the 
coordinates 9, 0, rp, prove that the Lagrangian equations are satisfied by L=B\ 

This easily follows from the last example by a change of coordinates. 

Ex. 3. Show that the Lagrangian equations are independent so that no one 
can be deduced from the others. 

Referring to Art. 396 we see that 2T has the general form given in (4) which 
we may briefiy write TsTg+Tj + To where T^ is a homogeneous function of 
^', 0', (&o. of n dimensions. The Lagrangian equations take the form 

where ITj, VT,, &c. are certain functions of 6, ^, (Sw., ^', 0', <!te. If any one of 
these equations could be deduced from the others, we could, by using the same 
multipliers, deduce one of the equations 

from the others. All these latter equations could then be satisfied by giving 
$', ^\ &c, values other than zero. Since these are dTJd0\ dTJd4>'y &c., it follows 
from Euler's theorem on homogeneous functions that T, must be zero for the same 
values of the velocities ^, ^', &c. But T^, being obtained by substituting in (2) of 
Art. 396 certain terms of x\ y\ z* (which are not all zero), is essentially a positive 
function and cannot be zero. 

B.D. 21 
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It follows from this reasoning that the determinant of elimination of the above 
equations, that is the dUeritninant of T, cannot be zero. We may also prove that 
the discriminant is po^tive; for giving the coordinates 6, ^, ... their instantaneous 
values, the velocities ff', </>',.. are arbitrary. Thus T, is a quadric function of 
$', ^'... which is essentially positive. It follows from the theory of qnadrics that 
the discriminant is positive. See also Vol. ii. note to Art. 60. 

400. Indeterminate Multlplien. In order to use these 
equations it is necessary to express the Lagrangian function L in 
terms of the independent coordinates of the system. If the geo- 
metrical conditions are somewhat complex it may be very trouble- 
some to do this. It is sometimes convenient to express Z as a 
ftmction of more than the necessary number of coordinates and to 
have geometrical relations connecting them. Suppose that we have 
L expressed as a function of the coordinates 0, if>, ^y &c., ^, ^', -i/r', &c., 
and that there are two geometrical equations connecting these co- 
ordinates, viz. 

f(0, <^, &c.) = 0, F(0, if>, &c.) = 0... (1). 

To simplify the explanation, we suppose that there are only two 
such geometrical equations, but it will be seen that the process 
is quite general and will apply to any number of conditions. 

By the principle of virtual work we have 

Also 5^^^'^£^^ + ^^- = ^ (^>' 

and %^^'^%^'^'^^^'^^ W- 

Since the coordinates 6, ^, &c. are connected by two geometrical 
equations, two of them are dependent variables; let these be 
0, <l>. Following the argument explained in the differential 
calculus, we multiply (3) and (4) by two arbitrary quantities 
X and fjL, and add the products to (2). We now choose X and yu, 
so that the coefficients of 80, 8^ may be zero. The remaining 
coordinates -i^, &c., being independent, the coefficients of S^, &c., 
must also vanish. We thus have 

ddL^dL df dF_A 
dtdff d0'^^d0^^d0^^ 
d_dL_dL ^df dF^^ 
dt d<f>' d<l> d<f> d<f> 

&c. = o; 

There are here as many equations as coordinates. Joining these 
to the equations (1) we have sufficient equations to find all the 
coordinates and the two multipliers X and fi. 



(5). 
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These equations may be put into a simpler form. We notice 
that the geometrical functions / and F do not contain ff, <f>\ &c, 
(see also Art. 396). Let us then write 

L,=L + \f-\-fiF (6), 

and treat Li as if it were the Lagrangian function. If we substitute 
this value of Li in the typical equation 

dt dff d0 ^ ^' 

where 6 stands for any one of the coordinates, and simplify the 
results by remembering that/= 0, -F= 0, we obtain in turn all the 
equations (5). The same process will also supply the geometrical 
equations (1), if we include X and fi among the coordinates. 
Thus, since ii contains no X', we have dLi/dXf = ; hence, writing 
X for 0, the equation (7) gives /= 0. 

If the geometrical equations (1) contain t, the argument and 
the result are the same, for the arbitrary variations o0, S<f>, must 
(as in Art. 351) be consistent with the geometrical equations which 
hold at the time t 

£z. A particle under the action of no impressed forces is constrained to remain 
on the curve x*+y*= 2axt, Show that 

a:=aMl + 0O8 (b+ — jL y=atBinlB + — \. 

401. laagrange's equations for ImpulsiTe forces. Let 

the system, defined by the arbitrary coordinates 0, <f>, <kc., be svhjected 
at the time t to impulsive forces which act a;t definite points. It is 
required to deduce the changes produced in the motion. 

Let iU he the virtual moment of the impulsive forces pro- 
duced by a general displacement of the system. Then from the 
geometry of the system, we can express SIT" in the form 

hU=Ph0^\^Q^^ (1). 

The virtual moment of the momenta given to the particles is 

2m [(x,' - x:) 8x + (y/ - y,') hy + (^/ - z^) hz] (2), 

where (a;©'. yo'> V). (^Z, y\, ^\) are the values of {x\ y', /) just 
before and just sdfter the action of the impulsive forces. 

Let us suppose that every possible motion of the point (x, y, z) 
is given by 

a?'=ai^' + aa<^'+... +a (3), 

with similar expressions for y and z when 6i, &„ &c.; Ci, Cs, &c. are 
written for Oi, Og, &c. Here Oi, Og, &c are known functions of 
the coordinates 0, <f>, &c. and t They would be dfjd0, d//d<l>, &c. 
as given by equations (3) of Art. 396 if the system were holono- 
mous, but this restriction is not necessary* for our present purpose. 

* See a memoir by MM. Beghin and Boosseau in the Journal de MatMmatiquet, 
Liouville, Tome iz. 1903. 

21—2 
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Since the virtual displacement must be consistent with the 
geometrical conditions which hold at any instant, we have, when 
only the coordinate is varied (as in Art. 397), 

Sw^^OiSO, Sy^biBOj 8z = Ci80, 

. •. 2m (x'Bx + y'Sy + zSz) = 2m {a^a/ + b^i/ + Ci-ar') 80. 

But since 2T = 2m {af^ + y'* + /') and the partial differential 
coefficients dxjdff^diy dy'jdff ^hiy d//d0' — Ci by equations (3), 



S0, 



^1 ^ / , cwP jdy , fdz\^^ d 

theseare = 2m (a. ^, + 2^ J, + ^ ^J8d = ^ 

Let 0^, <I>q\ &c., ^/, ^i', &c. be the values of ff, 4>\ &c. just 
before and just after the impulses, and let To* ^i be the values of 
T when these are substituted for ffy <j>\ &c. The virtual moment 

of the momenta is then (j^/~ jB^)^^- The Lagrangian equa- 
tions of impulses may therefore be written 

dTi dTp _ p 

d0i d0Q 

with similar equations for <f>, 'i^, &c. These equations are some- 
times written in the convenient forms 

where the brackets enclosing any quantity imply that that quantity 
is to be taken between the limits mentioned. Sometimes when no 
mistake can arise as to the particular limits meant, these are 
omitted, and only the brackets, with perhaps some distinguishing 
marks, retained. 

When the quantity in brackets (as in our case) is a linear 
function of the variables ff, <f)\ &c. of the first order, another 
meaning can be given to the expressions. The brackets may then 
be said to indicate that 0( — 0^^ (f)i — ^o'> ^c. are to be written for 
ff, <f>\ Ac. after all other operations indicated within the brackets 
have been performed. 

402. If we interpret our equations by the general principles 
of Art. 283, viz., that the momenta of the particles just after an 
impulse compounded with the reversed momenta just before are 
equivalent to the impulse, we see that it will be convenient to 

call -j^, the generalized component of the momenta with regard 

to 0, a name suggested in Thomson and Tait's Natural Philosophy. 
More briefly we may say that this is the ^-component of the mo- 
mentum. In the same way we may define the ^-component of the 

efiective forces to be -^ -ig> — -v^ , when the system is holonomous. 
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Suppose for example that a variation S0 of any coordinate 
has the effect of turning the system as a whole about some 
straight line through an angle 80^ then dTjdff is equal to the angular 
momentum about that straight line. But, if the variation hO 
move the system as a whole parallel to some straight line through 
a space iO, then dTjdff is the linear momentum parallel to that 

straight line. These results also foUow immediately from the general ex- 
pression 

given above. Let the given straight line be the axis of z. In the first case dx = - y^B, 
dy=x6$, 6z=0, henoe the expression reduces to Zm (-a/y-^-y'x), which is the angular 
momentom. In the second case Sx=0, Sy=Ot dz=d0y hence the expression becomes 
Zmz', which is the linear momentum. 

The equations for impulsive forces were not given by Lagrange. They seem to 
have been first deduced by Prof. C. Niven from the Lagrangian equation 

ddTdT^dU 

dt dd' djd" dd' 

We may regard an impulse as the limit of a very large force acting for a very 

short time. Let tg, fj be the times at which the force begins and ceases to act. Let 

us integrate this equation between the limits t=t^ and t = ^ . The integral of the first 



term is ^ i which is the difference between the initial and final values of -j^ . 
\Jie Jt^ dd' 

The integral of the second term is zero. For dTjdO is a function of 0, 0, &c., d\ 0', Ag. 

which, though variable, remains finite during the time <| - ^o • If ^ be its greatest 

value during this time, the integral is less than A(ti- 1^), which ultimately vanishes. 

Hence the Lagrangian equation becomes jF/ == ^ * ^^ ^ paper in the 

Mathematical Messenger for May, 1S67, Vol. iv. page 82. 

403. 01ill«ator7 Blottons and SuddMi rixtaxmm, A system of bodies is 
moving in a given manner. Suddenly certain points are seized and constrained to 
move under new conditions. Find the subsequent motion. 

To simplify matters let the system have four coordinates ^, 0, ^, x* <uid let two 
points J, £ be suddenly constrained to remain on two planes which move parallel 
to themselves with given velocities a, /3, the motions of the points along the planes 
bfeing perfectly free and unrestricted. If, for example, A and B coincide and the 
motion is in two dimensions, this is equivalent to saying that the points is suddenly 
made to move in a given direction with a given velocity. Art. 171. 

Let p, q be the distances (or any convenient functions of the distances) of A 
and B from two fixed planes parallel to the moving planes ; then p, 9 are known 
functions of B, 0, ^, x> ai^d two geometrical equations of the form 

p=f(e, 0, ^, x)=a + ««, ?=^(^, 0. ^» x)=*+/5« (1). 

have been introduced into .the system. By the introduction of these constraints 
the variables p, q have become determined, and the system has then only two 
degrees of freedom. We shall however still consider the system to have four 
degrees of freedom and to be acted on by two impulses such that the subsequent 
motion satisfies the equations (1). 

The solution would be much simplified if the coordinates were originally so 
chosen that p, 9 are two of them, the other two (say B^ 4>) being any independent 
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quantities. If this choice has not been made we can analytically e£fect the change 
of coordinates from 0, 0, ^, x to 0^ 0, p^ q by substituting for ^, x their valaes 
given by (1) in terms of $j 0* p, q in all the equations connected with the problexa. 
We may call 6^ <f> the coordinates of the relative motion because their arbitrary 
yariations (pt q having the values given by (1) in terms of t) move the system 
into all positions consistent with the constraints, while p, q may be called the 
eoordinatet of the constraint because their arbitrary variations would contradict 
the conditions of the constraint. This choice of coordinates is exactly the same aa 
that made in Art. 293. 

Since the impulses act normally to the moving planes we have ^XJ=P^p + Q^j 
where P and Q may be taken as measures of the impulses. The Lagrangian 
equations therefore become 

©:-»• m>- {%)>■ ©:-'• 

The two first only are required to find the change of motion and these may be 
summed up in the following rule ; the generalized components of momenta with 
regard to the coordinates of the relative motion are unchtinged by the impuUes. 
This is really the generalized form of the rule already given in Art. 288. We see 
also that when the subsequent motion 07ily is required it is unnecessary to calculate 
the force function 17, it is sujfficient to know the form of T, 

When it is important to use coordinates 6f 0, ^, x which are not those of the 
constraints and relative motion we slightly alter the arrangement. We now write 

where as usual suffixes denote partial differential coefficients. The Lagrangian 
equations then become 

Joining these four to the given relations (1) we have sufficient equations to find the 
subsequent values of 0\ <l>\ yj/y x' ^t^^* i^ required, the two quantities P, Q. 

Ex. A point in a moving disc is suddenly made to move with given com- 
ponent velocities a, /3 parallel to the axes. Find the subsequent motion. This is 
the problem already solved in Art. 171. 

Let ^, 9 be the distances of from the axes ; the equations of constraint axe 
p=zaty q^^t. Let $ be the angle 00 makes with the axis of x, 00 =r. Then 

2T = (p'-rameey+(q' + rooB0$')*+k*e'*. 
Here the relative motion has only one coordinate, viz. ^, 

dT 

^= - (p'-r sin ^^') r sin ^ + (g'-4-r cos ^^r cos ^-4-**^'. 

du 

If (as in Art. 171) u, v are the resolved velocities of O before impact, w the 
angular velocity, we see that pQ=u+r^n$ia, qQ=v-rcoa0Ut ^o'=*'» i^^ before 
the impact, while just after i>i'=a, 9i'=/9. Substituting these values in the 
expression for dTjdB' and equating the results we find the value of 9' just after 
impact. This value agrees with that given for w' in Art. 171. 

404. When two smooth elastic systems impinge on each other at one point we 
divide the duration of the impact into the two periods of compression and restitn- 
tion, Arts. 179, 185, <&c. Let B^y <l>^\ &o. ; B^y <&o. ; B^y <&c. ; be the values of the 
velocities of the coordinates just before impact begins, at the moment of greatest 
compression and at the moment of separation respectively. Let Vi be the work of 
the blow of compression, then V^ has the measure of that blow as one factor, the 
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other factors being known from the geometry of the figure. It follows that V^e is 
the work function of the blow of restitution. We thus have two sets of equations 

typified by [-^^ J^ = -^^ ; [^ J^ = d^ (1 + ^) 5 

with similar equations for 0, ^, &c. Joining the first set of equations to the 
geometrical condition which expresses the fact that the normal velocities of the 
points of contact are equal, Art. 183, we have sufficient equations to find ^/, Ac. 
and the blow of compression. Substituting this value of the blow in the second set 
we have as many equations as there are coordinates to find O^y <f>^\ Ao, 

Since both sets of equations are linear and have the same coefficients on their 
left-hand sides, the values of 0^ ~ $q\ Ac. found from the first must be proportional 
to the values of $^' - $^\ &c. found from the second, i.e. 

W - ^oO = (! + «) W - V). (0«' - <Po)= (1 + «) (0i' - 0(»'), Ac. 

Thus, when the solution is known on the supposition that the system is inelastiCt the 
motion when elastic can at once he deduced. 

We may obtain this result without using Lagrange*s equations. Suppose a system 
of bodies (like the rods in Art. 176) to be hinged together and to impinge at some 
point i4 on a smooth obstacle and let the motion be in two dimensions. Let E be 
the blow at A measured from the beginning of the impact up to any time t less 
than the duration of the impact and let its direction be unaltered throughout the 
impact. Let Vq, v^, k, v be the resolved velocities of the centre of gravity of any 
one body, and m^, m, the angular velocities at the beginning of the impact and at 
the time t respectively. The dynamical equations connecting the effective forces 
ni(u-Ufj,m[v-' Vq) and the couples mk^ (ta - ut^) taken throughout the system with 
the blow R are known to be linear ; Art. 169. Also the equations which express 
the identity of the velocities of the points hinged together are linear functions 
of the velocities ii, v, w. Assuming that no hinge is broken by the impact these 
equations also hold for the differences u-Uq, v-Vg, u-Wq. We have therefore 
only linear equations to solve, hence, for each body, u-UQ=aR, v-VQ=^bR,Ac, 
where a, 5, &o. depend on the geometrical relations of the system. Hence if 
«o> ^« ^> <^® ^^® values of any component of motion at the beginning of the 
impact, the moment of greatest compression and at the termination of the impact, 
we have tij - ttg = (ti^ - Wq) (1 + e). 

405. fixampl— of Lagranc*'* •quatloiia. A body, two of whose prificipal 

moments at the centre of gravity are equal, turns under the action of gravity about 

a fixed point 0, situated in the axis of unequal moment. To determine the con- 
ditions that there may be a simple equivalent pendulum, 

Def. If a body be suspended from a fixed point under the action of gravity, 
and if the angular motion of the straight line joining to the centre of gravity be 
the same as that of a string of length I to the extremity of which a heavy particle 
is attached, then I is called the length of the simple equivalent pendulum. This is 
an extension of the definition in Art. 92. 

Let OC be the axis of unequal moment. A, A, C the principal moments at the 
fixed point, and let the rest of the notation be the same as in Art 365, Ex. 1. Then 

2r=ii(^+sin2^^) + C(0'+^costf)«, 

U= Mgh cos ^ + constant, 

where h is the distance of the centre of gravity from the fixed point, and gravity 
is supposed to act in the positive direction of the axis of z, Lagrange's equations 
will be found to become 
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J {Ae')''ABm $ COS 0}p'*+ Cf (0' + ^' COS 6) Bine= -Mghsm 6, 

^^{C (</>' + f COB 6) cobB + A Bin« Bf} = 0. 

Integrating the second of Lagrange's eqoations, we have 

0' + ^co8^=n, 

where n is a constant expressing the angular velocity about the axis of aneqnaJ 
moment. (See Art. 256.) Integrating the third we have 

Cn COB d-\-A sin' B^j/ = a, 

where a is another constant expressing the moment of the momentum about the 
vertical through 0. (See Arts. 264 and 265, also Art. 402.) 

There are errors, sometimes made in using Lagrange's equations, which we 
should here guard against If w, be the angular velocity about 00, we know by 
Euler's equations, Art. 252, that u^ is constant. If n be this constant, the vis viva 
of the body may be correctly written in the form 

2T=A(B^+ sin» B}f/*) + Cn*. 

But, if this value of T were substituted in Lagrange's equations, we should obtain 
results altogether erroneous. The reason is, that, in Lagrange's equations, all the 
differential coefficients except thorn with regard to t are partial Though c^^ is 
constant, and therefore its total differential coefficient with regard to t is zero, jet 
its partial differential coefficients with regard to B, 0, (fee. are not zero. Again, 
the equation tf,=ii involves the velocities 0', \//' (Art. 256), hence, as explained in 
Art. 896, we cannot use it as a geometrical equation to reduce the number of 
independent coordinates. 

Instead of the first equation, we may use the equation of vis viva, which gives 

A (sin* Bf^ + B'^ = /3 + 2Mgh cos B. 

To find the arbitrary constants a and /9 we must have recourse to the initial 
values of B and ^. Let ^g, f^, dBQidt, dr/^QJdt, be the initial values of B, ^, dB/dt, 
d\f/ldt ; then the above equations become 



8in*^-^+ -T- coB^=sm«^o -JT + -r 008^0 
at A at A 



sm 



> •• • ...1 X Ji 



'»"(S)"*(S)"=-^".(t)'*(t)"*'^(«»'-«H 

These equations, when solved, give B and ^ in terms of <, and thus determine 
the motion of the line 00, The corresponding equations for the motion of the 
simple equivalent pendulum OL are found by making 0=0, A^zMt^, and ft=l, 
where I is the length of the pendulum. These changes give 

■^••(l*)'-(S'--"".(l')'*(t)'-"f<—'4 

In order that the motions of the two lines 00 and OL may be the same, the two 
equations (1) and (2) must be the same. This will be the case if either On=tO, or 
B^Bff, In the first case, we must have n=0, or 0=0, so that either the body 
must have no rotation about 00^ or the body must be a rod. In the second case, 
we must have throughout the motion B and r// constant, so that the body must 
be moving in steady motion making a constant angle with the vertical. In either 
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case, the two sets of equations are identical if Mhl=A, This is the same formola 
as that obtained in Art. 92. 

Ex. Two equal heavy uniform rods, CA, CB, freely hinged at C, are moving in 
any manner under the action of gravity. Express the kinetic energy of the system 
in terms of the coordinates of C and the direction cosines (2, m, n) (\, /i, v) of CA, 
CB referred to any fixed rectangular axes : and prove that if dashes are used to 
denote differentiations with regard to the time, 

Sr - 3 V ; 6m" - 3/a" : 6n" - 3t>'' ::l:m;n, 

5V' - Sr : 6/' - 8m" : Sv"- 3n" :: X : /* : ". 

[Use Indeterminate Multipliers, Art. 400.] [Coll. Ex. 1903. 

406. Ex. 1. Show how to deduce Euler't equatiorut Art. 252, from Lagrange*s 
equationt. Taking as axes of reference the principal axes at the fixed point, 

2T=z 4 wi« + Bwj" + Cw,«. 

We cannot take {(Oifta^i w,) as the independent variables, because the coordinates of 
every particle of the body cannot be expressed in terms of them without introducing 
differential coefficients into the geometrical equations. (See Art. 396.) Let us 
therefore express toi, c^, w^ in terms of 6^ 0, ^. By Art. 256, we have 

tai=:&'Bin<f>-yf/ain0coB^f (ii,=0'coB0 + ^8in^sin0, cd^=:0' + ^'cos^. 

As it is only necessary to establish one of Euler's equations, the others follow- 
ing by symmetry, we need only use that one of Lagrange's equations which gives 
the simplest result. Since </>' does not enter into the expressions for w^, w^, it is 

, . , , ,, ,. d dT dT dU 

most convement to use the equation — -j-r, " jT = j^ • 

dT dta* , dT dwy dio^ _ 

Now -J—, = Cm* 3—' = C«o , and 3— = -4 w, -r-* + Btom-p^ = ^i Wi w, - Bain ok ; as may 
09 a0 aq> (Up a<p 

be seen by differentiating the expressions for u^, w,. Also, by Art. 340, if JiT be 
the moment of the forces about the axis of C, dUld^=:N, Substituting we have 

d (Cio^jdt -(A-B) Uiia^=N, which is a typical form of Euler's equations. 

Ex, 2. A body turns about a fixed point and its vis viva is given by 

2r = iiw,* + Bw,' + Cwj* - 2Dwj Wj - 2£ w, Wj - 2Fmi w, . 

Show that, if the axes are fixed in the body, but are not necessarily principal 
axes, Euler's equations of motion may be written in the form 

d dT dT dT 

dt diOi d(a^ ' ddi^ ^ * 

with two similar equations. This result is given by Lagrange. 

407. Ex. 1. Deduce the equation of energy from Lagrange's equations. We 
assume that the geometrical equations do not contain the time explicitly (Art. 350), 
so that T is a homogeneous function of ^, ff>\ of the second order and is not an 
explicit function of t (Art. 396). Its total differential coefficient is therefore 

d.r dT ^ dT ^, ^ ,^. 

-W-de'^^I^'''^^--- <^)' 

where the <&c. includes the corresponding terms for 0, ^, <&o. Substitute for dTjdB 
from Lagrange's equations (Art. 399), we find 

d.T 



dt 



' ^d fdT\ dT ^„ dU^, ^ 

= ^diU) + d^'^ -d^^+*°- 

d r^dT\ dU^ ^ 
"d-trdS^)-d^^ + *°- 
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where the &o, inoludes similar terms for 0, yf/, &o. But 

Ex. 2. Find the equation corresponding to that of yIs viva when T and U are 
any functions of the variahles 6, </>, Ac, which satisfy Lagrange's equations, T being 
also a function of ^, 4>\ &o, but not restricted to be of the second degree and not 
necessarily homogeneous. 

Writing r=T^ + r^_i+... + Tj where T^ is a homogeneous function of m 
dimensions in $\ <f>\ &c, we find by a similar process 

where we notice that the term T^ has disappeared ; see Vol. n. Art. 44. 

If T and V are explicit functions of the time t aUo^ we must add to the left-hand 
side j-^dt where L = T-\-U, the differential coefficient being partial and the 

integral total. 

Ex. 8. Solve Lagrange^s equations when 

T = i/i {$) 6'* + i/, (0) 0" + Ac, U=Fj (6) + Fj (0) + Ac. 
The Lagrangian equation to find $ is 

Integrate this by inspection ^/i {$) O^^^F^ {e) + a (1). 

Similarly i/j (0) 0'»=F2 (0) + /3 and so on. 

These results may also be obtained by a change of variables. Put 

.-. r=i(a;'«+y'2+Ac.), U =Xi{x) + X2{y) + Ac. 
The Lagrangian equations are 

dt dx ' dt^ dy ' " 

•• *^ "j dx "**"•; de dx*^' 

and the other integrals follow by symmetry. 

Another solution. The following solution is instruotiye. It is evident that, 
with these forms of T and U, the several Lagrangian equations are really inde- 
pendent, the $ equation contains only 6, the ^ equation only and so on. Each 
equation taken alone represents a possible motion in which one coordinate only 
varies. For each there wiU be a separate equation of energy, and these are the first 
integrals just found. 

Ex. 4. UouTllle'a Xntesrals. Let a dynamical system be such that 

T=iM{A^e'^-^A,i>'^ + &G.} (1), 

U+C={F^{e} + F^{i>)'h&c,}IM .(2), 
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where A^ is a fnnotion of $ only, A^ of ^ only and so on, while M may be a 
function of all the ooordinates. Prove that the first integrals of the Lagrangian 
equations are 

iM^A^$^=f\{e) + a, iM*A^4>^=F^(ip)+fi, &o (3), 

where a+/3 + 4&c. =0. The variables may now be separated by division, we there- 
fore know the differential eqoations of the paths, and thence the value of dtjdd in 
terms of $. 

To obtain these integrals we change the ooordinates by writing 

A^e'^=x'*, A^<f>'^=y'^, &c. 
We then have by the principle of vis viva 

iM(x'^ + y'^ + Ssc.)=U-\-C (4). 

The X Lagrange's equation is 

Substitute from (4), and we find 

^4«(^^)=r^(^--)-^3 s («)• 

Now -j^ {M(V'\- C) ) = — -J^ and ^ is a function of x only, hence by integrating (5) 

Aw cLv 

we obtain the first of the integrals (8). The final integrals are given in Liouville^s 
Journal^ 1846, Vols, xi., zii., 1849, Vol. xiv., p. 291. 

It will be proved in Art. 431 that this process is equivalent to a change of the 
independent variable from t to r, where dt^Mdr, 

Ex. 5. A dynamical system is such that 

r=Af{J^,i^ + i^ij^y + i^aa0'«}, U+C=BIM, 

where If is a function of and ^, but A^^ A^^, A^g and B are functions of only. 
Prove that a first integral of Lagrange's equations is 

M{Aij0' + Ay^4>'} = a, 

where a is an arbitrary constant. 

To prove this we combine the $ Lagrangian equation with the equation of 
energy. It may also be deduced by inspection, if the independent variable is 
changed as explained in Art. 431. 

Ex. 6. The elliptic coordinates of a particle are X, /a, v, and the particle is 
constrained to move on a fixed ellipsoid X. The force function U being given by 

and the kinetic energy by Art. 365, Ex. 4. deduce from Liouville's integrals that 

where h, k are the semi-axes of the focal conies. By division the discovery of the 
path is reduced to integration. 

This solution applies in the following cases or any combinations of them. 
<1) When the force tends firom the centre and varies as the distance, we have 

2l7=r»=xa+Ai' + v«-/i«-**, .'. C^ (m* -»'') = -F'i(/a) + -Fa W- 

(2) When the force acts perpendicularly to the plane of yz and varies inversely as 
the cube of the distance from that plane, we have X^= ^hkx, hence U=Alfj,h'* 
and ififl-w*) U has the required form. (3) When the force is central and such that 

JJ=AI{ffl-w?)^ where p is the distance of the particle from either of the fixed 
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points a;=±;iA/X, y=0, «=0 and m»\*=(X*-fc«)(X«-fc«). We notice that m=0 
when \=A or A, that is when the ellipsoid becomes a plane. 

Solutions of this and other problems of the same kind are given in the author's 
treatise on Dynamics of a Particle xmder the heading Motion on an ellipsoid. 
Chap. TIL 

408. BzamplMi on impiilsas. Ex. 1. A rhombtu, formed of four jointed rods, 
falling from rest with a diagonal verticcd impinges with velocity V on a fixed horizon- 
tal inelastic plane at the comer A» Find the subsequent initial motion. This is the 
problem solved in Art. 176 ; for the sake of comparison we shall here give two 
solutions both founded on the Lagrangian equations. 

Let the mass of each rod be unity. Let x be the altitude of the centre of 
gravity of the rhombus, the inclination of any rod to the vertical. If we take 
X and $ as the coordinates of the system, we have T=2{x'^ + {k* + a'') ^'}. 

If P be the impulse at il, we have 

dU=PS{x-2acoBe)=Pdx + 2aPBmeii$, 
The Lagrangian equations are by Art. 401 

4(ari'-Xo')=P, 4{k^ + a^) (0^' - eo') = 2aP one. 

The initial and final values of x' are Xq = - F, Xj'= - 2ata sin ; those of 6* are 

3 V sin B 
0^' = 0, 0^ = M. Hence putting A;* = J a* and eliminating P we have « = s — i — » . .»^ , 

which is the same result as in Art. 176. 

Remark on the choice of coordinates. The objection to the solution given above 
is that we have to use all the Lagrangian equations though the impulse is not 
required. If we wish to avoid introdtuiing the impulse into the equations, we must 
use such coordinates that the variation of one alone while the other is constant does 
not alter the point of application of the blow. When the coordinates chosen are 
X and a variation of either alone alters the position of A. But if we take as 
coordinates and the ordinate y of the point A which strikes the plane, a varia- 
tion of alone does not alter the position of A, so that the virtual moment of 
any force acting at A does not enter into the equation thus formed. In the same 
way if the magnitude of the blow at A were wanted we should use an equation 
formed by the variation of some coordinate, such as y, which does alter the 
position in space of A. The coordinates y and have been called in Art. 403 the 
coordinates of the constraint and of the relative motion respectively. Taking as 
coordinates y and 9, we find 

T=2{y'»-4ay'^sind + (A«+a«+4a«8in«d)^}. 

/dTV 
The single equation now required is {—, \ =0, so that it is unnecessary to 

calculate U. The limits of y' are yQ = - F, yi'=0 ; those of 0^ are ^o'=^^ ^i'=«« 
The value of w follows without difficulty. 

If the ground is elastic we follow the rule given in Art 404. Since 0^=0 the 
angular velocity of each rod after the rebound is found by multiplying the value of 
(a given above when the ground is inelastic by {l + e). 

Ex. 2. Six equal uniform rods form a regular hexagon loosely jointed at the 
angular points ; a blow is given perpendicularly to one of them at its middle point, 
show that the opposite rod begins to move with one-tenth of the velocity of the rod 
struck. [Math. Tripos, 1883. 

We take as one coordinate the distance of the point of application of the blow 
from the axis of x (supposed to be parallel to the rod struck) and as the other 
coordinate the angle which either of the adjacent rods makes with the axis of jr. 
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This choice is made because a change of 6 alone does not alter the point of 
application of the blow. Since co8^=i we have 

where 2a is the length of any rod. The single Lagrangian equation required is 
that dTJdS' is unaltered and therefore is equal to zero. Since the velocities of the 
two rods to be compared are y* and y'-\-2a$' the result follows at once. 

Ex. 8. A beam, placed on a smooth horizontal plane, has one extremity fixed ; 
and a ball A of mass m is placed in contact with it at a given distance a from the 
fixed extremity. Determine at what distance b another ball B of mass fi must 
impinge directly on the beam that the greatest possible velocity may be communi- 
cated to the ball A by the impact. The beam and balls are inelastic. 

[Math. Tripos, 1844. 

Let $* be the angular velocity of the beam, y' the velocity of the ball B, the 
relative velocity of approach of the ball and beam is then z^=y'-h6' and 
d[/= -Pdz, If we take $ and z as coordinates the one Lagrangian fact required 
is that dTJdB' is unaltered by the impact. We have 

eince the limits are 6^=0^ ^/= w» V= ^» 'i'^^* ^® ^^ 
when w is a maximum. 

409. Sir W. K Hamilton has put the general equations of 
motion into another form, which is sometimes more convenient for 
investigating the general properties of a dynamical system. This 
transformation may be made to depend on the lemma given in the 
following article. 

In what follows we confine ourselves to the elementaiy properties of re- 
ciprocation. The subject will be resumed and treated more fully in the second 
volume. Sir W. Hamilton's demonstration of his equations requires that T should 
be a homogeneous quadratic function of the velocities, and this is generally true in 
dynamics. The extension to the case in which the geometrical equations contain 
the time expUcitly is due to Donkin, Phil, Traru. 1864. 

410. The Reciprocal Function*. Let T^ be a function 

* We may deduce from this lemma the method of solving partial differential 
equations by reciproeationf sometimes called Legendre's method and sometimes 
De Morgan's method. Let the partial differential equation be (x, y, z^, p, 9)=0, 
where p and g are the partial differential coefficients of Zj with regard to x and y. 
If we write «,= -Zj+px-\-qy, we have by the lemma x=dzjdp, y=dzjdq. Hence 
this rule ; substitute for x, y, Zj fi-om the auxiliary equations 

dz^ dzq dz^ di^ 

and treat p, q as the independent variables. Thus we have a new differential 
equation which may be more easily solved than the former. Let the solution 
be z^=f{pt q)f then, by the auxiliary equations, x, y and e, have all been found in 
terms of two auxiliary quantities p and q, and further these quantities have a 
geometrical meaning. This method may be extended to any number of variables 
and orders. Also as in Art. 418 we may if we please modify the equation for some 
only of these variables. 

Ex. II the equation be ay*+yg*=«i, show that «2= f3" ^ ( n ^ ! )* ^^i®°^ 

X, y, z can be found in terms of the auxiliary quantities by differentiation. 
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of any quantities which it will he presently found convenient to 
call e\ i}>\ <bc. Let dT^ _ d^i _ ^ 

then d\ <l>\ &c. may he found in terms of u, v, <fcc., from these equa- 
tions. Let Tj = - Ti + 1^^ ' + v<f)' + (fee, 

and let T^ he expressed in terms of u, v, <fec., the quantities 6\ ^', <fec. 
heing eliminated. Then wiU dT^ ^, dT^ ., , 

It may he thai T^is a function of some other quantities^ which 
it will presently he found convenient to designate hy the unaccent&i 
letters dj <f>, <kc. Then T^ will also he a function of these, and we 

shall have ^2^_^ dT^^_dT\ ^ 

dO do * d<f} d<f> 

To prove this, let us take the total differential of T,, we have 

dT,= --^dd-\'(-^ + u\d0'+d'du + &^. 

By the conditions of the lemma the quantity in brackets 
vanishes. Now if T^ be expressed as a function of 0, u, <f}, v, &c. 
only, and not 0', <j}\ &c., we have 

dr, ,^ dTi 

Comparing these two expressions for dT, we have 

dT, dr. , dT^ a' 

Thus we have a reciprocal relation between the functions T, 
and r,. We find Tj from T^ by eliminating 0\ <t>\ &c. by the help 
of certain equations, we now see that we could deduce 2\ from T^ 
by eliminating u, v, &c. by the help of similar equations. We 
shall therefore call T, the reciprocal function of Ti with regard to 
the accented letters 0\ <j}\ &c. 

411. It should be noticed that, if J^ be a homogeneous quadratic 
function of the accented letters 0\ <j}\ &c., then u^'-hvif) + &e.^2Ti, 
and therefore T^^^Ti, but is differently expressed. Thus Tj is a 
function of 0', <f}\ &c. and not of u, v, &c., while T^ ia a. function 
of u, V, &c. and not of 0\ (f>\ &c. We notice that in this case T, 
is a homogeneous quadratic function of u, v, &c. 

412. If Ti be the semi- vis viva of a dynamical system, this 
process is really equivalent to changing from the use of component 
velocities to the use of the corresponding component momenta. 
Either may be used to determine the motion of tne system, some- 
times the one set bein^ the more convenient and sometimes the 
other. 



dT^^^d0-\-^du + &ic. 
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413. Bzamplas on tli« Btciprooal Fmietloii. Ex. 1. The position in space 
of a body of mass M is given by x, y, «, the rectangular coordinates of its centre of 
gravity, and $, 0, yf/ the angular coordinates of its principal axes at the centre of 
gravity, as used in Chap. v. Art. 256. If two of the principal moments of inertia 
are equal, and if ^, 17, ^, u, v, 10, be the components of momentum corresponding 
respectively to x, y, Zj 6, 0, ^, the vis viva 2T'^ is given in Art. 865, Ex. 1. Show 
that the reciprocal function is 

o^ _ f' + v'+^ . «* . ^ . (tg-peosg)« 
As a useful case we notice that the reciprocal function of 

where the terms containing the products are absent, is 

^""2^11 "^S^a"*""' 

We observe that if T^ is a one-signed positive function, T, must also be a one- 
signed positive function. 

Ex. 2. If the vis viva 21^ be given by the general homogeneous expression 

2ri=iii,^'»+24„tf>'+... 
show that the reciprocal function of 2\ may be written in the form 



T^_ 1 |0 u 1; 



•"u ^sa 



A=: 



^1 -^12 



^12 



where A is the discriminant of T^. Thui the coeffieienU of u\ v*, 2uv, dbe, in T, 
are the minors after diviiUm by 2 A of A^ A^t -^u* <^c* ^^ ^^ Chap. i. Art. 28, 
Ex. 8. 

Ex. 3. If (, 17, &c. be partial di£ferential coefficients of a function P of x, y, <kc. 
with regard to those variables respectively, prove that x, y, &c. are also partial 
differential coefficients of a fmiction Q of (, 17, &o. with regard to these variables 
respectively. If P be homogeneous and of n dixAensions prove also that Q = (n - 1) P. 
For instance P may be the potential function in Attractions, or the velocity potential 
in Hydrodynamics. 

Ex. 4. Regarding T^ as a function of ^, 0', <&c., let A be the Hessian of Ti, 

t.«. the Jaoobian of its first differential coefficients with regard to B\ ^\ <fto. Then 

dT cPT 
will -^-Y « , ?-i &o. be equal to the minors of the corresponding constituents of 

the determinant A, each minor having its proper sign and being divided by A. 

To prove this, we take the total differential of the two sets of equations^ 
u=sdTJd$'t Ste.t d'^dTJdu^ Ac. From the first set we find d^, d^', <ftc. in terms 
of dtt, dvt &Q, Substituting in the second set the theorem follows at once. 

413 a. We notice that for any given position of the system, the coordinates, if 
independent, may have any given velocities; so that ^, ^, <ftc. being given, ^, 0', Sco, 
are arbitrary. Whatever values are given to these the kinetic energy T^ is neces- 
sarily a positive one-signed function. 

In the same way, when T| is a homogeneous function of 9', 4>\ (fee, Art. 411^ 
r, is a quadratic f auction of the momenta u, v, Ao, Since in this case T^=T^ 
though differently expressed it follows that 7, also is a one-signed positive quadratic 
function. 
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If we write 

it follows that B^ , B^^ &c, are all poBitive. Also B^<Bji . B^, for if not we oould 
make T, equal to a negative quantity with a real yalue of v/u, aU the other variables 
being made zero. Other inequalities follow from the known conditions that a 
quadratic function is a positive one- signed function. 

414. The Hamiltonlan Transformation. Let us put 
L^T+U, so that L is the diffm^ence between the kinetic and the 
potential energies. Then, as explained in Art. 399, L is called 
the Lagrangian fwmtion and the Lagrangian equations may be 
written in the typical form 

d dL dL 

dt dd' dO * 

there being corresponding equations for all the coordinates. 

Let H be the reciprocal function of Z, then H is called the 
Hamiltonian fwnction. The equations of transfoimation are 

_dL _dT^ 

^^dd^'de" 

with similar equations for all the coordinates. We have by the 

reciprocal property 0' = -j— ; and by Lagrange's equation we have 

w'=-^ =— -1^, with similar equations for all the coordinates. 

Thus the single typical Lagrangian equation written down above 
is transformed into the two Hamiltonian equations 

^, __ dH , ^ dH 

There are of course similar equations for all the coordinates. 

When the geometrical equations do not contain the time 
explicitly, T is a homogeneous quadratic function of (d\ if), &a), 
and therefore ud' + v<f/ + &c. = 2T. Hence 

H=-L + ue' + v<l>' + &c. = T-U. 

Thus H is the sum of the kinetic and potential energies, and 
is therefore the whole energy of the system. 

415. To express the Lagrangian equations of impulses in the 
Hamiltonian form. 

Referring to Art. 401, we see that the Lagrangian equations of 
motion may be written in the typical form 

'^V _ p 

Let H be the reciprocal function of T, and let us replace u, v, &c. 
by P, Q, &c. Then these equations take the typical form 

at ai _ ^^ 
' ~ • ~dP' 



(; 
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Thus the changes in the velocities of the c^eneralized coordi- 
nates are immediately determined by simple differentiation when 
the reciprocal function of T has been written down. 

416. BzamplM on tlM Bamiltonlan aquations. Ex. 1. To dednoe the 
equation of Yis Yiya from the Hamiltonian equations. 

Since H is a function of (^, 0, (!fcc.), (u, v, <ftc.) we have, if accents denote total 
differential ooefficients with regard to the time, 

dt do du dt 

Thus the total differential coefficient of H with regard to t is always equal to the 
partial differential coefficient. If the geometrical equations do not contain the 
time explicitly, this latter Tanishes and we have H=h, where fc is a constant. 

Ex. 2. To deduce Euler*8 equations of motion from the Hamiltonian equations. 

Taking the same notation as in the corresponding proposition for Lagrange's 
equations, Art. 406, we have 

u= ,^=:iA(ai«m ^ + Bian COB ^, t;=— -^srCw,, 
au wp 

dT 
w= -rr, = ( - ^^ 008 4> + -Bwa sin 4>) mn$+C<a^ cos $. 

T 

Before we can use the Hamiltonian equations we must by Art. 411 express T in 
terms of (u, v, ir). To do this we solve these equations to find (Oj, Vj, (>)^ in terms 

of t», V, tr. We find AiOx^usmtb + ivoosO-w)— — ?, 

*■ * ' sm ^ 

■rt, . I ^ \ sin d> 

J?(tf«=u cos - (» cos 6-w) — :— ^ . 
* BinS 

AJso by Art. 414 /f = J {Ai^^ + BuJ^ + Cu^*) - U. 

As we only require one of Euler's equations, let us use ^— = - v', -r- = 0'. 

00 dv 

The former of these gives Auh -r-* +J5w,^ - -;— = - C ', 

* ^ d0 ^dip d<p dt' 

which 18 the same as Aio, —r^ - ^Wj-rr - tt= - C-^, 

A * B d^ dt 

and this leads at once to the third Euler's equation in Art. 252. The latter of the 
two Hamiltonian equations leads to one of the geometrical equations of Art. 256. 
Thus the six Hamiltonian equations are equivalent to all the tiiree dynamical and 
the three geometrical Eulerian equations. 

Ex. 3. A sphere rolls down a rough inclined plane as described in Art 144. 
We have T=^ma^$'* and U=mga$ sin a. Is it correct to equate If to the difference 
of these functions ? Verify the answer by obtaining the equations of motion given 
in Art. 144. See Art. 411. 

Ex. 4. A system being referred to coordinates 0t 0, <ftc., and the corresponding 
momenta u, v, <ftc., in the Hamiltonian manner, it is desired to change the co- 
ordinates to Xf y, Ao,, where By 0, Ac, are given functions of x, y, Ac. Show that 
if (, iy, &c. be the corresponding momenta, then 

where the suffixes as usual denote partial differentiations. Show also by a purely 
analytical transformation that the Hamiltonian equations with ^, u, Ac, change into 
the corresponding ones with x, ^, Sbc, 

B. D. 22 
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Ex. 5. The Lagrangian faoction is a fonotion of 6, 0, dto. and ^', 0', &c. In 
what precedes we have taken the reciprocal function with regard to 0', 0', &c.^ bat 
we might also have taken the reciprocal function with regard to 0^ 0, Ac The 
following example will illustrate this. 

Let T^i or L, be the Lagrangian function, and in order to keep the notation aa 

nearly the same as possible, let U= -j^ , Fs — -^, ^o. Then if T, be the reciprocal 

cLv (Up 

function of T^, the transformation corresponding to Sir W. Hamilton's leads to the 
typical equations «=^. U=-^^^. 

To verify this, it is sufficient to notice that T^= -Ti+U0-hV^-\- ..., 

dT AT AT 

Then by the lemma in Art. 410 we have -r^= - -~, and 3^ =9, whence the results 

do au aU 

follow at once by Lagrange's equations. 

416 a. Tli« analogy to rodprocation in Ctaomotry. The Hamiltonian 
transformation of Lagrange's equations bears a remarkable analogy to the trans- 
formation by reciprocation in Geometry. Thus suppose the system to have three 
coordinates ^, 0, ^, and let the semi- vis viva T^ be a homogeneous quadratic function 
of the velocities e\ 0', \f/\ We may regard 0", 4>\ ^' as the Cartesian coordinates of 
a representative point P, the position and path of which will exhibit to the eye the 
instantaneous motion of the system. These coordinates of P may be found from 
Lagrange's equations. In the same way we may regard the Hamiltonian variables 
u, V, w as the Cartesian coordinates of another point Q whose position and path 
will also exhibit the instantaneous motion of the system. 

Taking any instantaneous values of &^ <f>\ yp' the point P will lie somewhere on 
the quadrio T^^U where U is the instantaneous value of the force function. Then 

jm /IT' /iT 

since u= 3-/, v= -t-5, w= -j-), we see that Q will also lie on a quadric, which is 
au €Uf> ay 

the polar reciprocal of the quadric Tj with regard to a sphere whose centre is at 

the origin, and whose radius is equal to ,J2C/, 

Let this reciprocal quadric be T, = U. Then, since these quadrics possess recipro> 

cal properties, we see that $'= -3-^, 0'= -3-^, tl/= -~ . 

' '^ au dv ^ dw 

Ex. 1. If the coefficients of the two quadrics T^ and T, be functions of any 

flT /f T* 

quantity ^, show geometrically that -7^ = — ~ . Thence deduce the remaining 

du (W 

three of the Hamiltonian equations, viz. -ii'=-3^, -v'=-rri -»'=:m ^bere 

au wp ay 

H=T^'-U, See the author's essay on " Stability of Motion," p. 62. 

Ex. 2. Show that the form of T^ as used in Geometry is the same as that given 
in Art. 413, Ex. 2. 

417. Reciprocal Theorems*. Let us suppose that two 
sets or arrangements of impulses are applied to the same system 

* The reciprocal theorem is primarily due to Bayleigh who has given many 
illustrations of it. See Phil, Mag, 1874 and the Theory of Sound. There is also 
a memoir by Helmholtz in Crelle^s Journal, 1886. Many examples are given by 
Prof. Lamb in the Proe, London Math, Soc. 1888. The one at the end of Art. 417 
is taken from the article Dynamics in the Encyc, Brit, 
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of bodies at different times, the system beiag in each case 
previously placed in a given state of motion. Let 

be respectively the work fimction due to each set as explained in 
Art. 401. Let d/, ^', &c. d/, <f>i, &c. be the velocities generated 
by each set. If the vis viva be represented by the general ex- 
pression for 2T given in Art. 413, Ex. 2, we have 

P,=4nft' + ^«<^'+..., Qi==^,^/+&c. (1), 

while Pa, Qa, &c. are represented by similar expressions with d^, &c. 
written for 0i, &c. It immediately follows by substitution from 
<1) that 

Pl^2'+ Ql^' + ••• — Ps^l +62^ + (2), 

each being equal to a symmetrical expression. Using the language 
of the principle of virtual velocities, it follows that the sums of 
the virtual moments of either set of impulses for the actual dis- 
placement produced by the other set are equal. 

Let each of these systems consist of a single blow and let 
-4, jB be the points of application. To trace their effects let two 
of the coordinates, say d, ^, be the ordinates of A, B measured in 
the direction of the blows. Then if Pj, Qa a-re the blows the 
wdrk will respectively be PiBO, QzBif}, The reciprocal equation (2) 
then becomes 

Pi ^2'= Qi<l>i (3), 

all the other terms being zero. The blow at A affects all the co- 
ordinates and causes velocities 0i\ c^/, &c. That at B also affects 
all the coordinates, but this proposition shows that the velocity of 
B due to the blow at A and that at A diie to the blow at B are in 
the same ratio as the blows to which they are respectively due. The 
equation (3) also follows very easily from Art. 415. 

As an example of thu theorem consider the case of a straight chain of rods 
hinged each to the next. A blow at any point A will produce a certain velocity at 
Any point B ; the theorem asserts that an eqnal blow at B will produce an equal 
-velocity at A. An impulsive couple acting on any rod will produce a certain 
angular velocity in a rod B, an equal couple acting on the rod B will produce an 
«qnal angular velocity in the rod A, If a blow F acting at a point A produce 
an angular velocity w in a rod B, then a couple Fa on the rod B will produce a 
linear velocity wa at the point A. 

41 8. The Modified Lagrangian Function. Sir W. Hamilton 
transforms all the accented letters ^, (f>\ &c. into the corresponding 
letters u, v, &c. But we may also apply the Lemma to change 
some only of the Lagrangian coordinates into the corresponding 
Hamiltonian coordinates, leaving the others unchanged. We 
may thus use a mixture of the two kinds of equations. With 
one and the same function we can use Lagrange's equations for 
those coordinates for which they are best adapted, and the 

22—2 
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Hamiltonian equations with the remaining coordinateSy if we 
think their forms preferable. 

* 

The substanoe of this theory, as given in Arts. 418 to 425, is taken from the 
author's essay on '* Stability of Motion," 1876. 

419. To explain this more clearly let us consider a system 
dependiDg on four coordinates, 0, <f>, ^, rj. Let Li be the Lagrangian 
function. Let us now suppose that we wish to use Lagrange's 
equations for the .coordinates ^, 17 and the Hamiltonian equations 
for the coordinates 0, <f>. To do this we use the two formulas of 

dLi d/Li , 

transformation -j7j> = u^ -T77 =v, and we put 

au dip 

Zg = - ii + 1^' + v<^'. 
We have as in Art. 414 the two sets of Hamiltonian equations, 

,, UX/2 , dJuf 

We must now include f ', 1;' among the unaccented letters spoken 
of in the Lemma of Art. 410, so that we have 

dLi dLi dLi dLi 

with two similar equations for rj. Thus the two Lagrangian 
equations for f , rj are still true if we replace Li hy L^; so that 
we have the two sets of Lagrangian equations, 

d dLi ^ dLi d dLi dLi 

dtd^''"d^' dtl^'^'dii' 

420. The function Z, might be called the modified function^ 
but it is more convenient to give this name to the function with 
its sign changed. The definition may be repeated thus : — 

If the Lagrangian function Z be a function of 0, ff, <f), ^\ &a, 
then the function modified for (say) the two coordinates tf, ^ 

will be L'^L-uff^ vd>\ 

JT JT 

where ^= jZ/» ^~Tj," *^^ ^^ suppose ffy <\> eliminated from the 

function L\ Thus Z is a function of 0, <f>, ff, <l>' and all the other 
letters, Z' is a function of 0, <f>, u, v and all the other letters. 

These two functions Z, Z' possess the property (by Art 410) 
that their partial differential coefficients are the same with respect 
to all letters except ^, <j}\ u, v. As regards these four we have 

dL dL J dL' ^ dL' ,, 

We may form the dynamical equations, for the coordinates with 
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refi^ard to which the function has been modified by the Hamiltonian ' 
rule, as if i, = — i' were the Hamiltonian function, and for the 
remaining coordinates by the Lagrangian rule, as if either Z, or 
L' were the Lagrangian function. 

The function L^ may be also called the reciprocal function of 
the Lagran^an function Xi with regard to the coordinates d, ^, &c., 
because it is obtained from L^ just as T^ is obtained from 7\ in 
Art. 410, except that we operate only on such of the coordinates 
as we please. It is however convenient to distinguish the two 
operations by different words. We shall use the word Reciproca- 
tion when we change aXl the coordinates, and Modification when 
we change only some. 

421. To find a general expression for the jnodified Lagrangian function after 
the necessary elimiruUions have been performed. 

Let the vis yiva 2T be giyen by the homogeneons qnadratic expression 

80 that the Lagrangian function is L=T+U, where U is tk function of the co- 
ordinates 0t 0, {, <feo. We intend to modify L with regard to 0, 0, (fee, leaving 
{, Tf, (fee. to be operated on by Lagrange's rule. We therefore have aocording to 
Art. 420 to eliminate 0', 4p\ Ac. by help of the equations 

Tg^S* + T^^' + .. . =u - Tg^ - T^rf - ... ' 

(feo.=<fec. 

For the sake of brevity let us caU the right-hand members of these equations 
u-X^v-Yj &Q. Since T is a homogeneous function, we have 

T=ir^^'«+T^/V+... + 4^'(i» + 2:) + 40'(r+r) + Ao (2). 

But by definition the modified function L'= - L, is 

^\T^^+T^n'+... + V-\e*{u-X)-\it/(v-Y)-&o (3). 

Solving equations (1) we find ^, 0', Ac. in terms of ^, 17^ <&c. by the help of 
determinants. Substituting their values in the expression (8), we find 



(1). 



V= 



4^^e^"+W''' + *°-+^+2A 



0, 
u-X, 

v-Y, 



u-X, v-Y, 



e$7 






where A is the discriminant of the terms in T which contain only ^, 0', <feo. It 
may also be derived from the determinant just written down by omitting the first 
row and the first column. 

We may expand this determinant, and write the modified function in the form 



4 



0, 



u. 



Ml 






V. T, 



v^' ipip 



» ••' 



2A 



0, 

r. 



X, F, 



M' 



0,^1 



«^> -t^ 



1 

A 


0. 




»» 




• • • 



X, r, 

9^ ' ^^ ' 



I ••< 
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where u, v, &c. as nsaal stand for -j^, -rrn ^^'9 &°d ^f ^* ^- ^^ given by 

80 that Xt Y, &G. may be obtained from u, v, ^o. by omitting the terms which 
contain 0', <p\ ^c, i.e. the coordinates to which we intend to apply the Ebuniltonian 
equations. 

It should be noticed that the first of the three determinants in the ezpreesion 
for L' contains only the momenta u, v, &o. and the coordinates. The second does 
not contain u, v, Ac but is a quadratic function of (' rf\ &o. The third contains 
terms of the first degree in f , V* <^<3. multiplied by the momenta u, v, Ac. 

422. Case of absent coordinates. In many cases of 
small oscillations about a state of steady motion, and in some 
other problems, the Lagrangian function L does not contain 
some of the coordinates as 0, <f>f &c., though it is a function 
of their diflFerential coefficients 0\ 4>\ &c. ; at the same time it 
may contain the other coordinates f, rj, &c., as well as their dif- 
ferential coefficients f ', 17', &c. When this occurs, the Lagrangian 

J JT 

equations for 6, (f), &c. become -r: -^ = 0, &c. Integrating, we have 

dL dL o 

where u, t;, &c. are absolute constants whose values are known 
from the initial conditiona By the help of these equations we 
may find d\ <f/y &c. in terms of f ', rj\ &c., so that the problem is 
really reduced to that of finding f, 77, &c. 

The names kinosthenic and speed coordinates have both been 
suggested by Prof J. J. Thomson for coordinates which enter into 
the Lagrangian function only through their differential coefficients 
(Phil. Trans. 1885, and Applications of Dynamics to Physics and 
Chemistry, 1888). 

We may now simplify the process of finding these remaining 
coordinates f , 17, &c. by modif3dng the Lagrangian function so as 
to eliminate the variables d\ <]>, &c., and introducing in their place 
the constant quantities u, v, &c. We write 

and eliminate 0\ 0', <fcc. hy help of the integrals just found. The 
equations to find f, 97, Jtc. may be deduced by treating ±L' as 
the Lagrangian function. 

423. When the system starts from rest the modified fwnction 
takes a simple form. Suppose the Lagrangian function Z to be 
a homogeneous quadratic function of d\ if>\ &c. Then, referring to 
the first integrals found above, and remembering that the initial 
values of d\ <f>\ &c. are all zero, we have 

u ss 0, t; = 0, &c. = 0. 
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Thus the modified function L is equal to the original function, Imb 
is differently expressed. The function i is a function of 0\ <]>\ &c.; 
the function L' is the value of L after we have eliminated the 
differential coefficients 0\ ^', &c. by help of the first integrals. 

The reBult of the elimination can be deduced from Art. 421. The first and 
third determinants are here zero. We have therefore 



L'=r«^'+rf,IV+*o. + cr+^ 



0, X, Y, 



We may deduce this expression from the Lagrangian function L by a simple 
rule, viz., omit all the temu which contain the differential coefficients $\ ^\ dbc, to be 
eliminated^ and add the determinantal term written down above. 

424. Bzample of tbe Solar Byvfeem. As an example let as consider the case 
of three particles whose masses are m,, m^^ m^ matually attracting each other 
according to the Newtonian law and moving in any manner in one plane. Referring 
these to any rectangular axes, their vis viva and force-function will be functions of 
the six Cartesian coordinates and their differential coefficients. But we may move 
the origin and turn the axes round the origin without altering the yis yiva or the 
force-function. It follows that each of these functions is independent of three 
of the coordinates, though it may depend on their differential coefficients with 
regard to the time. We may therefore modify the Lagrangian function and make 
it depend only on the three other coordinates. 

The yis yiva of the system is equal to the vis viva of the whole mass collected 
at the centre of gravity together with the vis viva relative to the centre of gravity. 
The former is easily written down and is in our case a constant ; let us turn our 
attention to the latter. 

Let G be the centre of gravity, draw 6a, G/3, Gy to represent in direction and 
magnitude the velocities of the three particles, i.e. let a, /3, y trace out their 
hodographs. Then the sides of the triangle a/97 represent the relative velocities of 
the particles, and the vis viva of the system is represented by m^Ga' +77136/3^ + m^G^. 
Since the momentum of the system relative to its centre of gravity resolved in any 
direction is zero, it follows that G is the centre of gravity of three particles 
mi, fn,, mj placed at a, /3, 7. By a weU-known property of the centre of gravity we 

have miwi2(aj8)»+ =a*{wii (Ga)2+...}, 

where 11 is the sum of the masses. It immediately follows that the 

vis viva of any system relative to its centre of gravity = — j"^-i?- , 

2)771 

where v^ is the relative velocity of the particles m^, m^. This formula for the 
relative vis viva is evidently true for any number of particles. It was obtained 
by Sir B. Ball by a different method in the Astronomical Notices for 1877. 

Let a, 6, c, il, £, C be, as usual, the sides and angles of the triangle formed by 
joining the particles. Let be the angle made by the side c with any straight line 
fixed in space. Let accents as usual denote differential coefficients with regard to 
the time. Then we have 

Thus, if 2T be the vis viva relative to the centre of gravity, we have 
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where P, Q, R are fanctions only of the triangle, and not of $. We have 

How we shall express these most depend on the coordinates we wish to ase. Thus 
we may choose any three parts of the triangle, except the three angles, as co- 
ordinates. 

Ex. Supposing it to be convenient to choose the distances b and c of two of the 
particles from the third, and the angle A subtended by those two at that third 
particle, as the coordinates of the triangle, show that P, Q, 12 may be expressed in 
terms solely of b, e, A and their differential coefficients by the help of the following 

results a'=6'+c*-2&ccosJ, 

^ {be sin A) = b^A' + a^B' + 26c' sin A, 
at 

a'« + aSB'2=ft/i + c'«-26V cos A -bb^A*^ + 2b A' c' sin A. 
These admit of easy geometrical demonstrations. 

425. We may also modify the Lagrangian function with regard to d. To do 
this we put u=dTld$*=P0'+Q, We notice that, since the force-function U is not 
a function of 6, u is by Art. 422 an absolute constant. We now form the modified 

function V—L- «tf = ^~^ — "•" ^' 

This function may now be used as if it were the Lagrangian function to find any 
changes in the triangle joining the three particles. 

We may also notice that the angular velocity in space, viz. ^, of the side of the 
triangle joining mj, m, is given by the equation "Pff -^Q^u^ where u is a constant. 

Ex. 1. Show that P is equal to the moment of inertia of the three particles 
about the centre of gravity. 

Ex. 2. Show that y? {^B. - Q^) may be written in the symmetrical form 

+ mim^g {mi {be Ay + m^ {caBy + wi, (odC)*} . 

Ex. 3. Show that the quantity u is equal to the angular momentum of the 
system about the centre of gravity. See Arts. 397 and 402. 

Ex. 4. Show that we may take for fiQ either of the forms ffij {m^B* - mJb^C), 
or m, {m^^C - mie^A% the effect of the change being to add to the Lagrangian 
function L' a quantity equal to B' or C respectively. See Art. 399, Ex. 2. 

426. Won-Ooiia«nratl¥e Forces. To explain how Lagrange^e eqtuUions are to 
be used when some of the forces are non-conservative. 

Lagrange's equations in the form given in Art. 399 can be used only when the 
forces which act on the system have a force-function. If however P8$ be the 
virtual work of the impressed forces obtained by varying $ only, Qd^ the vir- 
tual work obtained by varying only, and so on, it is clear from Art. 399 that 

Lagrange's equations may be written in the typical form v- 375 - 3:r=P. 

at du dO 

427. It is often convenient to separate the forces which act on the system 
into two sets. Firstly those which are conservative. The parts of P, Q, '<&o. due to 
these forces may be found by differentiating the force-function with regard to $, 0, 
&c. Secondly those which are non-conservative, such as friction, some kinds of 
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resistances, Ac. The parts of P, Q, &e, doe to these mast be found by the nsoal 
methods giyen in statics for writing down Tirtnal work. 

Though the non-conservative forces do not admit of a foroe-fanction, yet 
Bometimes their virtual works may be represented by a differential coefficient of 
another kind. Thus suppose some of the forces acting on a particle of a body to 
be such that their resolved parts parallel to three rectangular axes fixed in space are 
proportional to the velocities of the particle in those directions. The virtual work 

of these forces is Z (/tjx'dx + f^^'Sy + ii^'iz) , 

where A4i a<2> AS ^^ three constants which are negative if the forces are resistances. 
For example, if the particles are moving in a medium whose resistance is equal to 
the velocity multiplied by a constant ir, then Mi t A^i AS ^ae each equal to - c. Put 

- F= 2 2 (Ah^'' + ASy '* + AS''*)- 
Since (x, y, z) are functions of 0, 0, <fec. given by the geometry of the system we 

have, as in Art. 396, a?'=~+ ^^^ tf'+... 

at (to 

with similar expressions for the other coordinates. Substituting we have F 

expressed as a function of tf , 0, <fec., ^, 0', &c. We also notice that, as in Art. 897, 

da^ dx 

^ = -^ . Differentiating F partially we have 

- g=s(/h«'g+4c)=2(M.x'g+4o.) . 

= 'Z(fiix'5x + &c,). 

In this case, therefore, if IT be the force-function of the conservative forces, F the 
function just defined, 08$, 4>d0, &g. the virtual works of the remaining forces, 
Lagrange's equations may be written 

ddT dT^dUdF 

dtde'" de" dd de''^ ' 

with similar equations for 0, ^, do. 

We may notice that, if the geometrical equations do not contain the time 
expUoitly, the function F is a quadratic homogeneous function of ^, 0', &o. 

If the forces whose effects are included in ^ be resistances t then Ah, /s* A<3> ^^- 
are all negative. In this case F is essentially a positive function of the velocities, 
and in this respect it resembles the function T representing half the vis viva. 

If we treat the equations written down above exactly as Lagrange's equations 
are treated in Art. 407 to obtain the principle of vis viva we find 

but in this case F also is a homogeneous function of 9', &o. Hence we find 

~IT-U) = e'e + &G.-2F, 
at 

We therefore conclude that, if the geometrical equations do not contain the time 
explicitly, and if there be no forces present but those which may be included in the 
potential function U and in the function F, then F represents half the rate at 
which energy is leaving the system, i.e, is dissipated. 

The use of this function was suggested by Lord Rayleigh in the Proceedings of 
the London Mathematical Society, June, 1873. The function F has been called by 
him ttie Dissipation function. 
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428. Ex. 1. If any two particles of a dynamioal system act and react on each 
other with a force whose resolved parts in three fixed directions at right angles are 
proportional to the relative velocities of the particles in those directions, show that 
these may be included in the dissipation f auction F. If V^^ F,, V, be the com- 
ponents of the velocities, Mi^zi Ms^y> Ih^t ^^® components of the force of repnlaioii, 
the part of F doe to these is - JS Ot*i^«'+A«2^»'+A«3^j^- This example is taken 
from the paper jnst referred to. 

Ex. 2. A solid body moves in a medium which acts on every element of the 
surface with resisting forces partly frictional and partly normal to the snrfiaoe. 
Each of these when referred to a unit of area is equal to the velocity resolved in its 
own direction multiplied by the same conntant k. Show that these resistances may 
be included in a dissipation function F, where 



9 
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F= ^ { <r (tt* + V* + «?•) + -4 w," + BwyS + Cm/ - 2D w^w, - 'HEta^^ - 2Fw^y } , 

where <r is the area, A^ £, &c. the moments and products of inertia of the ntrfaee- 
of the body, and (u, v, to) the resolved velocities of the centre of gravity of <r. 

429. Systems not holonomous. To explain how Lagrange's 

equations can be used in some cases when the geometrical equations 
contain differential coefficients with regard to the time. 

It has been pointed out in Art. 396 that the independent 
variables 0y <f>, &c. used in Lagrange's equations must be so chosen 
that all the coordinates of the bodies in the system can be ex- 
pressed in terms of them without introducing d\ <f>\ &c. But 
when we have to discuss a motion like that of a body rolling on 
a perfectly rough surface, the condition that the relative velocity 
of the points in contact is zero may sometimes be expressed by an 
equation which, like that given in Art. 137, necessarily involves 
differential coefficients of the coordinates. In some cases the 
equation expressing this condition is integrable. For example: 
when a sphere rolls on a rough plane, as in Art. 144, the condition 
is X — aa = 0, which by integration becomes a? ~ aS = 6, where b 
is some constant. In such cases we may use the condition as one 
of the geometrical relations of the motion, thus reducing by one 
the number of independent variables. 

But when the conditions cannot easily be cleared of differential 
coefficients, it is often convenient to introduce the reactions and 
frictions into the equations among the non -conservative forces in 
the manner explained in Art. 426. Each reaction has an accom- 
panjring equation of condition, and thus we always have sufficient 
equations to eliminate the reactions and determine the coordinates 
of the system. 

The elimination of the reactions may generally be most easily 
effected by recurring to the general equation of virtual work and 
giving only such displacements to the system as make the virtual 
work of these forces disappear. Suppose, to fix our ideas, that 
a body is rolling on a perfectly rough surface. Let 0, if>, &a be 
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the six coordinates of the body, then by Art. 137 there will be 
three equations of the' form 

L, = A,e' + B,<f>'+...=^0 (1), 

the other two being derived from this by writing 2 and 3 for the 
suffix. These three equations express the fact that the resolved 
velocities in three directions of the point of contact are zero. The 
equation of virtual work may be written (Art. 398) 

where IT is the force-function of the impressed forces. Since the 
virtual works of the reactions at the point of contact have been 
omitted, this equation is not true for all variations of 0, ^, &c., 
but only for such as make the body roll on the rough surface. 
But the geometrical equations ii, Z,, L^ express the fact that 
the body rolls in some manner, hence Bd, S^, &c. are connected 
by three equations of the form 

A,B0 + B,Sif>-^..,^O (3). 

If we use the method of indeterminate multipliers (see Art. 
400), the equations of virtual work are transformed in the usual 
manner into 

d dT dT _dU dL^ dL^ dL^ ,,. 

dtW d0 " W^^ d0' '^ '^ d0' '^'^ d0 ^ ^' 

with similar equations for the other coordinates <f>, ^/r, &c. These 
joined to the three equations Z^, L^, L^ are sufficient to determine 
the coordinates of the body and \, /it, v. 

This process will be very much simplified, if we prepare the 
geometrical equations Li, Z9, Z, by elimination, so that one dif- 
ferential coefficient, as 0'y is absent from all but the first equation, 
another, as ^\ absent from all but the second, and so on. When 
this has been done, the equation for becomes 

d dT dT dU dL^ .-^ 

dt dff d0 d0 d0' 

Thus \ is found at once. The values of /i and v may be found 
from the corresponding equations for ^, '^. We may then sub- 
stitute their values in the remaining equations. 

It is here supposed that some of the equations of condition 
represented by equation (1) do not admit of exact integration. 
The systems here considered are therefore not necessarily holono- 
mous, see also Art. 396. 

In Art. 232 of the second volume of this treatise this method 
is applied to find the oscillations of a heavy sphere set rotating 
about a vertical axis and placed on the summit of a fixed rough 
surface. 
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429 a. The method of indeterminate multipliers is really an 
introduction of the unknown reactions into Lagrange's equations. 
Thus let i2i, jR,, i2, be the resolved parts of the reaction at the 
point of contact in the directions of the three straight lines 
used in forming the equations L^, X,, X,. Then Ly, L^, L^ are 
proportional to the resolved relative velocities of the points of 
contact. Let these velocities be /Ciii, /Cjij, KzL^. Then if only 
be varied the virtual velocity of i?i is K^Aihd, which may be 

written Ki -j^ SO, Similarly the virtual velocities of iZ, and iJ, 

JT JT 

are k^ ,^' hd and /c, -r^ hd. Hence, by Art. 426, Lagrange's 

equations are of the form 

d dT dT ^dU p dL^ p dL^ p dL^ 

dtW' dd^de'^ ''^^'W'^ '^^w '^ '''^dff ' 

Comparing this with the equations obtained by the method of 
indeterminate multipliers we see that \, /x, v are proportional to 
the resolved parts of the reactions. The advantage of using the 
method of indeterminate multipliers is that the reactions are 
introduced with the least amount of algebraic calculation, and in 
the manner which is most convenient for the solution of the problem. 

480. AvP^ll's Bqnatloiis. There is another method of forming the general 
'equations of motion besides that of Lagrange which has at least the advantage of 
not being restricted to holonomio systems*. To simplify the 'discussion let ns 
however first suppose that the geometrical equations do not contain any differential 

* The first writer who extended Lagrange's equations to systems in which the 
equations of condition are not expressible in an integrable fonn was Ferrers, 
Quarterly Journal of Mathematic*^ No. 45, Vol. xn. 1872. He replaces Lagrange's 
B equation by another of the form 

dt dd' ^^^ V *■ dt )" dd' 
where By 0, &c. are the generalized coordinates, x^ is a Cartesian coordinate con- 
nected with a mass m,. subject to the condition 

x/=e^^' + *^0' + *^^'+ ... 
which may be integrable or not integrable. 

The method explained in Art. 429 of applying Lagrange's equations to systems 
not holonomous by using indeterminate multipliers was first given in the third 
edition of this treatise, 1877. It requires no new function. 

The equations of Appell are briefly explained in the Compte$ Rendtu, tome cxxix. 
1899, and more fully developed in the Journal dt MatMmatiquet (formerly known 
as Liouville^s Joumal)^ tome vi. 1900. The theory given in Arts. 430 6, &c is chiefly 
founded on the latter account. 

There are also some memoirs on The Equationt of Mechanics by P. Jourdain in 
the Quarterly Journal of Mathematics, 1904, 1905. It appears that he had inde- 
pendently arrived at the equations given by Appell. 

AppeU in Art. 462 of his TraitS de Micanique has given a list ot foreign writings 
on this subject, the earliest being dated 1888. 
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ooeffioients with regard to the time. We have seen in Arts. 398, 899 that the 
equations of motion are inclnded in the form 



_ f „dx „dy „dz\ dU .,. 

Z™ (x"- + 1,"^^ + ." ^j = ^ (1), 



where the dxIdS, &o, are the partial dififerential coefficients of x^ &c, when any one 
coordinate as $ is alone varied. 

We then have by (3) of Art. 396 

x"=?{ + 2-^^+ Ac. +^^'+ &c. 
dt^ dtde d$ 

It follows from the latter equation that the partial differential coefficients 

df^__^_dx 

de"~ de~ de' 

we may therefore write (1) in the form 

^ / „dx" „dy" „dz"\ dU 

If then we introduce a new function 

the equation (2) becomes 

dS _dU dS__dU 

dd"" de' d4/'~di' *° (^'» 

since B stands for any one of the coordinates. Here the differential coefficients with 
regard to ^', ^", <ftc. on the left-hand side and ^, 0, d^o. on the right-hand side are 
partial. The function S has been called the energy of the cLccelerationa, 

When we have constructed a method of expressing the function 8 in terms of 
the coordinates 0, 0, &c. including their first and second differential coefficients 
with regard to t, the equations (8) give the differential equations of motion of the 
system. The right-hand sides are deduced from the force-function U exactly as in 
Lagrange's equations. 

430 a. In calculating the function S we may obviously omit all terms which do 
not contain the second differential coefficients ^', 0", <&c. for all such terms disappear in 
the partial differential coefficients which occur in equations (3). We also notice 
that the function S in general contains quadratic and first powers of 0", <f/\ (fee. 

430 &. Let us now apply similar arguments to systems which are not holonomous. 
Let us suppose that the displacements have been made to depend on k +p coordi- 
nates having p relations between them, so that the variations of k of these are 
arbitrary. Let these he q^, q^, ... q^. Let x^ y, z he the coordinates of any point 
of the system referred to axes fixed in space, then every possible motion of that 
point, consistent with the geometrical conditions, are given by 

dx=a^dqi + a^dq^+ ... +a^dq^ + adt\ 

dy = 6id^i + 6jdgj-f ... ^h^dq^ + bdiK W- 

dz=Cjdq^ + C2dq^-\- ... +c^dq^+cdt) 
Let 9^^^ ... 9^_^p be the p other variables which have been introduced into our 
equations to assist in expressing the geometrical conditions. Let these be related 
to the former variables by equations of the form 

dq^^^ = a^dqj + a^dq2+ ... +o^dg^ + adt[ 

(2). 
dq^+p=\^i + \dq^+ — +\dq^ + '^dt\ 



} 
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Here the coeffioients o^ ... e^ and c^ ... X^ as well as a, 6, c, a ... X may be fanotions 
of all the variables g^ ... q^^^ and t. The right-hand sides of these eqoations are 
not neoessarily exact differentials, but may express geometrical conditions in the 
same way that the equations (1) of Art. 429 expressed the conditions that the body 
there mentioned was rolling on a surface. 

430 e. To form the equations of motion we use the principle of virtoal work as 
in Arts. 398, 399. This equation is 

Sw(ar"ajr + y"«y + 2"a2:) = 2(Xfaj+yay + Za2) (3). 

Since the virtual displacements 5x, dy, ^z are to be consistent with the geometrical 
equations which hold at the time t, we use the equations (1) and (2) withtnU their 

2ate t«mu, hence &r=aj89,+ ... +<i^^^<c (4), 

with similar expressions for dy, Bz. Since Sg^ ... Bq^ are arbitrary the equation (3) 
decomposes into the k following equations 

= \ (5). 

2m (x" a^ + y" 6^ + z"cj = d Ujdq^ j 

These correspond to equations (1) of Art. 430. 

By dividing the equations (1) of Art. 430 bhj dt and differentiating the quotient 
with regard to t, we obtain 

x"=a^q^" + (uq^"+ ... +a^5/ + Ac (6). 

with similar expressions for y*' and z'* obtained by writing b and e for a. The 
terms which do not contain q^" ... q^" are included in the Ac. It is evident that 
<i^=d^'ldqi\ bi=dy"ldqi" and so on. Hence the equations (6) become 

H''^'^'"^'-'"^)-'''"^^ <''• 

with similar equations for the other coordinates. If we now construct the function 

/Sr=12m(a;"»+y"«+0 (8). 

the equations of motion are 

dS _dU dS__dU ^_^ 
dq,"^dq,* d^^'-dq,^ ^""''dq^'-dq, ^^'' 

To form the equations of motion of a system whether holonomous or not it is 
suf&cient to express the function S so tliat it contain* no other second differential 
coefficients than those of the coordinates g^...?^ whose variations are regarded as 
arbitrary. If in constructing the function S any second differential coefficients of 
the remaining coordinates made their appearance they should be eliminated by 
using the conditions (2). After division by dt, these conditions take the linear 

form «'^+i=ai«i'+ •. +a«C + *» 

with similar expressions for g'^,^, Ac. By differentiation we obtain q",^^ ... ^".^.p 
in terms of q^" ... g^", and these should be substituted in the function S, 

430 d. If the forces do not admit of a force-function 17, we proceed as explained 
in Art. 426. Let P^ dq^ be the virtual work of the forces produced by varying q^ only, 
P^dq^ that obtained by varying g, only and so on. We then replace dUldq^^ 
dUjdq^, &0. by Pj, P,, Ac. 

430 e. Another proof. We may also deduce Appell's equations (as he has also 
done) from Gauss' principle of least constraint by translating the formula of 
Art. 394 a into generalized coordinates. This principle applies to systems not 
holonomous because it has not been assumed in the proof that x, y, z are integral 
functions of the coordinates g^, g2 ••• 9^^ • 
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By Gauss* principle the aooelerations assiuned by the system are such as to 
make 2R^=Xm{(a^' -X)* + (y" - y)«+(«"-Z)«}=minimmn subject to the geometri- 
cal conditions of the problem. By differentiating (1) of Art. 430 b we have 

where all terms are omitted which do not contain the second differential coefficients 
^i"» ^a" -'9 " (^*' 430 a). There are similar expressions for y" and «". 
Again if P^ , Pg, <ftc. are the generalized equivalents of X, Y, Z we have 

2w (X6x + Y8y + Z8z) = P^ 5qi + P, 5^, + . . . 
as in Arts. 426 and 430 d. Hence by (4) of Art. 430 e, 

Xa^+Yh^ + Ze^^P^, 
where n has any value from n=l to n^K. It follows that 

Sm [Xa^' + Yy" + Zz") = Pj q^' + P^q^' + Ac. 
Putting 25=2iii (ar"« + y"* + 2"*) we have to make 

B,3=5-(Pi^i" + Pj5a" + &c.)+i2OT(X»+r»+Z«), 

a minimum with regard to 9^", q^' ... qj\ Since these second differential coefficients 
do not appear in the last term of i^j,, we find by differentiation 

(ifif/dg"=Pi, dS/d<?,=P„ &c., 
and these are the equations to be proved. 

430/. To find the function S for any given system of bodies we follow the 
analogy of Lagrange's function T. Since <Sf is a quadratic function of x", y", z'\ 
we first deduce from the general theorem of parallel axes (Art. 14) that the value of 
S for a system of Cartesian axes is equal to that for a parallel system of axes with 
the centre of gravity for origin plus the value of S for the whole mass collected at 
the centre of gravity with reference to the first system. 

We also notice that since x'^^+y'^-k-z"^ is the resultant acceleration of the 
particle m the value of S must be the same for the same bodies, however the 
coordinates may be transformed. 

430 g- To investigate the form of the function S for a body free to turn about a 
fixed "point O when referred to the principal axes at 0, These axes are either fixed 
in the body or (if two or more of the principal moments of inertia at are equal) 
may move in an arbitrary manner, yet so that they remain principal axes. 

The space-velocities of any point (x^ y, z) are by Art. 238 

u = a^z-(a^yt v = ia^x - d^z^ w^iaiy-ta^x. 

The X component of acceleration is 

X=duldt-'ve^+w02 
= -a:(w,« + W5«) + y{wa(wi-<?i) + «i<?j-«8'} + «{w8(wi-^i) + Wi^, + «j'}, 

by using the formulad of Art. 251. 

.-. X'^y^Lw,'^- 2«,' {«a («i - ^1) + «i <?,}] + «« [w^'^ + ^Ws' {«a(«i - ^d + »Ml 
where only terms which contain Wj^ u^'^ *^ hsk^e been retained (Art. 430 a). Terms 
depending on the products ary, yz, zx have also been rejected as they will presently 
disappear when the sununation S is effected. 

The expressions for Y^ and Z^ can be written down by symmetry. We now 
form 2fif=Siii(Z«+r« + -^) and substitute 

22TOar»=5 + C--4, 2:s,my^=C+A-B, ^Xm^^A-k-B-C, 
.-. 2fir=ilwi'> + Bwa'«+C«j'« 

- 2wi' { (B - C) WjMg + il (m,^, - ci^^J} 

- 2w,' {(C - 4) w,wi + B (wj^i - wj^g) } 

- 2wj' {(-4 - B) M,«j + C (wj^a - w^}' 
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If the axes are not principal axes, we must add to these three sets of terms eon- 
taining D, E, F respectively as factors. The first set is 

those with E and F follow by symmetry. 

480 k. To deduce Euler^s equatiom. Let the moving axes be fixed in the body, 
then 9j = fitfj , ^, = cijg , $^z=. (tfg. We then have 

since the body has three degrees of freedom, we have to choose three variables 
9i} 92* 9x which are to be arbitrary and whose variation^ shoold express every 
possible small displacement of the body. These conditions are satisfied if we pat 

d9j = w^(2t, dq^=.ta^dt^ dqg=ia^dt. 
We then have 

The equation dSldq^'=dUldq^ then gives Aq^" -(B-C)q^'q^'=dUldq^. This 
becomes Euler's first equation (Art. 252) when we write 9i'=(i^t J^» and 
dUldq^ = L (Art. 340). 

430 i. An elliptic disc rolls in a vertical plane on a rough ground. To form the 
equation of motion. 

Let {, Tf be the coordinates of the centre C, ^ being measured along the ground 
and 7f vertically upwards. Let be the angle the major axis makes with the vertical. 
Let P be the point of contact and let CN=^ri be the perpendicular from C, let also 
PN=u, Since the point P of the body is at rest we have 

If the mass be unity, we have 

Hence by eliminating ^', if' 

2^=((7+i,« + u«) ^''3+2 (17^+u ^] ^r. 

where only terms which contain $" are retained. The equation dSjdff'^dUIdd gives 

(C + ir» + u«)^" + ^~(i;« + u'»)(?^=-p|^. 

Since the boundary is an ellipse, both 17 and u are known functions of 0. 

We may easily verify this result by using the ordinaiy equations obtained by 
resolving and taking moments. 

430 J. To determine the motion of a circular disc or hoop roUing on a rough 
ground but not necessarily in a vertical plane. 

In the figure the disc GP is drawn with its plane perpendicular to the paper, 

GM is a perpendicular from the centre G on the 
ground and P is the point of contact. Let GP, GB, 
GC be the moving axes of reference; since OC is 
fixed in the body its motion whether deduced from 
the angular velocities (t^, w^, (u^ of the body or the 
angular velocities {0i, 9,, d^ of the axes must be the 
same, hence 0^=:aij, tf^saig. 

Let tt, V, tv be the components of the velocity of G 
along the axes of reference, then since P is in^tanta 
neously at rest, 

u=0, v+au^=sO, w-a«i2=0. 
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■ 

The component aooelerationB of G are by Art. 251 

X = dujdt -v$^+w$^=i awy 0^ + owa^ 

Z = dw/dt ~ u$2 + vdi = owj' - aiiy, Wj , 
If /S19 be the port of jS> which depends on the motion of O we have 

where all terms which do not contain (a^', w,' or ai,' are omitted. 

Let Si be that part of S which depends on the motion relative to O. By writing 
A = B, $i=^<ai, $2=Ui in Art. 430p we deduce 

2/Sfi = il («i'« + wg'*) + Cw,'' + 2 (ii^j - Cw,) (wj Wj' - «j«i'). 

The complete value of S is found by adding together Sf^ and Si (Art. 480/). We 
now introduce the variables qi,q2i $3 where a8 before dqi^taidt^ dq2=ia^tf dq^^^ta^t 
(Art. 430 h) and deduce 

28 = Aqi"^ +(A + a») q^"^ + (C + a«) g/" 

+ 2 (Ads - Cg,0 (9i V - qM') + 2a\{ {qiqi' - q^'q^'). 
We notice that since ^, is an angular velocity (not an acceleration) we are not 
obliged to eliminate it before differentiating the function S (Art. 430 a). 

We have yet to consider the differential coefficients dUldqi, Ac. When the 
body receives the angular displacements dqi^ dq^, dq^ the centre G moves and the 
body turns round P as an instantaneous centre. Hence dUjdqi, <feo. are the 
moments of the forces about axes parallel to OA, OB, OC but having their origin 
at P (Art. 340). These moments are 

dUldqi=:0, dUjdq^^i-gaQOBe, dUldq2=0, 

where is the angle the plane of the disc makes with the horizontal ground. 

The equations of motion of the disc are therefore 

Aqi^' - [Ad,- Cq^') q^' =0, 

(.1 + a2) ja" + (^Bz- Cq^') g/ - a^^i V = - ^a cos $, 
(C+a«)^," +a«g,V=0. 

The problem of the motion of a disc or hoop rolling on a rough ground is also 
discussed by another method in Art. 244 of Vol. 11. of this treatise. The variables 
there used are the two angles 9, ^ of Euler and (tf,. If we write in the equations (5) 
of this article 9/ = o^i = - ^' sin ^, q^=.(a2=^0\ 93'= ^s* ^s=^'cos^ we arrive at 
equations equivalent to those in YoL 11. The interpretation of these equations will 
be found in that volume. 

431. Chang* of tlM lnd»p»ndmt Tariabto. A system of n degrees of freedom 
is defined by the Lagrangian function 

L^T+V+C, r=iilii^'3 + ^i2^'0'+*c (!)• 

Let us now change the independent variable t to rand put P=drldt, For the 
sake of distinctness let suffixes applied to the coordinates B^ 4>t &o. mean differentia- 
tions with regard to r just as accents denote differentiations with regard to t ; then 
^=Ptfj, 0'=P0i, Ac. We now write 

ri=iAiV+^i2^i^ + (2). 

so that Tj differs from T only in having r written for t. The equation of vis viva 

is therefore T=P^Ti=U+C (3). 

We shall now prove that we may take as a Lagrangian function either of the forms 

L,=PT, + -+-=2{(t^+0r,}* (4), 

the second being derived from the first by using (3). Here P is an arbitrary function 
of the coordinates 0, 0, Ac. and their velocities ^^ ^, Ac* 

B. D. 23 
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The new Lagrangian equations will then be 

d dL-i _ dLi d dL^ _ dZti j, ^■.. 

5^di^i""W drd^''~d^' ^^'* 

To prove this we form the partial differential coefficients dLJdBif dLJdd, 

^^1 r>iA n A ^ ^ . fm U+C\dP dT (^ U+C\dP ,^, 

since ^ = P^^ , 0' = P^j , Ac, 

dL^_padA,, ) IdU ( U+C\dP 

1 (dT . dU\ 

p\de 

Substituting in the Lagrangian equation 



^'■^*'^H''-"-^S ">■ 



ddTdT dU 
dt de'~d$^de' 

and using the equation (3) because djdt is a total differential coefficient we anlTe at 
the new typical equation -_ -^ = -^ , 

where dr has been written for PdU 

The first of the two forms for Li given by the equation (4) should be used when 
we desire to simplify the original form of the Lagrangian function L by a proper 
choice of the arbitrary factor P. Thus in the example solved in Art. 431a, we 
transfer a factor M from the expression for T to that for U. 

The second form may be used when we wish that the new independent variable r 
should have any special valve, while the form of P is a matter of indifference. For 
example, in Art. 431 b we replace t by one of the coordinates and thus eliminate 
the time from the Lagrangian eqtuitiofis, 

431 a. As an example consider Liouville's integral, Art. 407, Ex. 4. We have 

T=iM{A^e'^ + A^if>'^+Ac,}, U+C={Fi{e)+F^{if>) + &c.}IM, 

where A^ is a function of $ only, A^ot <f> only, <&c., while M may be a fonction of all 
the coordinates. Taking P=s IjM we form the Lagrangian function 

The Lagrangian $ equation then becomes 

Hence by an easy integration we have 

This is the integral already arrived at in Art. 407. 

431 &. When the paths of the particles are alone required, toe may eliminate 
the time from the Lagrangian equations by using a new function instead of the 
Lagrangian function. 

In this method we choose some one coordinate ^ to be the independent variable 
and regard the others 0, ^, &c, as unknown functions of $ whose forms are to be 
found by the altered equations of motion. Let 

r=i.iu^'«+.iu^y+j.i„0'«+^„0y+(fco (i). 
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where aocentB denote difiPerential coefficients with regazd to the time. Let also 

# 

r'=Mii + ^ia^ + i^«0i'+^a0i*i + Ao (2)» 

where the suffixes of <f», yj/, Ao, here denote differentiations with regard to the new 
independent variable $, 

where the differential coefficients of T and T* are partial. 
The equation of energy gives 

mu T ,, d dT dT dU. 

The Lagrangian equation -r. -rn " jT ^ jT o©oon^«8 

/£+C\*_d J/ ^+ C\* dry _ dT U+C dU 
\ T' ) dS \\ f ) d^f ■" rf0 T' "^ d0' 

where all the differential coefficients are partial except the d\dB, Since V is not a 
function of 0^ , this becomes 

^^<([r+C)r'}*=^{(i7+C)r'}i (6). 

If then we use Q= {{U + C) T'\^ at if it were the Lagrangian function and regard 
•$ a$ the independent variable^ we have the equations 

ded4^' dit>' d<?#i"#' ^ ^* 

from which the paths may he found. 

This result also follows from the theorem of Art. 431 by putting dT=sddt and we 
have here reproduced in another form so much of that article as is required for our 
present pturpose. Since dr = Pdt we have P = dBjdt, and <?j = 1, 0^ = d<f>ld$ and so on. 

It immediately follows from (2) and (3) of Art. 431 that Tj = r', Pr=:^I^^^ . 
The Lagrangian function given by (4) of that article becomes 

Li=2{(C7+C)r}*=20. 

431 c. We notice that however the expressions for the vis viva and the work 
function may be altered, yet so long as the product {U+C)T remains unchanged 
the general equations of the paths are determined hy the same relations between the 
coordinates 0, 0, &o. The times of describing tbe paths may however be altered. 

431(2. Since in the Lagrangian equations, the letters 0, 0, &c. represent 
arbitrary functions of the quantities or coordinates which determine the position of 
the system, it is evident that we have here taken as the independent variable any 
arbitrary function of the coordinates. 

431 e. If some one coordinate, say 0, is absent from the product (U+ C) T 
{though T' contains the differential coefficient of 0) we have dQjdfp—Q. It follows 
that one integral of the equations of motion is 

d0i ' V^-»-W ^^ 

where a is an arbitrary constant. If C is an arbitrary the product Q cannot be 
independent of unless T* and U are separately independent of 0. But when C is 
given by the initial conditions this limitation is not necessary. 

If we substitute for dT'ld<l>i and 0' the values given by (3) and (4) of Art. 431 5, 
this integral becomes dTjd^/ = 9a which is the same as that obtained in Art. 407, Ex. 6. 

23—2 
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431/. To make a oomparison of methods, let us oae the fanotion Q to inTesti*^ 
gate the paths when T and U have the forms given in Art 431 a. We have 

where $ is the independent variable and 4>i=d4tld$, We deduoe 
Q«=J(2(, + ilj0ia + Ac.)(?, G=Fi(d) + F,(0) + <fcc. 

„. , d dO dO , 

The equation ^7: ^ =^ becomes 
^ d0 d^i d<p 

d^ Q "" 2Q d0 "*■ 2g d^ * 



G0 



1 d /«0i . \ 1 fO<f>,ydA, dF. 



.1 d/GM« l/GM«d4._dF, 

Substitute for G and Q and we find 

F,(0)+F^{<f>) + ... F^(<t>)+§ F,{^)+7 " 

the third and other fractions follow by symmetry. Since <f>i==d^ld$, xf^^^d^ldBy 
d^c, these results agree with those obtained by eliminating t in Art. 431 a, 

431 g. In some cases the Lagrangian function L takes the form 

Ii=(i.4iid'«+&c.) + (^i^ + i<a^' + &c.) + .4o+^+<7. 
where Ay^^ &c., A'^^, Ac, and A^ are functions of the coordinates but not of t. The 
equation of vis viva is then (by Art. 407, Ex. 2), 

\A^e'^ + &xi.'A^=XJ-\-C. 

Proceeding exactly as before we change dt into dr by taking as a new Lagrangian 

function L^=P (\A^^e^^+&Q,) + (A^e^-\-&Q.)-{-'^''^^'^^ , 

where as before B^ = dOfdr and P = dr/dt. 
The equation of vis viva gives 

431 h. The elimination of the time from the Lagrangian equations is given by 
Painlev6 in his LtQons sur Vintigration des SqiuUioru diffirtntieUes de la Micanique^ 
1895, page 237. By an application of the principle of least action he obtains the 

function here called Q and writes the equations in the typical form -3— ,-^= ~- . 

dqi dq^ dq^ 

From these he deduces (page 239) that the Lagrangian equations may be written in 

the two forms 

ddTdT_dU d dT' dT' 

dtdq' dq~ dq' dr dq' dq " * 
where T'=T{U+C) and dT=(U+C)dt, This special result follows from that 
given here by putting P=U+C, Its importance lies in the fact that by this change 
the motion is made to depend on that of a system moving under no force& 

The elimination of the time from Lagrange's equations is also given by Darboox 
in his Legofu 8ur la thSorie gin€rale des surfaces^ Art. 671, 1889. He expresses the 
result in the same form as Painlev6. 



EXAMPLES. 357 

EXAMPLES*. 

1. Two weights of masses m and 2m respectively are conneoted by a string 
which passes over a smooth pulley of mass m. This pulley is suspended by a 
string passing over a smooth fixed pulley, and carrying a mass 4m at the other end. 
Prove that the mass 4m moves with an acceleration which is one twenty-third part 
of gravity, 

2. A uniform rod of masQ 3m and length 21 has its middle point fixed, and a 
mass m attached at one extremity. The rod when in a horizontal position is set 
rotating about a vertical axis through its centre, with an angular velocity equal to 
tj(2fngll). Show that the heavy end of the rod will fall till the inclination of the 
rod to the vertical is cos"^ (>/n'^+ 1 - n), and will then rise again. 

3. A rod of length 21 is constrained to move on the surface of a hyperboloid of 
revolution of one sheet with its axis of symmetry vertical, so that the rod always 
lies along a generator. If the rod start from rest, show that 

r^-2a/^'sino+a>«'*+sin»o(r«+^P)d'«+2^ooso(r-ro)=0, 

{a« + siu«o(r»+iP)} ^-ar' sino=0, 

where r is the distance measured along a generator from the centre of gravity to 
the principal circular section, d is the excentric angle of the point in which the 
generator meets this circular section, a is the radius of the circular section, and a is 
the inclination of the rod to the vertical. 

4. A ring of mass m and radius h rolls inside a perfectly rough ring of mass M 
and radius a, which is moveable about its centre in a vertical plane. If ^, be the 
angles turned through by the rings from their position of equilibrium, prove that 

a^+6^=(a-6)^, Ma$"=mb4/\ (2M+m) (a- &)f"= -(Jf+m)^ sin \^, 

5. If Z, m, n be the direction-cosines with respect to fixed axes of a rod moving 
in any manner in space, and if V be the potential energy, prove that 

I V df*"'" dl)~m\ df' '^dm)''n\ dt^^ dnj' 

where I is the moment of inertia of the rod about an axis through its centre 
perpendicular to its length. See Art. 400. 

6. A particle of mass m moves in one plane, and its motion is referred to areal 
coordinates x, y, z. If 2T be the vis viva, and V the potential energy expressed as 
a homogeneous function of the areal coordinates, prove that 

2T=-m (c^y'z' -I- 6«« V 4- c«x'y'), 
m (6«z" 4- c«y") - 2 ^^mic'^i:' + a^z") - 2 ^= m (a«y" + }^x") - 2 ^, 

7. A heavy rod, whose length is 2a, slips down with its extremities in contact 
with a smooth horizontal floor and a smooth vertical wall; the rod not being 
initially in a plane perpendicular to the walL If B be the inclination of the rod to 
the vertical, and ^ the inclination of the horizontal projection of the rod to the 
intersection of the planes, prove that 

d* , d" . . 3o 

4 —^ (cos ^) =cot ^ sec f ^ (sm ^ cos ^) - -^ , 

d* ^ 

4 -r-j (sin B sin f ) = tan ^^ (sin B cos f ). 

* These examples are taken from the Examination Papers which have been set 
in the University and in the Colleges. 
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8. A particle moTes under the action of two centres of repnlsiTe force F and G 
tending from two fixed points, at a distance 2c from each other. Show that the 
Lagrangian equations of motion may be written in the form 

dtdX'" dK * dtdfi' d/i'' * 

where X and fi are the elliptic coordinates of the particle referred to the fixed points 

as foci, and r^ — s = 7= — 3 + ^ — i . 

9. If r, ^ be the polar coordinates of a particle of mass m which deaaribee 
an orbit nnder the action of a central force F tending to the pole, and 
u, v be the corresponding momenta, proTe that the Hamiltonian fdnction is 

Hb^ + q— -^+ Jl'Vir. Thence deduce the Hamiltonian equations of motion 

li^m/, t7=mr»^, mr^{u'-\-F)==v^, t7'=0. 

10. A perfectly rough horizontal disc, free to turn about a Tertical axis, carries 
a symmetrical spinning-top. The inclination of the axis of the top to the yertieal 
being d, and being the azimuth, relative to the disc, of the vertical plane con- 
taining the axis, shew that the modified function 2Z' is of the form 

A (tf'«+sin»^0'») + 2 Cn cos $</>' - (7fi« - 21f^fc cos 0--^, 

where D=I+Ma (a + 2A sin ^co8 0)+^8in3^t 

N=P-(A BinB+Mha cos^) sin e<f>' 

- Mha coB$Bmff>$'-Cn cos $, 

a is the distance of the vertex of the top from the fixed axis, P and Cn are constant 
momenta, and I, A, C are inertia constants. [St John's GoU. Deo. 1904. 

See Arts. 365 Ex. 1, 420, 421. 



CHAPTER IX* 



SMALL OSCILLATIONS, 

Oscillations with One Degree of Freedom. 

432. When a system of bodies admits of only one independent 
motion and is making small oscillations about some mean position, 
or some mean state of motion, it is in general our object to reduce 
the equation of motion to the form 

d^x « dx , 

where x is some small quantity which determines the position of 
the system at the time t. This reduction is effected by neglecting 
the square of the small quantity x, 

433. *g^«»«««g of the Tarms. We suppose the equation to be obtained by 
writing down the equations of motion of all the particles, and then eliminating 
the reactions. Let us consider the case in which the system is displaced from a 
position of equilibrium. We represent the amount of displacement by some letter x 
such that, X being known, the position of every particle can be deduced from the 
geometrical conditions of the system. The displacement ^ of any particle fit is 
therefore some function of x, and since the square of :i; is to be neglected in a 
small oscillation we have by Maclaurin's theorem ^==G-\-Hx, where G and H are 
some constants depending on the position of the particle in the system. The 
effective forces on m are (1) Hmx along the tangent to its arc of oscillation, and 
(2) a centrifugal force which has mx* in the numerator, and may therefore be 
neglected. The effective forces therefore contribute terms of the form x to the 
differential equation. 

The impressed forces on the system are of three kinds. 

(1) The system being displaced the forces of the system tend to bring it back 
to its position of equilibrium, if this position is stable. These forces are all 
functions of x, and since the square of x is neglected, they contribute terms of the 
form c-bx io the equation. The terms c-bx therefore represent the natural 
force* of TMiitutUm. 

(2) There may be some foreet of resiitance acting at special points of the 
system which depend on the velocities of the particles. The velocity of any such 
particle m wUl be some function of |, which, as before, may be taken equal to Hx. 
These resistances will therefore contribute terms of the form ax to the equation. 
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(8) We may have some small external farces which are fuDctions of the time. 
We may, when thej exist, represent them by a term / (t) on the right-hand side of 
the equation. 

We see that the effective forces and the three kinds of impressed forces contribute 
different kinds of terms to the eqnation, and, since the products of these terms are 
to be neglected, each term comes exclusively from the source mentioned. 

We propose in the first instance to omit the external forces, and to consider the 
motion of a system acted on only by the forces of restitution and the forces of 
resistance. The oscillation produced by these two together is called the natural 
or free vibration. The oscillations produced by the external forces are sometimes 
called forced vibrations, and will be considered under that heading in Vol. n. 

434. Solution of the Equation. It generally happens 
that a, 6, c are all constants, and in this case we can completely 
determine the oscillation. By putting x = c/b + fc""***, when 6 is not 
zero, we reduce the equation to the well-known form 

When 6 — a' is positive, let us, for the sake of brevity, put 
J — a'=sn'. We then have 

^-T + ^^"^ sin (nt + B), 

where A and B are two undetermined constants which depend on 
the initial conditions of the motion. The physical interpretation 
of this equation is not difficult. It represents an oscillatory 
motion. The central position about which the system oscillates 
is determined by a? = c/b. The system passes through this central 
position whenever n^ -f- -B is a multiple of tt. We therefore infer 
that the interval between two successive passages through the 
central position is tt/w. To find the times at which the system 
comes momentarily to rest we put dx/dt = 0. This gives 

tan {nt + B) = n/a. 

The interval from one position of momentary rest to the next 
is also ir/n. Measuring the time from any passage through the 
central position we have x = c/b when ^ = and therefore fi = 0. 
The least negative root of the equation tan nt =? n/a (taken 
positively) gives the interval from any position of momentary 
rest to the central position, and the least positive root gives 
the interval from the central position to the next position of 
rest. The former is evidently greater and the latter less than 
7r/2n, the sum of the two being 7r/n. The extent of the 
oscillations on each side of the central position may be found 
by substituting the values of t given by this equation in 
the expression for x — c/b. Since these must occur at a 
constant interval equal to tt/w, we see that the extent of the 
oscillation continually decreases, and that the successive arcs 
on each side of the position of equilibrium form a geometrical 
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progression whose common ratio is 6-*'/**. The quantity n is 
called the frequency of the oscillation. This very useful term has 
been introduced by Lord Rayleigh in his Theory of Sound, 

When 6 — a' is negative, we put 6 — a' = — i;*. In this case 
the sine in the solution must be replaced by its exponential value, 

6 

where C and D are two undetermined constants. The motion is 
now no longer oscillatory. If a and b are both positive, v is 
less than a, aud in this case, whatever the initial conditions 
may be, x ultimately becomes equal to c/6, and the system con- 
tinually approaches the position determined by this value of x. 
The same thing occurs if v be greater than a, provided that the 
initial conditions are such that the coefficient of the exponential 
which has a positive index is zero. 

If 6 — a' = 0, the integral takes a different form, and we have 

x = ^^ + (Et + F)e-^\ 

where E and F are two undetermined constants. If a be positive, 
the system continually approaches the position given by bx = c. 

435. When the value of a? as given by these equations becomes 
large, the terras depending on x^ which have been neglected in 
forming the equation may also become great. It is possible that 
these terms may alter the whole character of the motion. In 
such cases the equilibrium, or the undisturbed motion of the 
system as the case may be, is called unstable, and these equations 
can represent only the nature of the motion with which the system 
begins to move from its undisturbed state. 

436. Ex. 1. Find the nltimate valne of x when we have initiaUy 

dx , ^ f c\ 

tPx dx 
Ex. 2. Show that the complete integral of -3- + 2a -rr + &x=/(t) is 

at at 

x=ze-'* \xQ^^ + xJcoBnt + ^Binnt)X +i T €-«('"«') sin n (t - 1')/(0 ^^'1 
where Xq, x^ are the values of x and i when t=0. [Math. Tripos, 1876. 

437. It will be often found advantageous to trace the motion 
of the system by a figure. Let equal increments of the abscissa 
of a point P represent on any scale equal increments of the time, 
and let the ordinate represent the deviation of the coordinate x 
from its mean value. Then the curve traced out by the repre- 
sentative point P will exhibit to the eye the whole motion of the 
system. In the case in which a and b — a^ are both positive the 
curve takes the form here represented* 
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The dotted lines .correspond to the ordinate ± Aer^. The 
representative point P oscillates between these, and its path 



alternately touches each of them. In just the same way we may 
trace the representative curve for other values of a and 6. 

The most important case in dynamics is that in which a = 0. 
The motion is then given by 

a?-^=r^sin(V6f + 5). 

The representative curve is then the curve of sines. In this 
case the oscillation is usually called harmonic. 

438. Ex. 1. A BjBtem oeeiUates aboat a mean position, and its deyiation is 
meaanred by je. If Xq and i, be the initial Talaes of x and i, show that the system 

will neyer deviate from its mean position by so mnch as <-• h _ "2 *^( *' * 

be greater than a^. 

Ex. 2. A system oscillates about a position of equilibriam. It is required to 
find by observations on its motion the numerical values of a, &, c. 

Equations to find the constants may be constructed by measuring x at 
different times, but some measurements can be made more easily than others. 
For example, the values of x when the system comes momentarily to rest can be 
conveniently observed, because the system is then moving slowly, and a measiune- 
ment at a time slightly wrong will cause an error only of the second order, 
while the values of t at such times cannot be conveniently observed, becaaae 
owing to the slowness of the motion, it is difficult to determine the precise moment 
at which x vanishes. 

If three successive values of x thus found be x^ ^Tj, x,, the ratio of the two 

successive arcs x^-x^ and x^-x^ is a known function of a and b, and one equation 

can thus be formed to find the constants. If the position of equilibrium is 

unknown, we may form a second equation from the fact that the three ares 

c c c c 

X|-r» '9~T9 ^s'X ^^ ioTUx a geometrical progression. In this way we find , 

which is the value of x corresponding to the position of equilibrium, and also ajn. 

The position of equilibrium being known, the interval between two successive 
passages of the system through it can be conveniently observed. This is also a 
known function of a and &, and thus a third equation may be formed. 
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Ex. 3. A body peifonnfl rectilinear yibrations in a medium whose resistanee is 
proportional to the velocity, mider the action of an attractive force tending towards 
a fixed centre and proportional to the distance therefrom. If the observed period 
of vibration is T, and the coordinates of the extremities of three consecative semi- 
vibrations are p, q, r, prove that the coordinate of the position of equilibrium and 
the time of vibration if there were no resistance are respectively 

pr-q^ I 1 A «-o\«l -* 



p + r-2q 



and 2*11 + ^ Aog ^ yi . [Math. Tripos, 1870. 



First Method of forming the Equations of Motion. 

439. When the system under consideration is a single body 
there is a simple method of forming the equation of motion which 
is sometimes of great use. 

Let the motion be in two dimensions. 

It has been shown in Art. 205, that if we neglect the squares 
of small quantities we may take moments about the instantaneous 
centre as a fixed centre. Usually the unknown reactions will be 
such that their lines of action will pass through this point, their 
moments will then be zero, and thus we shcUl have an eqvaiion 
containing only known quantities. 

Since the body is supposed to be turning about the instan- 
taneous centre as a point fixed for the moment, the direction of 
motion of any point of the body is perpendicular to the straight 
line joining it to the centre. Conversely, ivhen the directions of 
motion of two points of the body are knovm, the position of the 
instantaneous centre can be found. For if we draw perpendiculars 
at these points to their directions of motion, the perpendiculars 
must meet in the instantaneous centre of rotation. 

The equation may, in general, be reduced to the form 

ifiji ^'^ — /moment of impressed forces about\ 
dt^ \ the instantaneous centre / * 

where is the anc^le some straight line fixed in the body makes 

with a fixed line m space. In this formula Mk^ is the moment 

of inertia of the body about the instantaneous centre, and since 

d*0 
the left-hand side of the equation contains the small factor -j- 

we ma^ here suppose the instantaneous centre to have its mean 
or undisturbed position. On the right-hand side there is no small 
factor, and we must therefore be careful either to take the moment 
of the forces about the iiistantaneous centre in its disturbed position, 
or to include the moment of any unknown reaction which passes 
through the instantaneous centre. 

Ex. If a body with only one independent motion can be in eqailibrinm in the 
same position nnder two different systems of forces, and if Lj, L^ are the lengths 
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of the simple eqaivalent pendulamB for these systems acting separately, then the 
length L of the equivalent pendulum when they act together is given by 

A- A JL 
lu Lj Lj 

. 440. Ex. 1. A homogeneous hemisphere j^erforms small oscillations on a perfectly 
rough horizontal plane : find the motion. 

Let C be the centre, G the centre of gravity of 
the hemisphere, N the point of contact with the 
rough plane. Let the radius = a, CG^e^ 

0= INCG. 

Here the point N is the centre of instantaneous 
rotation, because, the plane being perfectly rough, 
sufficient friction is called into play to keep N at 
rest. Hence taking moments about N 

(k*+GN^)$=-gc.Bme. 

Since we can put GN=:a-c in the small terms, this reduces to 

{k^+(a-c)*}0-{'gc.e=O, 




Therefore the time of a small oscillation is 2t 



V eg 



eg 

It is clear that ft' + c'=sq. of rad. of gyration about C=|a^ and that c=|a. 

If the plane had been smooth, M would have been on the instantaneous axis, 
GM being the perpendicular on CN. For the motion of ^ is in a horizontal 
direction, because the sphere remains in contact with the plane, and the motion 
of G is vertical by Art. 79. Hence the two perpendiculars GM, NM meet on the 
instantaneous axis. By reasoning similar to the above the time is found to be 
2T»Jk*lcg, 

Ex. 2. Two circular rings, each of radius a, are firmly jointed together at one 
point so that their planes make an angle 2a with one another, and are plaoed on a 
perfectly rough horizontal plane. Show that the length of the simple equivalent 
pendulum is } a (1 + 3 cos' a) cos a cosec' a. [Math. Tripos. 

Join the centres C, C\ and describe the enveloping cylinder whose generators 
are parallel to CC, Treat the elliptic perpendicular section drawn through the point 
of contact A of the two circles as the rolling body, the k^ about the point of contact 
being equal to that of the two circles about the generator most remote from A, 

441. OBcillationB of Cylinders. A cylindrical surface of 
any form rests in stable equilibrium under gravity on another 
perfectly rough cylindrical surface, the axes of the cylinders being 
horizontal and parallel. A small disturbance being given to the 
upper surface, find the time of a small oscillation. 

Let BAP, RA'P be the sections of the cylinders perpendicular 
to their axes. Let OA, GA' be normals at those points A, A! 
which before disturbance were in contact, and let a be the angle 
made by -40 with the vertical. Let OPG be the common normal 
at the time t. Let Gt be the centre of gravity of the moving body, 
then before disturbance A'Q was vertical. Let A'0== r. 

Now we have only to determine the time of oscillation when 
the motion decreases without limit. Hence the arcs AP, A'P will 
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be ultimately zero, and therefore C and may be taken as the 
centres of curvature of AP, A'P. . Let p^OA^ p r=^ CA\ and let 
the angles AOP, A'CP be denoted by ^, ^' respectively. 

Let be the angle turned round by the body in moving from 
the position of equilibrium 

into the position EA*P. n' /^ C 

Then, since before disturb- 
ance A*C and AO were in 
the same straight line, we 
have d=^Z.CDE^<f> + <^\ 
where CA* meets OAE in 
D. Also, since one body 
rolls on the other, the arc 
^P = arc^'P, .-. p<f> = pif>\ 

p + p 

Again, in order to take 
moments about P, we re- 
quire the horizontal dis- 
tance of G from P; this 
may be found by projecting 

the broken line PA' + il'G on the horizontal The projection of 
PA' = PA' cos (a -h ^) = p(t> cos a when we neglect the squares of 
small quantities. The projection, of A'O is r0. Thus the hori- 
zontal distance required is f ^^ ,cosa — rj^. 

If k be the radius of gyration about the centre of gravity, the 
equation of motion is 

If L be the length of the simple equivalent pendulum, we 

have k^-hr^ pel 

J. — = V , cos a — r. 
L P + P 

442. Circle of Stability. Along the common normal at 
the point of contact A of the two 
cylindrical surfaces measure a length 

AS- s, where - = - + -, and de- 

^ P P 
scribe a circle on AS as diameter. 

Let A ff, produced if necessary, cut 

this circle in N. Then 

ON =: 8 cos a — r, 

the positive direction being from N 
towards A. The length L of the 
simple equivalent pendulum is given 
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by the formula 

L . GN^ sq. of raA of gyration about A, 

It is clear firom this formula, that if (?* lie without the circle 
and above the tangent at J., L is negative and the equilibrium 
is unstable, if within, L is positive and the equilibrium is stable. 
This circle is called the circle of stability. 

This rule will be found very convenient to determine not only 
the condition of stability of a heavy cylinder resting in equilibrium 
on one side of a rough fixed cylinder, but also to determine the 
time of oscillation when the equilibrium is disturbed. An ex- 
tension of the rule to cases of rough cones and other surfaces will 
be given further on. 

443. It may be noticed that the preceding result is per- 
fectly general and may be used in all cases in which the locus of 
the instantaneous axis is known. Thus p is the radius of curva- 
ture of the locus in the body, p that of the locus in space, and a 
the inclination of its tangent to the horizon. 

If dx be the horizontal displacement of the instantaneous 
centre produced by a rotation dd of the body, the equation to 
find the length of the simple equivalent pendulum of a body 
oscillating under gravity may be written 

A* + r* _ d^ _ 

^ L 'W ''• 

This follows at once from the reasoning in Art. 441. It may 
also be easily seen that the diameter of the circle of stability is 
equal to the ratio of the velocity in space of the instantaneous axis 
to the angular velocity of the body. 

Ex. 1. A homogeneous sphere makes small oscillations inside a fixed sphere so 
that its centre movee in a vertical plane. If the roughness be sufficient to prevent 
all sliding, prove that the length of the equivalent pendulum is seven-fifths of the 
difference of the radii. If the spheres were smooth the length of the equivalent 
pendulum would be equal to the difference of the radii. 

Ex. 2. A homogeneous hemisphere being placed on a rough fixed plane, which 
is inclined to the horizon at an angle siir'^^J^^ makes small oscillations in a 
vertical plane. Show that, if a is the radius of the hemisphere, the length of the 
equivalent pendulum is ^^ (92 - 5 j^l4) a. 



* Let 12 be the radius of curvature of the path traced out by (7 as the one 
cylinder rolls on the other, then we know that R=-tt^ ^ and that all points with- 
out the circle described on A8 ba diameter are describing curves whose concavity 
is turned towards A^ while those within the circle are describing curves whose 
convexity is turned towards A» It is then clear that the equilibrium is stable^ 
unstable, or neutral, according as the centre of gravity UeB within, without, or on 
the circumference of the circle. 
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444. If the body be acted on by any force which paaees through the centre of 
gravity, the resnlts mast be slightly modified. Just as before, the force in eqni- 
libriam must act along the straight line joining the centre of gravity G to the 
instantaneous centre A. When the body is displaced, the force cuts its former 
line of action in some point F, which we shall assume to be known. Let AF=f, 
taking / positive when G and F are on opposite sides of the locus of the instan- 
taneous centre. Then it may be shown by similar reasoning, that the length 
L of the simple equivalent pendulum undieat this force, supposed constant and 

equal to gravity, is given by ^ - = ^ , cob a - ^ — , where a is the angle the 

direction of the force makes vnth the normal to the path of the instantaneous 
centre. 



If we measure along the line AG a, length AG' so that 



expression for L takes the form — = — = G'N. 



AG' 



1- — . then the 

AG AF* 



The equilibrium is therefore stable 



or unstable according as G' lies within or without the circle of stability. 



445. OaeOlatlons of a body xMttlns on two eniroa. Two poinU A^ B of 
a body are constrained to describe given curves, and the body is in equilibrium under 
the action of gravity, A small disturbance being given, find the time of an oscillation. 

Let C, D be the centres of curvature of the given curves at the two points A, B. 
Let AC, BD meet in O. Let 
G be the centre of gravity 
of the body, GE a perpen- 
dicular on AB. Then in 
the position of equilibrium 
OG is vertical. Let t, j be 
the angles which CA, BD 
make with the vertical, and 
let a be the angle AOB. 
Let A\ B\ G', E' denote the 
positions into which A, B, 
G, E are moved when the 
body is turned through an 
angle $, and let C be the 
point of intersection of the 
normals at A\ B\ Let 
ACA'=zip, BDB*=4t\ Since 
the body may be brought ^ 
from the position AB into 
the position A'B' by turn- 
ing it about through an angle $, we have ' = f)j/ =^' ^^ ^^' ^ 

ultimately perpendicular to OG, and we have GG'=^OG.$, Also let x, yhe the 
projections of 00^ on the horizontal and vertical through 0. Then by projections 

X COS j + y sin j= distance of 0' from CD = OD . 0', 

X cos i - 2^ sin i=di8tance of 0' from 0C= OC . ; 

_ QD.8ini.0' + QC.sinj.0 
sma 
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NoW| taking moments about O' as the centre of instantaneoas rotation, we have 



= -^^( 



^^ OD . OB Bint OC . OA sin j \ 
BB em a CA smaj 



where k is the radius of gyration about the centre of gravity. 

Hence, if L be the length of the simple equivalent pendulum, we have 

1fi+0Q^ ^^ OD. OB sin t OC. 0^4 sin; 

^ =00 + — ^^r- -; — + — -rp^ ^. 

L BD sin a AC Bina 

If the given curves, on which the points A^ B are constrained to move, be 
straight lines, the centres of curvature C and D are at infinity. In this case, we 

may put -5^= - 1, -77^= - 1» wid the expression becomes 

L sm a sm a 

If OA and OB be at right angles, this takes the simple form 

L 
where F is the projection on OG of the middle point of AB. 

Ex. 1. A heavy rod A GB rests in equilibrium in a horizontal position within a 

surface of revolution whose axis is vertical. Let 2a be the length of the rod, 

p the radius of curvature of the generating curve at either extremity of the rod, t 

the inclination of this radius of curvature to the vertical. Prove that, if the rod be 

slightly disturbed, so that it makes small oscillations in a vertical plane, the length 

-^, . 1 X J 1 . apsin*tco8t(l + 3cot*t) 

of the equivalent pendulum is ~ — ^^ — . ,.. ' , 

S(a-psin^t) 

Ex. 2. The extremities of a uniform heavy rod of length 2c slide on a smooth 

wire in the form of a parabola, whose axis is vertical, and whose latus rectum is 

equal to 4a. If the rod be slightly displaced from its position of stable equilibrium, 

2oc 2a 12a' + c* 

prove that the length of the equivalent pendulum is —. — ^. , or -^ -j-^ — -^ » 

according as the length of the rod is greater or less than the latus rectum of the 
parabola. 

In the first case the rod in its stable position of equilibrium passes through the 
focus and is inclined to the horizon. In the second case the rod ia horizontal. 
When the length of the rod is equal to the latus rectum the oscillation is not tanto- 
chronous, see Art. 450. If the rod start from rest at a small inclination a to the 

horizon, it will become horizontal after a time - ( «- ) / (I - 4»*)''^d<f>, The first 

case of this question was set in a Gains Coll. paper. 

Ex. 8. The extremities of a rod of length 2a slide upon two smooth wires, 
which form the upper sides of a square whose diagonal is vertical, prove that the 
length of the equivalent pendulum is |a. [Math. Tripos. 

446. OflcUlatloii wtien the path of centre of sni^ty is known. A body 
oscillates about a position of equilibrium under the action of gravity, the radius of cur- 
vature of the path of the centre of gravity being knoum, find the time of an osciUatioH. 
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Let A be the position of the centre of grsTity of the body when it is in its 
position of eqailibrinm, G the position of the centre of gravity at the time t. Then 
since in equilibrium the altitude of the centre of gravity is a 
maximum or minimum, the tangent at ul to the curve AO is 
horizontal. Let the normal GC to the curve at G meet the normal 
at A in C. Then, when the oscillation becomes indefinitely small, 
C is the centre of curvature of the curve at A. Let AG =8, the 
angle ACG = \//t &iid let R be the radius of curvature of the curve 
sAA. 

Let $ be the angle turned round by the body in moving from 
the position of equilibrium into the position in which the centre 
of gravity is at G ; then d$ldt is the angular velocity of the body. 
Since G is moving along the tangent at G, the centre of instan^ 
taneous rotation lies in the normal GC, at such a point O that 

OO ^=vd. of e=^, .-.60=^. 

dt dt ' de 

Let Mk^ be the moment of inertia of the body about its centre of gravity, then 
taking moments about O, we have (fc* + OG') ^-^ = - y . OG sin f . 

Ultimately, when the angle $ is indefinitely small, ^ = :Tx = -r".j^=-o-; 

u dd ds du a 

and the length of the simple equivalent pendulum is L = f 1 + ^^ ] JR. 

447. OBdllatliyna flrand by Vis VlTa. When the system of bodies in motion 
admits of only one independent motion, the time of a small oscillation may 
frequently be deduced from the equation of vis viva. This equation is one of the 
second order of small quantities, and in forming the equation it is thus necessary 
to take into account small quantities of that order. This sometimes involves 
rather troublesome considerations. On the other hand, the equation is free from 
all the unknown reactions, and we thus frequently save much elimination. 

The method of proceeding will be made clear by the following example, by 
which a comparison may be made with the method of the last article. 

The motion of a body in tpace of ttro dimensions is given hy the coordinates x, y 
of its centre of gravity, and the angle which any fixed line in the body makes with 
a line fixed in space. The body being in equilibrium under the action of gravity, it is 
required to find the time of a small oscillation. 

Since the body is capable of only one independent motion, we may express {x, y) 
as functions of $, thus x=F {6), y =/ {&)» 

Let Mk^ be the moment of inertia of the body about an axis through its centre of 
gravity, then the equation of vis viva becomes i*+y* + &'^=C-2yy, where C is 
an arbitrary constant. 

Let a be the value of $ when the body is in the position of equilibrium, and 
suppose that, at the time t, $=a + <f>. Then, by Maclaurin's theorem, 

where y©', y^" are the values ot -^, -j^ when $=za» But in the position of equili- 

ad dd 

bxium y is a maximum or minimum; .'. yQ=0» Hence the equation of vis viva 
becomes (x^-\-k^j^=C - gy^'if?, where x^l is the value of dxjdd "when (?=a; dif- 
ferentiating we get (xp'»+*^)0= -gyo'i>- 

JLJ>. 24 
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If L be the length of the simple equivalent pendnlam, we have 

where for d we are to write its valae a after the differentiations have been effected. 
It is not difficalt to see that the geometrical meaning of this result is the same as 
that given in the last article. 

This analytical result was given by Mr Holditoh, in the eighth volume of the 
Cambridge TrantacHoni. It is a convenient formula when the motion of the 
oscillating body is known with reference to its centre of gravity. 

Ex. 1. The lower extremity of a heavy uniform beam of length a slides on a 
weightless inextensible string of length 2a, whose extremities are attached to two 
fixed points in the same horizontal hne, and the upper extremity slides on a vertical 
rod which bisects the line joining the two fixed points. Prove that the only position 
of equilibrium is vertical, and that the time of a small oscillation about this position 

^ no ini. VI » where 2Jla^ - 6*) is the distance between the two fixed points. 
^{6g{2b-a)} 

[Math. Tripos. 

The lower extremity of the rod may be regarded as moving in a circle of radius 
a*lb. Express the coordinates (x, y) of the middle point in terms of the angle 
which the rod makes with the vertical. The result follows by the principle of 
vis viva. 

Ex. 2. The extremities of a rod slide on the circumference of a three-cusped 
hypocydoid whose plane is vertical. The radius of the circumscribing circle is 3a, 
and one of the cusps is at the highest point of the circle. Prove that the length of 
the equivalent pendulum is |a. [Math. Tripos, 1872. 

First prove that in this hypocydoid the rod as it slides with its two ends on the 
side branches BE, DE always touches the lowest branch BD. Its middle point R 
describes a circle with centre 0, and radius a where is the centre of the cireum- 
scribing circle. If BOR=ipy the angle which the rod makes with the tangent at the 
cusp B is i0. The result then follows by using the principle of vis viva. 

448. MomentB about the Instantaneoue Axis. When a 
body moves in space with one independent motion there is not in 
general an instantaneous axis. It has, however, been proved in 
Art. 225 that the motion may always be reduced to a rotation 
about some central axis and a translation along that axis. 

Let I be the moment of inertia of the body about the instan- 
taneous central axis, 11 the angular velocity about it, Fthe velocity 
of translation along it, M the mass of the body, then by the prin- 
ciple of vis viva ^/ft' + JifF'= f7+(7, where U is the force- 
function, and C some constant. Differentiating we get 

dt ^2 dt'^ a dt "adf 

In the time dt the body turns round the instantaneous axis 
through an angle ildt, and advances along that axis a space Vdt ; 
we therefore have dU ^ LCldt + ZVdt where L is the moment of 
the impressed forces about the central axis and Z the component 
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along it (Art. 340). Let p be the pitch of the screw-motion of 
the body, then V^pfl. The equation of motion therefore becomes 

If the body be performing small oscillations about a position of 
equilibrium, we may reject the second and third terms, and the 
equation becomes , ^ , . .. dil r . kt 

If there be an instantaneous axis, J9 = 0, and we see that we 
may take moments about the instantaneous axis exactly as if it 
were fixed in spcu^e and in the body. 

Ex. A rigid body moves in any manner about a fixed point. If O is the 
angular velocity, I the moment of inertia, L the moment of the impressed forces, 

each about the instantaneous axis, prove that ^ -r- {Iifi)szL. [Arts 215, 252.] 

A uniform rough heavy circular disc of radius a has its edge touching a horizontal 
table and rests against the pointed top of a peg of vertical height h fixed in the table. 
In the position of equilibrium its plane makes an angle a with the table. Show that 
the length of the simple equivalent pendulum for a small oscillation in which there 
is no slipping is ah sec a tan a/4 (/i - a sin a). [Math. Tripos 1904. 

Second Method of/orming the Equations of Motion. 

449. Let the general equations of motion of all the bodies be 
formed. If the position about which the system oscillates be 
known, some of the quantities involved will be small. The squares 
and higher powers of these may be neglected, and all the equations 
will become linear. If the unknown reactions be then eliminated 
the resulting equations may be easily solved. 

If the position about which the system oscillates be unknown, 
it is not necessary to solve the statical problem first We may by 
one process determine the positions of rest, ascertain whether they 
are stable or not, and find the time of oscillation. The method of 
proceeding will be best explained by an example. 

450. Ex. The ends of a uniform heavy rod AB of length 21 
are constrained to move, the one along a horizontal line Ox, and the 
other along a vertical line Oy. If the whole system turn round Oy 
with a uniform angular velocity w, it is required to find the posi- 
tions of equilibrium and the time of a small oscillation. 

Let X, y he the coordinates of G the middle point of the 
rod, 6 the angle OAB which the rod 
makes with Ox. Let i2, Bf be the re- 
actions at A and B resolved in the 
plane xOy, Let the mass of a unit 
of length be taken as the unit of mass. 

The accelerations of any element ^/"j 
dr of the rod whose coordinates are ^ 

24—2 
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(f , rf) are -^ — ©'f parallel to Ox, -^ -^ (f*©) perpendicular to 

the plane xOy, and -^^ parallel to Oy. 

As it will not be necessary to take moments about Ox, Oy, or 
to resolve perpendicular to the plane xOy, the second acceleration 
will not be required. The resultants of the effective forces j^dr 
and rjdr, taken throughout the body, are 2lx and 2ly acting 

at 0, and a couple 211(^6 tending to turn the body round G. The 
resultants of the effective forces co^^dr taken throughout the body 

are a single force acting at G = I o)* (a? + r cos 0) dr = to^x . 21, and a 

couple* round G = I ©* (a; + r cos 0) r sin 0dr = ©* . 2Z . ^ sin ^ cos 0, 

the distance r being measured from towards A. 

Then we have, by resolving along Ox, Oy, and by taking 
moments about 6, the dynamical equations 

2lx^-R+ai'x.2l \ 

2ly^-R+g.2l [ ^^y 

2ll(^'6 -=Rx-Ry-a>*,2l,^ sin ^cos 

We have also the geometrical equations 

x = Zcos^, y= Zsin^ (2). 

Eliminating R, R, from the equations (1), we get 

xy -^ yx + 1(^0 == gx — oD^xy ^ Jo'Psin 5cos^ (3). 

To find the position of rest We observe that if the rod were 
placed at rest in that position it would always remain there, and 

that therefore ^ = 0, y = 0, & = 0. These give 

f(x, y, 0) = gx'- €o^xy — ^(oH*Bin0cos0 = O (4). 

Joining this to equations (2), we get ^ = o > ^^ sin ^ = j-^^ , 

and thus the positions of equilibrium are found. Let any one of 
these positions be represented by ^ = a, x = a, y=b. 

To find the miction of oscillation. Let a? = a + a/, y *= 6 + y\ 
^a + ff, where x', y', ff are all small quantities, then we must 
substitute these values in equation (3). On the left-hand side, 
since x, y, §, are all small, we have simply to write a, 6, a, for 

* If a body in one plane be turning about an axis in its own plane with an 
angular velocity u), a general expression can be found for the resultants of the 
centrifugal forces on aU the elements of the body. Take the centre of gravity G as 
origin and the axis of y parallel to the fixed axis. Let e be the distance of 6 from 
the axis of rotation. Then all the centrifugal forces are equivalent to a single 
resultant force at G = ju^ (c + x)dm=(iy^ . Me, since 2=0, 

and a single resultant couple =ilv^(c-\-x)ydm= dt^jxydm, since p = 0. 
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a:, y, 6. On the right-hand side the substitution should be made 
by Taylor's Theorem, thus 

We know that the first term /(a, 6, a) = 0, because this is the 
very equation (4) from which a, 6, a were found. 

.-. ay' -bx' + k^'&^i^- a>%) X - a>*ay - Ja)«P cos 2a . ff. 

But, by putting ^ = a + ^ in equations (2), we get by Taylor's 
Theorem «' = — Z sin a . ^, y' = Z cos a . d', also a = l cos a,b^l sin a. 
Hence the equation to determine the motion is 

(Z> + *•) 5 + (gl sin a + 1 c^P cos 2a) ^ = 0. 

Now, if gl sin a + |cd*P cos 2a = n be positive when either of the 
two values of a is substituted, the corresponding position of equi- 

librium is stable, and the time of a small oscillation is 27r a / . 

V u 

If n be negative the equilibrium is unstable, and there can be 

no oscillation. If ©* > Zgj^il, there are two positions of equilibrium 

of the rod. It will be found by substitution that the position in 

which the rod is inclined to the vertical is stable, and the other 

position unstable. If w* < 3gr/4Z the only position in which the rod 

can rest is vertical, and this position is stable. 

If 71 = 0, the body is in a position of neutral equilibrium. To 
determine the small oscillations we must retain terms of an order 
higher than the first. By a known transformation we have 

Hence the left-hand side of equation (3) becomes (P + k^)0. 
The right-hand side becomes by Taylor s Theorem 

^, i^glcos a - g a)*Z«sin 2aj ^-^ + &c. 

When n = 0, we have a = j7r and a)^=^Sg/4fL Making the 
necessary substitutions, the terms of the second order vanish, and 
the equation of motion becomes ,,j ^. d^O' ^ gl ^^ 

Since the lowest power of ff on the right-hand side is odd, 
and its coefficient negative, the equilibrium is stable for a displace- 
ment on either side of the position of equilibrium. Let a be the 
initial value of ff, then the time T of reaching the position of 
equilibrium is / 4 (l' + A;«) r« _dff_ 

V gl JoVi^:iT*' 

put ^ = a^, then T^J'^^A'-^^. 

^ ^ ^ gl Jo Vl-</)* a 
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Hence the time of reaching the position of equilibrium varies 
inversely as the arc. When the mitial displacement i» indefi- 
nitely small, the time becomes infiuite. 

This definite integral may be otherwise expressed in terms of the GammA 
function. It may be easily shown that / . =—*_-. Put 0*=x. 

451. This problem might have been easily solved by the 
first method. For, if the two perpendiculars to Ox, Oy at A and 
B meet in N, N is the instantaneous axis. Taking moments 
about iV, we have the equation 

{l^'irlc')6 = gl cosd-r a)« (i + r)« sin ^ cos ^ 1^ 

= gl cos — JPo)' sin cos 0, 

If we represent the right-hand side of this equation by /{0)y 
the position of equilibrium can be found from the equation /(a) = 
and the time of oscillation from the equation 

452. Ex. 1. If the mass of the rod ^B is If, show that the magnitude of the 
couple which constrains the system to turn round Oy with uniform angular velocity 

is 3f — w — sin 2$. Would the magnitude of this couple be altered if Ox or Oy 

had any mass? 

Ex. 2. The upper extremity of a uniform beam of length 22 is constrained to 
slide on a smooth horizontal rod without inertia, and the lower along a smooth 
vertical rod, through the upper extremity of which the horizontal rod passes ; the 
system rotates freely about the vertical rod, prove that if a be the inclination of the 
beam to the vertical when in a position of relative equilibrium, the angular velocity 

of the system will be {Sg sec a/4Q^, and, if the beam be slightly displaced from this 
position, show that it will make a small oscillation in the time T where 



(^)'-¥t 



sec a -f 8 cos a). [Coll. Exam. 



In the example in the text the system is constrained to turn round the vertical 
with uniform angular velocity, but in this example the system rotates freely. The 
angular velocity about the vertical is therefore not constant, and its small variations 
must be found by the principle of angular momentum. 

Lagrange's Method of forming the Eqwitions of Motion, 

453. Advantages of the Method. We now propose to 
state Lagrange's method of forming the equations of motion. This 
method has several advantages. It gives us the equations of 
motion free from all reactions, and is therefore specially useful 
when we have to consider the motions of several bodies connected 
together. It also gives us a larger choice of quantities which we may 
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take as coordinates. Again, as soon as we have written down the 
Liagrangian function we may deduce from this one function all the 
equations of motion, instead of deriving each from a separate 
principle. On the other hand, this function must be calculated so 
as to include the squares of the small quantities. Now in small 
oscillations we retain only the first powers of the small quantities, 
so that, when only a few equations are wanted, it is often more 
convenient to obtain these by resolving and taking moments. 

It will be seen, therefore, that the method is best adapted to 
oscillations which have more than one degree of freedom. For 
this reason we shall here only state the general mode of forming 
the equations of motion, so that we may be able to apply 
the method to the solution of problems. But we shall postpone 
the general discussion of Lagrange's determinant to the second 
part of this work. 

454. The object of Lagrange's method is to determine the 
oscillations of a system about a position of equilibrium. It does 
not apply to oscillations about a state of steady motion. For 
example, if a heavy particle were suspended by a string from a 
fixed point, the string is vertical when the system is in equi- 
librium, and the oscillations about this position could be found 
by Lagrange's method. If however the particle were made to 
describe a horizontal circle, as in the conical pendulum, the 
oscillations about the circular steady motion could not be found 
"by this method. In the same way when a hoop rolls on the 
ground in a vertical plane, it may make small oscillations from 
one side to the other of the plane. These oscillations cannot be 
found by Lagrange's method. A method of investigating the 
oscillations of a system about a state of steady motion will be 
given in the next volume. 

We shall assume, for the present, that the forces which act on 
the system have a force function. We shall also assume that the 
geometrical equations do not contain the time explicitly, and do 
not contain any differential coeflBcient with regard to the time. 

In Lagrange's method it is essential that the coordinates 
chosen should be such small quantities that we may reject all 
powers of them except the lowest which occur. They should 
generally be so chosen that they vanish in the position of equili- 
brium. But with this restriction they may be any whatever. Let 
us represent them by the letters 0, ^, &c. Then if the system 
oscillate about the position of equilibrium, these quantities will be 
small throughout the motion. Let n be the number of these 
coordinates. 

As before, let accents denote differential coefficients with 
regard to the time. 
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Let 2T be the vis viva of the system when disturbed from its 
position of equilibrium, then as in Art. 396 we may express T as 
a homogeneous quadratic function of 0^, <f>\ &c. of the form 

2r=ilu5'»+2^i2^'</)' + ^a</)'» + &C (1). 

Here the coeflBcients An &c. are all functions of 0, <^, &c, and we 
may suppose them expanded in a series of some powers of these 
coordinates. If the oscillations are so small that we may reject 
all powers of the small quantities except the lowest which occur, 
we may reject all except the constant terms of these series. We 
shall therefore regard the coefficients A^ &c. as constants. 

Let U be the force-function of the system when disturbed from 
the position of equilibrium. Then we may also expand 77 in a 
series of powers of 0, <f>, &c. 

Let this expansion be 

2U^ 2?7o-h 2£id + 2£,<^ + &c. + 5n^+ 25,a^0 + &c. ...(2). 

Here Uq is a constant, which is evidently the value of U 
when 0, <f>, &c. are all zero. It is necessary for the success of 
Lagrange's method that both these expansions should be possible. 

In the position of equilibrium, we must have, by the principle 

fJTT fJTT 

of virtual work, ^ = 0, ^tt = 0, &c. = (see also Art, 340). If 

the coordinates chosen are such that they vanish in the position 
of equilibrium, it immediately follows that Bi = 0, 3^ = 0, &c. = 0. 
If the coordinates have not been so chosen they must yet 
vanish for some position of the system close to the position of 
equilibrium. The differential coefficients of J7, i,e, B^, JS^, &c., are 
therefore necessarily small. The terms Bi0, fig^, &c. are thus of 
the second order of small quantities and the quadratic terms of U 
connot be neglected in comparison with them. 

We may also notice that the equilibrium values of 0^ <f>, &c. 
may be found beforehand by equating to zero the several first 
differential coefficients of u. But this is generally unnecessary, as 
these values of 0, 0, &c. will appear in the sequel (see also 
Art. 449). 

We have now to substitute the expanded values of T and U 
in the n Lagrange's equations 

ddT^dT^dU 

dtdff d0^'d0 ^^^' 

with similar equations for <f), yjr, &c. Since the expression for T 
does not contain 0, <f>, &c., we have 

dT ^ dT , . 
d(9=^'d0 = ^'*"- 
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The n equations (3) therefore become 

il,2r + il«<^''+... = 5, + 5ijd + 5a^ + ...l (4). 

&c. = &c. ] 

These are Lagrange's equations to determine the small oscillations 
of any system about a position of equilibrium. 

455. Method of Solution. We have now to solve these 
equations. We notice that they are all linear, and that therefore 
0, (f>, &c. are properly represented by a series of exponentials of the 
form M^. But, as we are seeking an oscillatory motion, it is 
more convenient to replace these exponentials by the correspond- 
ing trigonometrical expressions. Since the equations do not 
contain any differential coefficients of the first order, it will be 
found possible, on making the trial, to satisfy them by means of 
the following assumption. 

^ = a + ilfi sin (pit + €i) + Mi sin (pj; + eg) + &c.^ 
</) = )8+ J\ri sin (pit + 6i) + JVa sin (pJ; + €a) + &c. I . . .(5). 
&c. = &c. I 

Taking the trigonometrical terms separately, they may be written 
in the typical form 

^ = ilf sin (pt + €), <t>=^N sin (pt + e), &c. = &c. 

If we now substitute these in equations (4) we have 

(Anp' + Bu) M + (^„p» + B^)N + &c. = 0] 

(A,;>' + 5i,)Jl/-h(^„l>^ + £„)iV^ + &c. = 0l (6). 

&c. &c. = j 

Eliminating M, iV", Sac, we have the determinantal equation 

^i;>' + Ai, ^nP' + Aa, &c. =0 (7). 

ili2p'+5u, ^jB^ + ^a, &C. 

&c. &c. &c. 

This determinant, it will be observed, is symmetrical about the 
leading diagonal. If there be n coordinates, it is an equation of 
the n degree to find jt>'. It will be shown in the second part of 
this work that all the values of p* are real. 

Taking any root positive or negative, the equations (6) 
determine the ratios of JV, P, &c. to M, and we notice that these 
ratios also are all real. If all the roots of the determinantal 
equation are positive, the equations (o) give the whole motion, 
with 2n arbitrary constants, viz. Mi, M^, M% ... M^ and €i, €« ... €n. 
These have to be determined by the initial values of By <f>, &c., 0", 
<f>\ &c. If any root of the determinantal equation is negative, the 
corresponding sine will resume its exponential form, the coefficient 
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being rationalized by giving the coeflScient M an imaginary form. 
In this case there is no oscillation about the position of equili- 
brium. The position is then said to be unstable. 

It may be noticed that for every positive value of j9* given by 
the equation (7) there are two equal values of p with opposite 
signs. No attention however should be here given to the 
negative values of p. To prove this, we notice that the solution 
of the linear differential equations is properly represented by a 
series of exponentials. Now each sine is the sum of two ex- 

Sonentials with indices of opposite signs. Both the values of p 
ave therefore been included in the trigonometrical expressions 
assumed for d, <^, &c. 

The constants a, ^, &c. in the trial solution (5) are evidently 
the coordinates of the central position about which the system 
oscillates. Substituting these values of d, ^, &c. in the equations 

(4) we have = ^^ + J?na + 5„^ + &c.^ 

= &c. J 

These equations determine the values of a, )9, &c. Since the 
equations of motion are satisfied by these constant values of the 
coordinates without any terms containing the time, it follows 
that a, /8, &c. are the coordinates of the eqmlibrium position of 
the system. That this is so, follows also from the rules given in 
statics to find the position of equilibrium of a system when the 
function U is known. According to these rules, we find the equili- 
brium values of the coordinates 0, <f>, &c. by equating to zero the 
first differential coefiicients of U with regard to 0, 0, &c. The 
equations thus obtained are evidently the same as the equations (8). 

When a root (eay p^^ of the determinantal eqaation (7) is zero, the correspond- 
ing terms in (5) reduce to constants. It also follows from (7) that the eliminant of 
the equations (8) is zero, so that either the equations (8) are not independent or 
the values of a, p, &c. are not so small that their squares can be neglected. In the 
former case that part of the solution (6) which depends on the root p^ takes another 
form. Putting 6=a-\-At, <f>=p + Bt, <&c. we arrive at the same equations (8) as 
before, together with another set derived from (8) by writing A, £, Ac., for a, /3, Sec 
and zero for Bj, B,, &c. If the coordinates have been so chosen that in the 
expression for 17, 1^1=0, £3=0, &e, these two sets of equations give Aja^Bj^^Ac. 
But whether this choice has been made or not, only 2n-2 of these 2ii equations 
are in general independent and these determine 2n - 2 of the constants a, /3, <ftc 
At B^ (ftc, leaving two, say A and a, undetermined. The solution has therefore the 
full number of constants. 

Since the solution is properly expressed by a series of exponentials of the form 
Mef^ where q^= -p^, the determinant (7) may be regarded as having two equal values 
of jpi when p^=0 though it has only one value of jp^'. The theory of equal roots in 
differential equations leads at once to the forms given above for ^, ^, &c, 8ee also 
Art. 462. 
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456. Periods of Oscillatioii. We see from (5) that each 
of the n coordinates 0, <f>y &c. is expressed in a series of as many 
sines as there are separate values of p*. Thus, when there are 
several independent ways in which the system can move, there 
are as many periods of oscillation. These are clearly equal to 
^tt/pi* 27r/pa, &c. Generally we want only these periods of oscillation 
and not the particular position occupied by the system at any 
instant. In such a case we may in any problem omit all the steps 
of the argument and write down the determinantal equation at 
once. We then use the following nile. Expand the force-function 
U and the semi-vis viva T in ascending powers of the coordinates 
6y (f>y <kc., and their differential coefficients d\ <j>\ <fcc., all powers 
above the second being rejected. Then, omitting the accents or dots 
in the expression for T and retaining only the quadratic term in U, 
equate to zero the discriminant of p^T + U. The roots of the eqiia- 
tion thus formed will give the required values of p. 

The mode of using this rule in conjunction with the method of 
indeterminate multipliers is given in the second volume. 

457. Positioii of the system. If it be also required to find 
the position of the .system at any time, we must determine the 
values of the constants. Referring to equations (6) we see that the 
ratios of My N, P, Jtc, for any particular trigonometrical term 
in the solution (5) are the same as the ratios of the minors of the 
constituents of any line we please in the Lagrangian determinant 
(7). In these minors we of course substitute the value of p^ which 
belongs to the particular trigonometrical term we are consider- 
ing- In this manner the coefficients of all the trigonometrical 
terms are found in terms of those which occur in the series for any 
one coordinate. 

The results may be symmetrically arranged in the foUowing manner. Let 
Ii{p), liip), Ac. Inip) be the n minors of any one row or column of Lagrange's 
determinant regarded as functions of p. The solution then becomes 

^= a + LJi (pi) sin {p^t + ej) + L^I^ {pjj sin (p./ + Cj) + Ac, 
^s/S + ijIa (Pi) Bin (Pit + €i) + L^2 (Pa) ^^^ (pg' + ^i + *c., 
^=7 + XiI,(jPi) sin (Pit + ei) + I.^,(Pa) sin (p^f + cj + &c., 
<ftc.=<ftc., 

where Li, L^y Ac, L^ are n arbitrary constants which represent the ratios of 
M, N, &e, to the corresponding minors. This solution requires some modification 
when either any value of p is zero or token all the minors in any column happen to 
be zero. These cases will be discussed in the second volume. 

The values of the 2n constants L^...L^ and €i...c^ must be found from the 
initial values of the n coordinates 0, 0, &q. and the initial values of their velocities 
6\ 4>\ Ac. To effect this we put L^cose^=:A^ and L^Bm€^=B^. Expanding 
the trigonometrical terms we have 2n linear equations to find the 2n constants 
Ai...A^i B^...B^, When n is large the solution of these 2n linear equations 
becomes very troublesome. In many cases however we may use the method of 
multipliers. 
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If the number of coordinates is large the Lagrangian determinant itself may 
become unmanageable. In some of these cases we can marshal the coordinates 
in such a way that we can use the calculus of finite differenca. When the number 
of coordinates is infinite, as in the case of a vibrating string, the equation thus 
obtained takes the limiting form of a partial differential equation. Again, in other 
cases it may happen that, though only some of the roots of the Lagrangian 
equation are known, the corresponding coefficients in the solution can be found. 

Lagrange's determinant gives the limiting values of the periods when the 
oscillations are infinitely small. It may be shown that the small terms neglected 
sometimes considerably modify the Lagrangian periods. An example of this oocai« 
in the Lunar Theory. These and other similar points of difficulty are reserved for 
the second volume. 

It may be noticed that the determinant to find the periods of the osciilations 
does not contain Ifj, B^y &c., but only B^, &c., and J^, , <&c. Any changes which 
we may make in the values of B^^ £,, &c., will therefore not affect the periods 
though they may alter the position of equilibrium. The addition or removal of any 
small constant forces will add terms of the first order to the force-function and 
therefore change the values of B^, P,, <fec. It now follows that the addition or 
removal of any such constant forces will not alter the periods of oscillation. In the 
same way these changes do not affect the ratios of Jtf , N^ P, <tc. though they may 
affect their absolute values. 

458. Examples of Lagrange's Method. The following 
examples will show how we may use Lagrange's method to find 
the small oscillations of a system. When only the periods are 
required, the process may be summed up thus : — Form the terms 
of T and U which depend on the squares of small quantities^ and 
equate to zero the discriminant of p^T + U, 

Ex. 1. A body, of mass m, is suspended from a fixed point by a string OA of 
length I attached to a point A of the body, B is the centre of gravity and AB = a. 
The body oscillates under gravity in a vertical plane ; find the motion. 

Let d, <f> be the angles which the string OA and the radius AB make with the 
vertical. Proceeding as in Art. 147 we find that when the powers of ^, higher 
than the second are n^lected 

U=^U^-lmg(l&^-{-a4>% 
Forming the discriminant of j^^Th- U, and dividing by the common factor mZ, 

pH-g, ap' =0. 

alp', p^i^-ird»)-ag 

.', kHp*-{al+k^'^a^)gp^ + ag*=0, 
Taking the minors of the second row and representing the roots of the quadrat ie 

^ = - Liopi* sin {pit + cj - L^ap^^ sin {p^ + ^), 

4>-Li{pfl-9)^in(pit + €i)-[-L^(p^H^g)Bin{p^ + €i), 

If the roots of the determinantal equation were equal we might expect that the 
solution would take another form. Since the determinant is positive when p^=dL!x>, 
and negative when p^=zglly the roots are separated by the latter value of p*; the 
roots, if equal, are therefore given hyp^ ^gjl. Since the determinantal equation is 
then not satisfied unless ap* is also zero, the roots cannot be equal unless a=0. 
If a=0, it is easy to see that the roots are not equal. 



ART. 458.] Lagrange's method. 381 

If the string is attached to the middle point of a nniform rod, we have a=0 
and ft* finite. In this case one root of the Lagrangian determinant is zero, i.«. 
p^=Oy while the other root is Pi*=gll. Supposing that the position of the system 
is also required, we have 

The Lagrangian equations are therefore 

ie" + ge=0, 0"=O, 

.'. $ = L sin {p^t + e), = j8+5«, 

where L, 6, pt B are the four arbitrary constants. The point A therefore oscillates 
as a simple pendulum while the rod turns round A with a uniform angular velocity. 

If the string is attached to the end of a rod, Sk^=a*. We may show that the 
ratio of the periods cannot lie between 2^fjS, 

Ex. 2. Two heavy particles, masses M and m, are tied to a string and suspended 
from a fixed point 0, the lengths Olf, Mm of the string being respectively a and b. 
If the particles make small transverse oscillations find the two periods of oscilla- 
tion, and show that they cannot be equal. Show also that one period is double 
the other if 4{M+m) (a+b)*=25Mab, 

It is sometimes important that the periods of a vibrating system should be 
commensurable so that the motion may continually repeat itself at an interval 
which is the least common multiple of the several periods. For example the 
system may be intended to mark time like a pendulum or to give a resultant note. 

Ex. 3. A particle can slide freely on a smooth circular wire which is suspended 
ftrom a fixed point on its circumference. The system being in equilibrium under 
the action of gravity a small velocity is communicated to the particle in the 
direction of a tangent to the circle, investigate the resulting small oscillations and 
show that the periods are given by 



^ 2m + SM g ^ m 
' 2M~ a^ ''■ ~2 






where m, M are the masses of the particle and circle and a the radius. Show also 
how the constants of integration are to be determined. 

Ex. 4. A smooth thin shell of mass M and radius a rests on a smooth inclined 
plane by means of an elastic string, which is attached to the sphere, and to a peg at 
the same distance from the plane as the centre of the sphere, while a particle of mass 
m rests on the inner surface of the shell. In the position of equilibrium the string 
is parallel to the plane, find the times of oscillation of the system when it is 
slightly displaced in a vertical plane, and prove that the arc traversed by the 
particle and the distance traversed by the centre of the shell &om their positions of 
equilibrium can always be equal if (If+m-f mcosa)^Z=£a(l + cosa), where E is 
the coefficient of elasticity of the string, I its natural length, and a the inclination 
of the plane to the horizon. [Gains Goll. 

Ex. 5. A three-legged table is made by supporting a heavy triangular lamina 
on three equal legs, the points of support being the angular points of the lamina ; 
if the legs be equally compressible and their weights be neglected, then the system 
of co-existent oscillations of the top consist of one vertical oscillation and two 
angular oscillations about two axes at right angles in its plane, and the periods 
of the latter are equal and double that of the former. [St John's Coll. 1880. 

Ex. 6. A bar AB of mass m and length 2a is hung by two equal elastic cords 
AC, BDf which have no sensible mass, and have unstretched lengths l^. C and D 
are fixed points in the same horizontal line, and CDs 2a. Investigate the small 
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OBoillation of the bar when it is displaced from its position of eqailibriam in (he 
vertical plane through CD, and show that the periodic times of the horizontal and 
vertical oscillations of the centre of gravity of the bar, and of the rotational oseilla- 
tion, are those of pendulums of lengths hl-lo, ^(l- Iq) respeotivelj, where I is the 
length of either cord when the system is in equilibrium. [Biath. Tripos. 

Ex. 7. Three equal particles mutually attracting each other according to the 
Newtonian law are constrained to move like beads along the smooth sides of an 
equilateral triangle. In equilibrium they occupy the middle points of the sides. 
Prove that the equilibrium is unstable unless the initial displacements and the initial 
velocities are equal, and in this latter case find the time of a small oscillation. 

Ex. 8. Three equal particles, attracting each other with equal forces which are 
constant at all distances, can slide freely on three equal non-intersecting circles 
(radius r) whose centres are at the corners A, B, C of aai equilateral triangle, and 
which lie in the plane of the triangle. Show that, if the particles perform small 
oscillations about their positions of equilibrium, two periods are equal to 2a'/p, and 

a third to 2r/p', where p*=-~ ^ i p'*=— ^ 5 — , ii is the radius of the 

'^ ' ^ 4r R-r ^ r R-r 

circle circumscribing ABC^ and jP is the ratio of the force of attraction between any 

two to the mass of either. 

Ex. 9. A heavy body whose centre of gravity is H is suspended from a fixed 
point 0. A second body whose centre of gravity is G is attached to the first at 
some point A situated in OH produced. The system oscillates freely in a vertical 
plane, prove that the quadratic giving the periods is ^ 

{{MK^-^ma^p^ - {Mh-^ma)g} {k*p* - bg} =ma«&«J>^ 

where MK^ and mlfi are the moments of inertia of the two bodies about O and A 
respectively. Also OU=hf OA^za, AG=b. What do these periods become when 
(1) the upper body, and (2) the lower, is reduced to a short pendulum of slight mass? 
The first case occurs when the attachment of a pendulum to its point of support is 
not quite rigid, so that the pendulum may be regarded as supported by a short 
string. The second case occurs when a small part of the mass of a pendulum is 
loose and swings to and fro at each oscillation. 

Ex. 10. A uniform circular disc of mass M and radius a is held in equilibrium 
on a smooth horizontal plane by three equal elastic strings of modulus X, natural 
length Iq and stretched length L The strings are attached to the disc at the extremities 
of three radii equally inclined to one another and their other ends are attached to 
points of the plane lying on the radii produced. Show that the periods of vibration 

of the disc are 2x . / -.^ , and 2r a / —. —^ — p. where /jL=2mUJS\. 

'V ** "• *o V 4 (a + 1) (t - to) 

[Math. Tripos, 189d. 

459. Principal Coordinates. To explain what is meant 
by the principal coordinates of a dynamical system. 

When we have two homogeneous quadratic functions of any 
number of variables, one of which is essentially positive for all 
values of the variables, it is known that by a real linear trans- 
formation of the variables we may clear both expressions of the 
terms containing the products of the variables, and also make the 
coefficients of the squares in the positive function each equal to 
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unity or some given positive constants. If the coordinates 0, ^, 
&c, be changed into ^, r), &c. by the equations 

&C. = &C. J 

we observe that ^, <t>\ &c. are changed into f, 17', &c. by the 
same transformation. Also the vis viva is essentially positive. 
Hence we infer that by a proper choice of new coordinateSi we 
may express the vis viva and the force-function in the forms 

2(Cr-?7o)=26if+ 26,17 + &c. + 6u?+6«^'+...r 
These new coordinates f , 17, &c. are called principal coordinates 
of the dynamical system. A great variety of other names has 
been given to these coordinates; such as harmonic^ simple and 
nornuu coordinates. Usually Au, A^y &c. are made unity. 

It is usually understood (when not otherwise stated) that prin- 
cipal coordinates are so chosen that they vanish in the position 
of equilibrium. We then have 61 = 0, 62 = 0, &c. = 0. 

460. When a d3mamical system is referred to principal co- 
ordinates which do not necessarily vanish in the position of 
equilibrium, Lagrange's equations take the form 

-4iif" — 6uf =61, A^7f" — b^rf ^ b^, &c. = &c. 
so that the whole motion is given by 

f = a + ^ sin (pit + 0> 17 = 6 + -Fsin (p^t + €,), &c., 
where E, F, &c., €1, €,, &c. are arbitrary constants to be deter- 
mined by the initial conditions, and A^pi^ = — in, A^^p^ == — 622> &c. 
and a, 6, &c. are the values of f, 17, &c. in equilibrium. 

If we substitute the trigonometrical values of f, 17, &c. in 
the formulae of transformation given above, we obviously reproduce 
the equations (5) of Art. 455, where the general coordinates 0, 0, &a 
are expressed as trigonometrical functions of t. We may therefore 
obtain one set of principal coordinates, viz. fi, 171, &c., which 
vanish in the position of equilibrium, by writing 

^=a + Jlfifi + if2i7i-h...\ 



.(10), 



</> = yS + iVifi-hi\^2i7i + .- 

&c. = &c. 

where the values of a, i8, &c., Jfi, JIfj, &c., Nu -flT,, &c. may be 
found by the methods explained in Art. 455. All other sets of 
principal coordinates may be found from these by taking 

f = a + -Sfi, i7 = 6 + jp'97i, &c. 

When the initial conditions , are such that throughout the 
motion all the principal coordinates are constant except one, the 
system is said to be performing a principal or harmonic oscilla- 
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tion. It performs a compound oscillation when any two or more 
are variable. We may therefore say that any possible oscillation 
of the system about a position of equilibrium is analysed by 
Lagrange's method into its simple or component oscillations. 

From this reasoning we infer the important theorem that if 
ike equilibrium of a system is stable /or the principal oscillations it 
is stable for all oscillations. 

The theorem that the general oscillations of a system may 
be resolved into certain primary oscillations which can have a 
simultaneous existence is sometimes called the principle of the 
co-existence of small oscillations. 

461. It is clearly important to determine the peculiarities 
of a principal oscillation by which it can be recognized apart from 
all mathematical symbols. 

The physical peculiarities of a principal oscillation are : 

1. The motion recurs at constant intervals, i,e. after one of 
these intervals the system occupies the same position in space as 
before, and is moving in exactly the same way. 

2. The system passes through the position of equilibrium, 
twice in each complete oscillation. For, tating f as the variable co- 
ordinate, we see that f — a vanishes twice while pit increases by 27r. 

3. The velocity of every particle of the system becomes zero 
at the same instant, and this occurs twice in every complete 
oscillation. For d^/dt vanishes twice while pit increases by 2'jr. 
The positions of rest may be called the extreme positions of the 
oscillation. 

4. Let the system be referred to any coordinates 0, ^, &c 
whose equilibrium values are (as before) a, jS, &c. When the 
system is performing a principal oscillation these are all variable, 
but the ratios of 6 — a, <^ — ^, &c. to each other are constant 
throughout the motion*. For, referring to the formulas of trans- 
formation (10), we see that, when tji, f^, &c. are all zero and only f , 
is variable, — a _ <t> — _ « _ «. 

This theorem may be expressed by saying that every point of the 
system is in the same phase of motion. 

The periods of oscillation may all have a least common multiple. 
If this be so, no matter what initial small disturbance is given to 
the system, the initial state will be repeated over and over again 
at intervals equal to the least common multiple. If on the 
other hand no two of the periods of oscillation are commensurable, 
the initial state can recur only when the system is performing a 

* This property is mentioned by Lagrange, who on seyeral occasions uses 
principal coordinates, though not by name. 
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principal oscillation. Thus there are two kinds of oscillatory 
systems, those in which the motion continually recurs at a 
constant interval however the body is set in motion and those 
in which this happens only when the initial impulse is properly 
given. This may be one reason why some bodies are more sonorous 
than others, for if the interval is so short that the sound made 
in the air is a musical note, that body when struck at random 
gives a resultant note instead of an assembly of separate notes. 

As an illustration of the method of finding the principal oscillations let us refer 
to the example (1) already solved in Art. 458. There are two principal oscillations, 
which are given respectively hy 

$1= -Li ap^ sin (p^t + «j) ) ^g = - L^ap^ sin {p^t + c^ ) 
^i=^iCPi*^-^)8in(i)it-f e,)S ^=I.s(i?a''-iy)8in(jp2e-f fa)} ' 

Thns in each principal oscillation both the string and the body oscillate. If we saw 
the system performing either of these oscillations we should recognize the fact by 
observing that both the string OA and the radius AB become vertical at the same 
instant, that both reach their extreme positions at the same instant, and so on. 

Ex. 1. A series of n heavy particles are attached at the points A^ B, &c. of a 
light string and the whole is suspended from a fixed point 0. When the system is 
performing a principal oscillation, each portion of the string (produced if necessary) 
intersects the vertical through in a point which is fixed throughout the motion. 

[Kelvin's theorem. Popular lectures &c., 1867. 

Let $y 4>i ^, &c, be the inclinations of the strings OAj AB, Ao. to the vertical; 
OA =a, AB=:b,&c, Consider the motion of any point P of one of the strings say B C 
and let BP=z, The distance of P from the vertical through is a;=a9+&0+iE^. 

In a principal oscillation 0, 0, ^ have constant ratios to each other ; hence if z 
be so chosen that j;=0 at one instant, it is always zero. 

The theorem is also true if OA, AB, &g. were rods hinged together, or any rigid 
bodies connected together in the manner described 
in Ex. 9, Art. 458. 

Let us apply this theory to the example (1) 
already considered in Art. 458. Let E be the 
fixed point in the radius AB, z its distance from 
A measured positively towards B, then 10 +2^=0. 
Substituting for 9/0 the ratio of the minors of the 
second row of Lagrange's determinant we have 

l.ap*-z(lp^-g)=0. W (2) 

This determines the value of z corresponding to the two periods p'^=p^, P*=Pa^' 
The two principal oscillations are exhibited in the figure, z=AE being negative in 
fig. (1) and positive in fig. (2). The actual oscillation is constructed by the super- 
position of these two kinds of motion. 

It is interesting to notice the way in which one principal oscillation disappears 
when either the length { of the string or the linear dimensions a of the body 
diminishes without limit. Referring to Lagrange's determinant we see that in both 
cases one value of p^ is very great so that the period of the disappearing oscillation 
is very short. The visible motion is therefore reduced to a harmonic oscillation 
performed in the finite time given by the other value of p^ together with a tremulous 
motion. The values of Ip^ and ap^ given by the Lagrangian determinant, when I and a 
vanish respectively, and j^ is infinite, are ultimately (k^+a^) gjk^ and d^glk^. The 
corresponding values of z are the positive quantity {k*-\-a^la and zero. The 

B. D. 25 
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disappearing oscillation is that represented in fig. (2) ; the points and E are fixed, 
and the extent of the tremulous motion is geometrioally more and more limited as 
either OA or AE becomes evanescent. In the oscillation which does not disappear 
E ultimately coincides with 0. 

Ex. 2. In the experiments conducted by Borda, Cassini, Arago and Biot to 
determine the length of the seconds' pendulum by observing the time of oscillation 
of a sphere supported by a wire, it has always been supposed that the diameter of 
the sphere, which in the position of rest was vertical, continues during the whole 
vibration to be in the same straight line as the wire. Show that the value of the 
seconds' pendulum thus found is too short by k^laB of itself ; where a is the ladius 
of the ball, k the radius of gyration about a diameter and I the length of the string. 
In the experiments the ball used was so small that this correction is insensible. 

[Airy, Camb. Trans, vol. iii. 1829. 

In these experiments it is almost impossible to avoid giving the sphere a slight 
spin about the diameter which in equilibrium is vertical. Treating the sphere and 
the supporting wire as a rigid body, rotating with an angular velocity n aboat the 
wire, we see by Art. 268 that the time of oscillation of such a system is ^tK/Ai - /x^. 
Substituting the values of /u^, /«, given in that article and writing -gtox g we easily 
see that the length of the pendulum as observed is too long by a*n*l26gP of itself 
very nearly. This result agrees with that given by Poisson in the Connaisianee de$ 
Tenw 1816. This correction also is insensible. 

Ex. 3. If (^1, ^), {$2t 0s) are the two values of 6, for two principal 
oscillations, prove that in example (1) of Art. 458, ldi02= -a^i^- If two equal 
particles A, B, are suspended by a string from a fixed point O, prove also that 
2ae^02= - b</>i^, where OA=a, AB = b, These relations between the principal 
oscillations are special cases given by the method of Multipliers, vol. ii., Art. 398. 

462. Equal Roots in Lagrange's Determinant. When 

some of the roots of the equation giving p* are equal, we know by 
the theory of linear differential equations that either (1) terms of 
the form {At'\-B) sin pt enter into the values of 0, ^, &c., or (2) 
there must be an indeterminateness in the coefficients if, N, &c. 
given by Art. 455. Referring the sjrstem to principal cooidinates, 
which vanish in the position of equilibrium, we see by Art. 460, 
that the first alternative is in general excluded. If two values of 
p^ are equal, say bu and 6«, the trigonometrical expressions for f 
and rf have equal periods, but terms which contain ^ as a factor do 
not make their appearance. The physical peculiarity of this case 
is that the system has more than one set of principal or haiy^ionic 
oscillations. For it is clear that, without introducing any terms 
containing the products of the coordinates into the expressions 
for T or (/, we may change f, r) into any other coordinates f,, i;,, 
which make ^ + 17' = f i^ + Vi^> ^^^ other coordinates f, &c. remain- 
ing unchanged. For example we may put f = f 1 cos a — 17, sin o 
and 17 = f 1 sin a + rji cos a, where a has any value we please. These 
new quantities fi, rji, f, &c., are evidently principal coordinates, 
according to the definition of Art. 459. 

One important case must however be noticed, viz., when 
one or more of the values of p are zero. If, for example, bu = 0, 
we have ^ = At'\-B, where A and B are two undetermined con- 
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stants. The physical peculiarity of this case is that the position 
of equilibrium from which the system is disturbed is not solitary. 
To show this, we remark that the equations giving the position 

J7T JJT 

of equilibrium are ^ = 0, -^ = 0, &c., where U has the value 

These in general require that f, ri, &c. should all vanish, but if 
6ii = they are satisfied whatever f may be, provided that 97, f, &c. 
are zero. In any case however f must be very small, because the 
cubes of f, 97, &c. have been rejected. It follows therefore that 
there are other positions of equUibrium in the immediate neigh- 
bourhood of the given position. Unless the initial conditions of 
disturbance are such as to make the terms of the form At + 3 
zero, it may be necessary to examine the terms of higher orders 
to obtain an approximation to the motion. 

This line of argument reqaires that the equations of motion should be of the 
Liagrangian form. In other cases the existence of equal roots in the fundamental 
determinant may introduce powers of the time outside the trigonometrical expressions. 
As the motion is greatly changed by the introduction of these terms, it is important 
to have a criterion to determine beforehand whether they are present or not. The 
general conditions that all powers of the time are absent from the solution of a 
fi^tem of linear differential equations are given in vol. ii. , Art. 281. 

Ex. 1. A heavy partiole of mass m rests in equilibrium within a right circular 
gmooth fixed cylinder whose generating lines are horizontal. If the particle be 
disturbed, form Lagrange's equations of motion, and show that in their solution 
there may be terms of the form At+B, 

Ex. 2. A rough thin cylinder of mass m and radius h is free to roll inside 
another thin cylinder of mass M and radius a. The whole system is placed in 
equilibrium on a smooth horizontal plane. A small disturbance being given, show 

that the three values of p* are p'=0, |)2=0 and !>*= o^^ — 1. • Interpret this 

result. If j; be the space rolled over, the angle turned through by the outer 
cylinder, and 6 the inclination to the vertical of the plane containing the axes, show 
that all three coordinates have a common periodic term, while x and <f> each have 
additional independent terms of the form At-^B, 

How would the results be altered if the horizontal plane were perfectly rough? 

463. Initial Motions. We may also use Lagrange's method 
to find the initial motion of any system as it starts from a position 
of rest. See Art. 199. As before we must choose for our co- 
ordinates some quantities whose higher powers can be rejected. It 
is generally convenient to choose them so that they vanish in the 
initial position. As in Art. 454 we have 

2r= il„^« + 2A^^e'4>' + A^i\/^ + &c., 

where An, &c. are functions of 6, </>, &c. Since the system starts 
from restj 6, ^, &c. are in the beginning of the motion all small 
quantities. If we reject all powers of 0, <^, &c. except the 

25—2 
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lowest which occur, we may regard ^u &c. as constants whose 
values are found by substituting for 0, ^, &c. their initial values. 

We require also the expansion of U given in the same 
article, viz., 2 ( Z7 - I7o) = 25,fl + 2Bfl> + &c. 

Since the initial position of the system is not close to a position 
of equilibrium, the first differential coefficients of U with regard 
to 0j <f>, &c. are not small. The terms B^d, B^, &c. are not now 
small quantities of the second order and hence it is unnecessary 
to retain the quadratic terms of U. Proceeding exactly as in 
Art. 454 the equations of motion are 

-4x,r + ^«(^"+... = fi, I (1). 

&c. = &c. j 

From these we may deduce the initial values of ^', <^", &c. 

If X, y, z be the Cartesian coordinates of any point P of the 
system, we may, by the geometry of the question, express these as 
functions of 0, ^, &c., Art. 396. Thus suppose that x=^f{0, d>, &c.), 
then we have initially, since ^', <^' are zero, 

with similar expressions for y and z. The quantities x'\ %/\ /' are 
evidently proportional to the direction cosines of the initial direc- 
tion of motion of the point P. In this way the initial direction 
of motion of every point of the system may be found. 

464. Initial Badins of Cvrvatnr*. As explained in Art. 200, we sometinkes 
want more than the initial direction of motion of any point P of the ^stem. 
Suppose that we also want the initial radius of oarvatnre of the path of P. We 
mast find the values of x", a/", &c., and then substitute in any of the formulie 
giren in Art 200. If, as before, x=f{e, <p, &c.) we find by dififerentiation that 

inUiaUy ^"=/fl<^'+/^0" +...» 

^•' = 8(/^r* + 2/^r0"+..,)+//'+/^0«' + ..., 
where snffixes as usual indicate partial differential coefficients with respect to 
0, 0, <&c. If y=F{Ot<t>, ^^') there are of course similar expressions for y", Ac., and 
in three dimensions for z^\ &c 

If the point P be so situated that for every possible motion of the system it can 
begin to move only in some one directiont we take the axis of x perpendicular 
to that direction. We then have x" = Q for all initial variations of 6, ^, Ac. It 
follows that /^ = 0, /. = 0, &c. = 0. Hence x"' = 0, and the value of x** depends only 
on $"j <fk'\ <&c., and not on ff^", 0>^, &c. It is therefore unnecessary to differentiate 
the dynamical equations (1) to find these higher differential coefficients. The axis of 
y being parallel to the initial direction of the motion of P, the value of y" is finite. 
Hence, taking the formula at the end of Art. 200, we find that the initial radius of 
curvature p of the path of P is given by 

(P^d" + P^0"+...)« 



P= 



^M^'=' + 2/^0" + .. 



.(2). 
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465. To simplify matters, let tu suppose that the system has two coordinates 
0, and that the initial radius of curvature of the path described by the point 
x=f{6, ^), y=F{6t 0) is requiredj the system starting from rest. 

Let 2r=i4d'«+2B^V+^0'' (1)» 

where A,B, C are given fmiotions of 6, ^. The Lagrangian equations are 

|(B0'+ C*') -i^Mtf^+2Btf'*' + <7#'»)=gj 

Patting ^=0, 0'-O, these reduce to 

Ae"-\-B^"=U^ Br+C^"=l7^ (3), 

which give the initial values of ^', ^". To find the initial values of (?'", ^'" we 
differentiate (2) with regard to t and put ^=0, ^'=0. We obviously have ^"=0, 
4>'" = 0. To find ^\ ^% we differentiate (2) twice. Noticing that when e'=0,if>'=0, 

<PP_f..d d\ 

^ (p^'3 + Q^0' + jR^'2) = 2 (P^"« + g^y + U0">), 

where P, Q, 12 are any functions of $t <f>, we easily find 

Ae^^ + B</>^'=L, B0^+C<p^=M (4). 

If 2Tj^=Ae"^-^2Be"if/' + Cif>"* (5), 

we obtain L, If in the symmetrical forms 



«-(«-|-*-4){S-'04-' 



+ 2- ' 



(6). 



,"« 



dTa 
d0^ 

where the differentiations with regard to tf, <p are partial and do not operate on 
^', 0". Effecting the differentiations we have also 

^-W^ ^ded^"^ -^de^ '^Vl^^Te)^'^ -\^d^--de)*' 

» 

These values of L, Af contain only the first differential coefficients of A, B^ C 
with regard to $i ^, and after these differentiations have been effected, $, <f> are to 
have their initial values ^0*^0* ^^ follows that to find the initial values of ^, ^*, 
we may expand the vis viva 2T in powers of the small quantities B-$Qt^-<pQ (before 
substituting in the Lagrangian equations (2)), and that we need only retain the first 
powers of these quantities. Since however second differential coefficienU of U occur 
we must calculate U to the second power of the small quantities. By expanding T 
and U in powers of these small quantities the amount of algebra in the solution is 
generally much shortened, especially when we know beforehand how many powers 
we are to retain ; see Art. 200. 

To find the radius of curvature we use the formula 

"^y^^ +y ) =a;^y-ary (8). 
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Now 



^'=8 (/w^"«+ a/^^O" +/^0"») +/«^' +^0»% 

with similar expressions for y*' and y**. We therefore hare 



sb'V - a^y'*= 






A 
F 



.(r^'-^"^»'), 



-s 



l" 



l/' 



(9). 



(10). 



F^e^'^+2F^e"<t>"+F^il/'^, F^r+F^<t>' 

Also we have by (3) and (4), 

The equations (8), (9) and (10) determine the radius of curvature p in terms of 
the initial values of the accelerations $'\ ^". These are determined by solving t^ie 
equations (3) which do not require the Lagrangian equations to be differentiated. 

If the point P is so situated that for every motion of the system it can begia to 
move only in some one direction the Jacobian of /, F with regard to (?, is zero. 
The first term of the equation (9) is then absent and the determination of the radius 
of curvature does not require the previous discovery of ^% 0'^. 

466. BTimplss of Initial Motton. Ex. 1. A smooth plane of niass M. is fredy 
moveable about a horizontal axis lying within it and passing through its centre of 
gravity, the radius of gyration of the plane about the axis being k. The plane being 
inclined at an angle a to the horizon, a sphere of mass m is placed gently on it. If 
initially the centre of the sphere be in a vertical through the axis of the plane, and 
if fc be its initial height above that axis, show that the angle ^ which the initial 
direction of motion of the centre makes with the vertical is given by 

(Mk^ + iM) tan = Mk^ cot a. [Math. Tripos, 1879. 

Ex. 2. n rods of lengths o^, a, ... a^ are jointed together in one straight line 
and being at rest have initial angular accelerations w^ , w^ . . . a;^ in one plane. If one 
end be fixed, prove that the initial radius of curvature of the path of the free end 

" ^"i^ • ^^ John's CoU. 1881. 

Ex. 3. BC is a diameter of a sphere, and rods AB^ CD are jointed at B and C 
each equal in length to BC, A being fixed, the system is held so that ABCD is a 
horizontal straight line, and then let fall. If the mass of each rod be equal to 
that of the sphere, the initial radius of curvature of the path of D is ^^fAB. 

[St John's Coll. 1881. 

Ex. 4. A mass M rests on a smooth table, a string tied to it passes through a 
hole in the table and supports a mass m at the other end. If m be released from 
rest in such a position that its polar coordinates are r, $ when referred to the hole 
as origin and the vertical as initial line, prove that initially 
(M-\- m)r" ^mg cos d, tB" ^-g%m $, 

(Jif+m)rr«'=3m^sin>^, r«d»'=p»sin^cosd(3f +6m)/(if+m), 

and find the initial radius of curvature of the path. [Coll. Ex. 1896. 

The initial radius of curvature follows at once by substituting theee values of 
f'', <&o. in the polar formula given in Art. 200. 

The Energy test of StaJbility, 

467. Stability of equilibrium. The principle of the Con- 
servation of EInergy may be conveniently used in some cases to 
determine whether a system of bodies at rest is in stable or 
unstable equilibrium. 
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Let the system be in equilibrium in any position, and let Fq be 
the potential energy of the forces in this position. Let the system 
be displaced into any initial position very near the position of 
equilibrium and be started with any very small initial kinetic 
energy 2\, and let V^ be the potential energy of the forces in this 
position. At any subsequent time let T and V be the kinetic and 
potential energies. Then by the principle of energy 

r+F^Ti+Fi (1). 

Let F be an absolute minimum in the position of equilibrium, 
so that F is greater than Fo for all neighbouring positions. The 
initial disturbed position being included amongst these, it follows 
that Fi — Fo is a small positive quantity. Now the kinetic energy 
T is necessarily a positive quantity, and since F is > Fo, the 
equation (1) shows that T is < Ti + Fj — Fo. Thus throughout the 
subsequent motion the vis viva lies between zero and a small 
positive quantity, and therefore the motion of the system can 
never be great. 

Also, since T is necessarily positive, the system can never 
deviate so far from the position of equilibrium as to make F 
greater than Ti + Fi. These two results may be stated thus : — 

If a system he in equilibrium in a position in which the potential 
energy of the forces is a minimum, or the work a maxim/am^ for all 
dtsplacementSy then the system if slightly displaced will never acquire 
any large amount of vis viva^ and will never deviate far from the 
position of equilibrium. The equilibrium is then said to be stable. 

It wiU be shown in vol. n. that this reasoning may in certain cases be extended 
to determine whether a given state of motion as well as a given state of equilibrium 
is stable. See also the Treatise on the Stability of Motion, Chap, vi., 1S77. 

468. If the potential energy be an absolute maximum in the 
position of equilibrium, F is less than F© for all neighbouring 
positions. By the same reasoning we see that T is always greater 
than 2^1 + Fi — Fo, and the system cannot approach so near the 
position of equilibrium as to make F greater than Z\ + Fi. So 
far therefore as the equation of vis viva is concerned, there is 
nothing to prevent the system from departing widely from the 
position of equilibrium. To determine this point we must examine 
the other equations of motion*. 

* This demonstration is twice given by Lagrange in his Mieanique Analytique, 
In the form in which it appears in the first part of that work, V is expanded in 
powers of the coordinates, which are supposed very small ; but in Section vz. of 
the second part this expansion is no longer used, and the proof appears almost 
exactly as it is given in this treatise up to the asterisk. The demonstration in 
the next article is simplified from that of Lagrange by the nse of principal co- 
ordinates. A proof has also been given by M. Lejenne-Dirichlet in CreUe*s Journal, 
vol. XXXII., 1846, and in LiouviUe^s Journal, vol. xu., 1847. Another proof is given 
in Art. 214 of the author's Statics, 
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If any principal oscillation can exist, let the system be placed 
at rest in an extreme position of that oscillation, then the system 
will describe the complete oscillation and will therefore pass 
through the position of equilibrium. But, if Ti be zero, V can 
never exceed Fi, and can therefore never become equal to F"©. 
Hence the system cannot pass through the position of equilibrium. 

It is unnecessary to pursue this line of reasoning further, for 
the argument will be made clearer in the next article. 

469. We may also deduce the test of stability from the eqiui- 
tions which determine the small oscillations of a system about a 
position of equilibrium. Let the system be referred to its prin- 
cipal coordinates, and let these be 0, <^, &c. Then we have 

2r=^»H-<^'»H- 

2([7-l7o) = 6n^+t92</>'+ 

where bu, b^t &c. are constants, and Uq is the value of U in the 
position of equilibrium. Taking as a type any one of Lagrange's 
equations 

ddT_dT_dU 

didff dO'dO* 

we have ^'-6u^ = 0, 

with similar equations for <^, i|r, &c. If b^ is positive, this equa- 
tion gives 6 in terms of real exponentials, and the equilibrium 
is unstable for all disturbances which affect 0, except such as 
make the coeflScient of the term containing the positive exponent 
vanish. If bu is negative, 6 is expressed by a trigonometrical 
term, and the equilibrium is stable for all disturbances which 
affect only. In this demonstration the values of 6u, 6^, &c. are 
supposed not to be zero. 

If in the position of equilibrium U' is a maximum for all 
possible displacements of the system, we must have b^, 6s, &c. all 
negative. Whatever disturbance is given to the system, it will 
oscillate about the position of equilibrium, and that position is 
then stable. If 27 is a maximum for some displacements and a 
minimum for others, some of the coefficients tn, b^, &c. will be 
negative and some positive. In this case if the system be dis- 
turbed in some directions, it will oscillate about the position of 
equilibrium ; if disturbed in other directions, it may deviate more 
and more from the position of equilibrium. The equilibrium is 
therefore stable for all disturbances in certain directions, and un- 
stable for disturbances in other directions. If {/ is a minimum 
in the position of equilibrium for all displacements, the coefficients 
bn> 6s> &c. are all positive, and the equilibrium is then unstable 
for displacements in all directions. Briefly, we may sum up the 
results thus : — 
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The system will oscillate about the position of equilibrium for 
all disturbances if the potentiai energi/ is a minimwra for all dis- 
pUicements, It will oscillate for some disturbances and not for 
others if the potential energy, though stationary, is neither a maod- 
mum nor a minimu/m. It wiU not oscillate for any disturbance if 
the potential energy is a maximum for all dispUicemervts, 

It appears from this theorem that the stability or instability of 
a position of equilibrium depends, not on the inertia of the system, 
hrit only on the force function. The rule is, give the system 
a sufficient number of small arbitrary displacements, so that all 
possible displacements may be compounded of these. By examining 
the work done by the forces in these displacements we can deter- 
mine whether the potential energy is a maximum or minimum 
or neither. 

We have assumed in this proof that when U is expanded in powers of 6, ^, &o, 
the lowest powers which do not vanish are the second. This is not necessarily 
true, for U may be a maximum or minimum when 0, 4p, &o, vanish, provided the 
lowest powers which do not vanish are of an even order, and are also such as to keep 
one sign for aU values of 0, <p, &q. This imperfection does not exist in the proof 
given in Art. 467. 

Ex. 1. A perfectly free particle is in equilibrium under the attraction of any 
number of fixed bodies. Show that, if the law of attraction be the inverse square, 
the equilibrium is unstable. [Eanuhaw^a Theorem, Canib, Trans. 1839.] 

Let be the position of equilibrium, Ox, Oy, Oz any three rectangular axes, 

cPV d^V dPV 

then if F be the potential of the bodies, ^n=^ra » ^a2=^T» ^s8=7ra • B^*» since 

the sum of these is zero, h^i^ h^, h^ cannot all have the same sign. 

Ex. 2. Hence, show that, if any number of particles mutually repelling each 
other be contained in a vessel, and be in equilibrium, the equilibrium will be 
unstable unless they all lie on the containing surface. [Sir W. Thomson, now 
Lord Kelvin, Camb. Math, Journal, 1845. Beprint, viii., p. 100.] 

470. The Cavendish Experiment. As an example of the 
mode in which the theory of small oscillations may be used as 
a means of discovery we have selected the Cavendish Experiment. 
The object of this experiment is to compare the mass of the 
earth with that of some given body. The plan of effecting this 
by means of a torsion-rod was first suggested by the Rev. John 
Michell. As he died before he had time to enter on the experi- 
ments, his plan was taken up by Mr Cavendish, who published 
the result of his labours in the Phil, Trans, for 1798. His 
experiments being few in number, it was thought proper to 
have a new determination. Accordingly, in 1837 a grant of £500 
was obtained from the Government to defray the expenses of 
the experiments. The theory and the analytical formulae were 
supplied by Sir Q. Airy, while the arrangement of the plan of 
operation and the task of making the experiments were under- 
taken by Mr Baily. Mr Baily made upwards of two thousand 



394 



SMALL OSCILLATIONS. 



[chap. IX. 



experiments with balls of different weights and sizes, and sus- 
pended in a variety of ways, a full account of which is given in the 
Memoirs of the Astronomical Society, Vol. xiv. The experiments 
were, in general, conducted in the following manner. 

471. Two small equal balls are attached to the extremities 
of a fine rod called the torsion-rod, and the rod itself is sus- 
pended by a string fixed to its middle point C, Two large 
spherical masses Ay B are fastened on the ends of a plank 
which can turn freely about its middle point 0. The point O is 
vertically under G and so placed that the four centres of gravity 
of the four balls are in one horizontal plane. 




Firstly, suppose the plank to be placed at right angles to the 
torsion-rod, then the rod will take up some position of equilibrium 
called the neutral position, in which the string has no torsion. 
Let this be represented in the figure by Co. Now let the masses 
A and B be moved round into some position B^A^, making* a 
not very large angle with the neutral position of the torsion-rod. 
The attractions of the masses A and B on the balls will draw the 
torsion-rod out of its neutral position into a new position of equi- 
librium, in which the attraction is balanced by the torsion of the 
string. Let this be represented in the figure by CEi, The angle 
of deviation EiCa, and the time of oscillation of the rod about this 
position of equilibrium are observed. 

Secondly, replace the plank AB at right angles to the neutral 
position of the rod, and move it in the opposite direction until 
the masses A and B come into some position A^^ near the rod 
but on the side opposite to BiA^, Then the torsion-rod will 
perform oscillations about another position of equilibrium CE^ 
under the influence of the attraction of the masses and the torsion 
of the string. As before the time of oscillation and the deviation 
EjOa are observed. 

In order to eliminate the errors of observation, this process 
is repeated over and over again, and the mean results are taken. 



ART. 471.] THE CAVENDISH EXPERIMENT. 395 

The positions BiAi and AqB^, into which the masses are alternately 
put, are as nearly as possible the same throughout all the ex- 

Eeriments. The neutral position Ca of the rod very nearly 
isects the angle between BiAi and AzB^y but as this neutral 
position, possibly owing to changes in the torsion of the string, 
is found to undergo slight changes of position, it is not to be 
considered in any one experiment coincident with the bisector 
of the angle AiCB^. 

Let Cx be any line fixed in space from which the angles may 
be measured. Let 6 be the angle xCa, which the neutral position 
of the rod makes with Cx ; A and B the angles which the alter- 
nate positions, BiAi and A^Bq, of the straight line joining the 
centres of the masses, make with Cx ; and let a= ^(il + B). Also 
let ;i7 be the angle which the torsion-rod makes with Cx at the 
time t 

Supposing the masses to be in the position Ai, Bi, the moment 
about CO of their attractions on the two balls and on the rod will 
be a function only of the angle between the rod and the line ili^i; 
let this moment be represented hy <f>(A— x). The whole apparatus 
is enclosed in a wooden casing to protect it from any currents 
of air. The attraction of this casing cannot be neglected. As it 
may be different in diCFerent positions of the rod, let the moment 
of its attraction about CO be ^jr (x). Also the torsion of the string 
is very nearly proportional to the angle through which it has 
been twisted. Let its moment about CO be E{x — b). 

If then / be the moment of inertia of the balls and rod about 
the axis CO, the equation of motion is 

Now a — xisB. small quantity, let it be represented by ^. 
Substituting for x and expanding by Taylor's theorem in powers 
of f, we get 

-I^^it,(A-a) + ^|r{a)-E{a-b) + {<f>'(A-a)-^lr'(a) + E\l 
Let ^,^<t>'(A-a)_-ir'ia) + E^ 

and ^^^^<H^-a) + t^)-E(a-b) 

Then a: = e -h i sin (n^ -I- i'), 

where L and U are two arbitrary constants. We see therefore 
that in the position of equilibrium the angle made by the torsion- 
rod with the axis of x is e, and the time of oscillation about 
the position of equilibrium is 27r/n. 

Let us now suppose the masses to be moved into their alternate 
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position ilajB,; the moment of their attraction on the balls and 
rod is now — (a? — B). The equation of motion is therefore 

^W* <!> i"' - B) + ir {X) - E (X - b). 

Let a = a? — f , then, substituting for B its value 2a — -4., we find 
by the same reasoning as before 

a; = e' + JVsin (nt + N'), 

where n has the same value as before, and 

In these expressions, the attraction i/r (a) of the casing, the 
coefficient of torsion E and the angle 6 are all unknown. But 
they all disappear together, if we take the diflFerence between 
e and e. We then find 

^ (J. - a) _ e — 6' 



\^''^-{^)' (AX 



where T is the time of a complete oscillation of the torsion-rod 
about either of the disturbed positions of equilibrium. Thus the 
attraction <^ ( J. — a) can be found if the angle e — e between the 
two positions of equilibrium and also the time of oscillation about 
either can be observed. 

472. It is sometimes wrongly objected to the Cavendish 
Experiment that the attractions of the balls A and B are supposed 
to be great enough to be measured, xuhile the much greater 
attractions of surrounding objects, such cw the house, <tc., are 
neglected. But this is not the case. The attractions of all fixed 
bodies are included in that of the casing. These are therefore 
not neglected but eliminated from the result. It is to effect this 
elimination that we have to observe both e' — e and the time of 
oscillation. We thus really form two equations, and from these 
we eliminate those attractions which we do not want to find. 

473. The function ^ (^ — a) is the moment of the attractions 
of the masses and the plank on the balls and rod, when the rod 
has been placed in a position Cf, bisecting the angle A^CB^ be- 
tween the alternate positions of the masses. Let M be the mass 
of either of the bodies A and By m that of one of the small balls, 
m' that of the rod. Let the attraction of if on m be represented 
by fiMm/D^y where D is the distance between their centres. If 
(P* ?) ^® ^^^ coordinates of the centres of Ai referred to Cf ss 
the axis of x, the moment about C of the attraction of both the 
masses on both the balls is 
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where c is the distance of the centre of either small ball from the 
centre C of motion. Let this be represented by fiMmP. The 
moment of the attractions of the masses on the rod may by 
integration be found to be fiMmfQ, where Q is a known function 
of the linear dimensions of the apparatus. The attraction of the 
plank may also be taken account of Thus we find 

<f>{A-a)''fiM {mP + w!Q), 

If r be the radius of either ball, we have 

/ = 2m (c» + ir») -h Jm' (c - r)«, 

which may be represented by / = mP* + m'Q', where P' and Q' are 
known functions of the linear dimensions of the rod and balls. 
Hence we find by substituting in equation (A) 



^ mP + m 'Q _ e-e /27r\ 
^ 'mF-^m'Q" 2 '\T) 



Let E be the mass of the earth, R its radius and g the force 
of gravity, then* g = fi,EjB?. Substituting for /a, we find 

E" 2 \t) ' gE"' mP-^m'Q" 

The ratio m/m' was taken equal to the ratio of the weights of 
the ball and rod weighed in vacuo, but it would clearly have been 
more accurate to have taken it equal to their ratio when weighed 
in air. For, since the masses attract the air as well as the balls, 
the pressure of the air on the side of a ball nearest the attracting 
mass is greater than that on the furthest side. The diflFerence 
of these pressures is equal to the attraction of the mass on the air 
displaced by the ball. 

474. By this theory the discovery of the mass of the earth 
has been reduced to the determination of two elements, (1) the 
time of oscillation of the torsion-rod, and (2) the an^le e — e' 
between its two positions of equilibrium when under the influence 
of the masses in their alternate positions. To observe these, 
a small mirror was attached to the rod at G, with its plane 
nearly perpendicular to the rod. A scale was engraved on a ver- 
tical plate at a distance of 108 inches from the mirror, and the 
image of the scale formed by reflection on the mirror was viewed 
in a telescope placed just over the scale. The telescope was 
furnished with three vertical wires in its focus. As the torsion-rod 
turned on its axis, the image of the scale was seen in the telescope 
to move horizontally across the wires, and at any instant the 

* In Baily'8 experiment, a more accurate value of g was used. If e be the 

ellipticity of the earth, m the ratio of centrifugal force at the equator to equatorial 

E 
gravity, we have ^=/i-^{l+m-2e- (f m - c) oos^X}, where R is earth's polar radius 

and X the latitude of the place. 
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number of the scale coincideDt with the middle wire constituted 
the reading. The scale was divided by vertical lines one-thirteenth 
of an inch apart and numbered from 20 to 180 to avoid negative 
readings. The angle turned through by the rod when the image 
of the scale moved through a space corresponding to the interval 
of two divisions was therefore ^ . yj^ . J = 73" "46. But the 
division lines were cut diagonally and subdivided decimally by 
horizontal lines; so that not only could the tenth of a division 
be clearly distinguished, but, after some little practice, the frac- 
tional parts of these tenths. The arc of oscillation of the torsion- 
rod was so small that the square of its circular measure could be 
neglected; but as it extended over several divisions it is clear 
that it could be observed with accuracy. A minute description 
of the mode in which the observations were made would not find 
a fit place in a treatise on dynamics, we must therefore refer the 
reader to Baily's memoir. 

In this investigation no notice has been taken of the effect of the resistance of 
the air on the arc of vibration. This was, to some extent at least, eliminated bj a 
peculiar mode of taking the means of the observations. In this way also some 
allowance was made for the motion of the nentral position of the torsion-rod. 

We have also not considered what relative dimensions should be given to the 
different parts of the instrument, consistent with its proper support, so as to obtain 
the most accurate result. Such considerations are hardly suited to a general 
treatise on dynamics. In the original experiments the attracting masses A and 
B were large, and brought near the small balls m and m. As a rapid osciUation of 
the rod was inadmissible, the moment of inertia I of the rod and balls was large 
and the torsion of the string was small. The size of the instrument was not handy. 
It was very important that the whole instrument should be kept at the same 
uniform temperature. As this could not be completely accomplished slight air 
currents were set up both within and without the wooden casing. Thus the 
oscillation of the rod was sometimes irregularly affected and the torsion of the 
string altered. 

475. The density of water in which the weight of a cubic 
inch is 252*725 grains (7000 grains being equal to one pound 
avoirdupois) was taken as the unit of density. The final result 
of all the experiments was to determine for the mean density 
of the earth the value 56747. 

Many experiments have been made besides those by Cavendish 
and Baily, a full account of which is given by Poynting in his 
Adams' Prize Essay, 1894. We may allude to the results of 
Cornu and Bailie (see Comptes Rendus, 1873 and 1878). They 
made several improvements in the apparatus and found the mean 
density to be 556. They considered that they had found an error 
in Baily's method of taking his means, and that, if this were 
corrected, Baily's result would become 5*55. The observations 
made by Jolly at Munich and Poynting at Manchester are also 
important; the former gave 5*692 and the latter 5*4934 as the 
mean density. 
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A great improvement in the mode of conducting the experi- 
ment has been made by Boys. It is clear that every diminution 
in the size of the apparatus is an advantage, provided the extent 
of oscillation remains sufficiently large for accurate measurements. 
The apparatus is then more easily Kept at one temperature, and 
can be made more free from currents of air. Now Boys discovered 
a method of making fine quartz wires, which ai*e not only 
sufficiently strong to carry the beam, but are also free from some 
other defects of ordinary metallic wires. The result of his ex- 
periments gave 5'527(), which is considered to be a very near 
approximation to the truth. Proceedings Royal Soc, 1889. 

476. Three general methods have been employed to determine 
the mean density. In the first a balance is used as in the 
Cavendish experiment. In the second the mass of the earth is 
compared with that of a mountain by observing the deviation 
produced in a plumb-line by the attraction of the latter. The 
mountain chosen was Schehallien, and the density of the earth 
was found to be a little less than five times that of water. See 
Phil. Trans. 1788 and 1811. From some observations near Arthur s 
Seat, the mean density of the earth was given by Lieut.-CoL 
James of the Ordnance Survey as 5'316. See Phil. Trans. 1856. 

In the third method the force of gravity at the bottom of a 
mine is compared with that at the surface, by observing the times 
of vibration of a pendulum. In this way the mean density of the 
earth was found to be 6"566. Airy, Phil. Trans. 1856. 

The following summary of results is taken from Poynting's 
Essay. 



Api^roximate 
date 


Experimenter 


Method 


Besult 


1737-40 
1774-6 
1855 
1821 
1880 
1854 
1883 
1885 
1797-8 

1837 

1840-1 

1852 

1870 

1889 

1879-80 

1878-90 

1884- 

1886-8 
1889 


Bouguer 

Maskelyne and Button 

James and Clarke 

Carlini 

Mendenhall 

Airy 

Yon Stemeck 

Yon Stemeck 

Cavendish 

Beich 

Baily 

Beich 

Comu and BaiUe 

Boys 

Yon Jolly 

Poynting 

( Konig, Bicharz and ) 

( Krigar Menzel ) 

Wilsing 

Laska 


Plumb-line and Pendulum 
Plumb-line 


Inconclusive 
4-5 to 5 

5-316 
4*39 to 4-95 

5-77 

6-565 

5-77 
about 7 

5-448 

5-49 

5-674 

5-583 
6-56 to 5-50 
in progress 

5-692 

5-493 

in progress 

5-579 
in progr^ss 


Mountain Pendulum 


Mine Pendulum 




Torsion Balance 










Common Balance 




Pendulum Balance 
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EXAMPLES*. 

1. A nniform rod of length 2e rests in stable eqailibrium with its lower end 
at the vertex of a cyoloid whose plane is vertical and vertex downwards, and passes 
through a small smooth fixed ring situated on the axis at a distance h from the 
vertex. Show that, if the equilibrium be slightly disturbed, the rod will perform 
small oscillations with its lower end on the arc of the cycloid in the time 

^''a/ o Ihi a^\ » ^^®'® 2a is the length of the axis of the cycloid. 

2. A small smooth ring slides on a circular wire of radius a which is con- 
strained to revolve about a vertical axis in its own plane, at a distance c from the 
centre of the wire, with a uniform angular velocity w where (i^{cy/2 + a)=g t,J2; 
show that the ring will be in a position of stable relative equilibrium when the 
radius of the circular wire passing through it is inclined at an angle 45° to the 
horizon ; show also that, if the ring be slightly displaced, it will perform a small 
oscillation in a time T where (TI2ir)^g(c,j9 + a)=a^2{ey/2-^a). 

8. A uniform bar of length 2a, suspended by two equal parallel strings each of 
length b from two points in the same horizontal line, is turned through a small 
angle about the vertical line through the middle point, show that the time of & 
small oscillation is 2Tr Jhk^jga*, 

4. Two equal heavy rods, connected by a hinge which allows them to move 
in a vertical plane, rotate about a vertical axis through the hinge, and a string 
whose length is twice that of either rod is fastened to their extremities and 
bears a weight at its middle point. If M^ M* be the masses of a rod and the 
particle, and 2a the length of a rod, prove that the angular velocity about the 

vertical axis when the rods and string form a square is . / — ^ . — ,-.— ; prove 

V 2a'J2 ^ 

also that, if the weight be slightly depressed in a vertical direction and the system 
left to itself, the time of a small oscillation is 2t ^ / ^^ . vi — jrU, • 

5. A ring of weight W which slides on a rod inclined to the vertical at an angle 
a is attached by means of an elastic string to a point in the plane of the rod, so 
situated that its least distance from the rod is equal to the natural length of the 
string. Prove that, if be the inclination of the string to the rod when in 
equilibrium, cot (7 -cos (7 =71 cos a, where Win is the modulus of elasticity of the 
string. Also if the ring be slightly displaced the time of a small oscillation will 
be 2TrJ[nllg(l - sin'^)}, where I is the natural length of the string. 

6. A circular tube of radius a contains an elastic string fastened at its highest 
point equal in length to one-eighth of its circumference, and having attached to its 
other extremity a heavy particle which hanging vertically would double its length. 
The system revolves about the vertical diameter with an angular velocity tjgla^ 
Find the position of relative equilibrium, and prove that, if the particle be slightly 

disturbed, the time of a small oscillation is ->— ~. k/ n' t^'*' ^^^'^ 
' yT+4 V 9 

7. A heavy uniform rod AB has its lower extremity A fixed to a vertical 
axis, and an elastic string connects B to another point C in the axis such that 
AC=^aj AB=a,J2\ the whole is made to revolve round AC with such angular 
velocity that the string is double its natural length and horizontal when the system 

* These examples are taken from the Examination Papers which have been set 
in the University and in the Colleges. 
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is in relative eqailibriom, and then left to itself. If the rod be slightly disturbed 
in a vertical plane, prove that the time of a small oscillation is 2ir^4a/21^, the 
weight of the rod being snffioient to stretch the string to twice its length. Art. 452. 

8. Three eqnal elastic strings AB, BC, CA surroond a cirealar arc, the ends 
being fixed at ^. At B and C two equal particles of mass m are fastened. If 2 be 
the natural length of each string supposed always stretched, and X the modulus of 
elasticity, show that if the equilibrium be disturbed the particles will be at equal 
distances from A after intervals w^nUlK Art. 454. 

9. A particle of mass M is placed near the centre of a smooth circular 
horizontal table of radius a, strings are attached to the particle and pass over n 
smooth pulleys which are placed at equal intervals round the circumference of the 
circle; to the othpr end of each of these strings a particle of mass M is attached; 

show that the time of a small oscillation of the system is 2t ( — - - ) . 

\ n gj 

10. Two discs slide in a circular tube of uniform bore containing air, exactly 
fitting the tube. The two discs are placed initially so that the line joining their 
centres passes through the centre of the tube, and the air in the tube is initially of 
its natural density. One disc is projected so that the initial velocity of its centre 
is a small quantity. If the inertia of the air be neglected, prove that the point 
on the axis of the tube equidistant from the centres of the discs moves uniformly 
and that the time of an oscillation of each disc is 2iry/MawliP, where M is the 
mass of each disc, a the radius of the axis of tube, and P the pressure of air on 
the disc in its natural state. 

11. A uniform beam of mass M and length 2a can turn round a fixed horizontal 
axis «*t one end ; to the other end of the beam a string of length I is attached and 
at the other end of the string a particle of mass m. If, during a small oscillation 
of the system, the inclination of the string to the vertical is always twice that of the 
beam, then M {SI -a)=Qm{l+ a). Art. 458. 

12. A conical surface of semivertical angle a is fixed with its axis inclined at 
an angle $ to the vertical, and a smooth right cone of semivertical angle p is placed 
within it so that the vertices coincide. Show that time of a small oscillation 
= 2r/i^(sin(a-j8)coBec^a/^), where a is the distance of the centre of oscillation of 
the cone from the vertex. 

13. A number of bodies, the particles of which attract each other with forces 
varying as the distance, are capable of motion on certain curves and surfaces. 
Prove that, it A, B^ C he the moments of inertia of the system about three axes 
mutually at right angles through its centre of gravity, the positions of stable 
equilibrium will be found by making A+B + C a minimum. Art. 469. 

14. A particle is in motion within a triangle ilBC, and is attracted perpendicu- 
larly to the sides with forces each equal to /i times the perpendicular distance. 
Show that the motion is expressed by two terms of the form Psin {C>/(X/A) + a}, 
where (X - 1) (X - 2) + 2 cos il cos £ cos C = 0. Show that the roots of this quadratic 
are real and positive. 

Examine the case of an equilateral triangle, and in that case verify the above 
result independently. 

15. The force between two small masses attracting according to the law of the 
inverse square of the distance is equal, at distance a, to a very small fraction 
n of the weight of either. They are suspended by two strings of length I from two 
points situated in a horizontal plane, at a distance apart equal to a, and are set to 
perform small vibrations in the same vertical plane; prove that the motion of 
each is compounded of two harmonic motions whose periods are very nearly as 
1 : l + 2»ya. 

R. D. 26 



CHAPTER X. 



ON SOME SPECIAL PROBLEMS. 

Oscillations of a Rocking Body in three dimensions. 

477. A heavy body oscillates in three dimensions tvith one 
degree of freedom on a fixed rough surface of any form in such a 
manner that there is no rotation about the common normal. Find 
the motion, 

478. The Relative Indicatriz. Let be the point of 
contact when the heavy body is in equilibrium. Let the common 
normal be the axis of z, and let the other two axes be at right 
angles in the common tangent plane. The equations to the 
portions of the surfaces in the neighbourhood of may be written 
in the forms z = ^(aaf^ + 2bxy + cy^) 4- &c. 

/ = J (a V + 2b' xy + cY) + &c. 

Let an ordinate move round the origin so that the portion z — z 
between the surfaces is constant and equal to any indefinitely 
small quantity A. This ordinate traces out an evanescent conic 
on the plane of xy whose equation is 

Any conic similar and similarly situated to this, lying in the 
tangent plane and having its centre at 0, is called the Relative 
Indicatrix of the two surfaces. 

Let OR be any radius vector of this indicatrix, then the 
difiference of the curvatures of the two sections made by a 
normal plane zOR (or their sum, if they are measured in oppo- 
site directions) varies inversely as the square of OR. This of 
course follows from the definition of the conic by a well-known 
argument in solid geometry. Thus, let (r, z)(r, z') be the co- 
ordinates of two points on the two circles of curvature at the 
same distance from the axis of z. We have ultimately 2pz = T^ 
and 2p'z' = r*. Also z-^z =^, hence, eliminating z and z\ we see 
that tne difference of the curvatures varies inversely as r*. 

• Let OR be a tangent to the arc of rolling determined by the 
geometrical conditions of the question. Let p, p' be the radii of 
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curvature of the uormal sections through OR, taken positively 

when the curvatures are in opposite directions, and let - = - + — . 

s p p 

Then s may be called the radius of relative curvature. 

The three following propositions are of use in dynamics. 

479. Prop. The Instantaneous Aids. Let 01 and Oy 

be two conjugate diameters of the relative indicatrix, then, if Oy 
be a tangent to the arc of rolling, 01 is the instantaneous axis, 
and, if 6 be the indefinitely small angle turned round the in- 
stantaneous axis, the arc a of rolling is given by a^ds sin yOI, 

To prove this, measure in the plane yz along the surfaoes two lengths OP and 
OP* eadi equal to c. Then in the limit P'P is parallel to the normal Oz, Let it 
cut ^e plane of xy in M. Draw another ordinate (^QN indefinitely near to P'PM 
80 that PP'=QQ\ then MN is an elementary are of tiiat relative indieatriz which 
passes through M, and is therefore parallel to 01 the conjugate diameter of OM, 
Also PQP'Q' is a parallelogram. 

The planes OPQ, OP'Q' are ultimately tangent planes at P and P', and must 
intersect in a straight line OJ parallel to PQ or P'Q', If then we turn the hody 
round 0/, the tangent planes at P and P' will he brought into coincidence and the 
one body will roU on the other. Thus OJ is the instantaneous axis. 

Now, since MN is the projection of PQ or P'Q' on the plane of xy, it follows 
that OJ, a parallel to MN, is the projection of OJ, a parallel to PQ or FQ', Also 
the parallels PQ and P'Q\ being tangents to the surfaces, make indefinitely smaU 
angles with the plane of xy, hence OJ makes an equal indefinitely small angle 
with 01, If be this small angle and B the angle of rotation about OJ, the 
motion of the body is represented by rotations B sin ^ about Oz and B cos about 
01. Since B is indefinitely smaU, the former is of the second order and is to 
be neglected. The latter reduces to B, 

To prove the last part of the proposition, we may again resolve this latter 
rotation into a rotation B cos yOI about Oy and a rotation B sin yOI about Ox. 
The former does not affect the arc of rolling along Oy, the latter obviously gives 
ff=BB9smyOI, 

480. Prop. The Cylinder of Stability. Measure a length 
ssin^yOI along the common normal Oz and describe a circular 
cylincler having this length as a diameter of the base, the axis 
being parallel to 01, If the centre of gravity of the body be 
inside this cylinder, the equilibrium is stable: if outside and 
above the plane of xy, the equilibrium is unstable. The cylinder 
may therefore be called the cylinder of stability. 

These results follow from the second expression for the moment 
of gravity about 01 found in the next proposition. 

481. Prop. The time of Oscillation. Let be the 

centre of gravity and K the radius of gyration of the body about 
01, then the length L of the simple equivalent pendulum is 



given by ^^^ ^^ g^^ ^.^, ^^j. _ ^^ siu^oOI. 
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If 00 produced cut the cylinder of stability in V, then 

^'=GF.sin»GO/. 

We deduce from this that the time of oscillation of the body 
is the same as if the fixed surface were plane, aud the curvatures 
of the upper body at the point of contaxst were altered bo that 
the Relative Indicatrix remained the same as before. 

4S2. These results may be obtained by taking moments about the instantaneous 
axis, see Art. 44S. The general course of reasoning may be indicated as follows. 
In eqnilibriam is the point of contact and 00 is vertical; as the body rolls 
on the surface, say in the direction y'P, let P be the point of contact at the 
time t and let 0\ G' be the positions in space occupied by the points O and G 
of the body. These points are not marked in the figure, but and (/ wiU obTiously 
lie indefinitely close to each other between y' and P, so that 00' is peipendicnlar 
to Py\ while G' will move from G a little to the right, as seen from any point 
in Pr, Draw PIF vertical, and PF parallel and equal to O'G', If PV be the 
instantaneous axis at the time t, d is the angle between the planes WPI' and FPF. 

To find the moment of the weight about PP we resolve gravity parallel and 
perpendicular to Pr, The 
former component has no 
moment about PI\ the latter 
is g sin WPP, Let this latter 
act parallel to some straight 
line KP. The moment re- 
quired is the product of re- 
solvedgravity into the shortest 
distance between the line of 
action of this force and the 
straight line PP, This short- 
est distance is equal to the 2Sf 
sum of the projections (with 
their proper signs) of P0\ 
O'G' on a straight line per- j£\ 
pendioular to both KP and 

PP. Let this straight line be PH. To find these projections we shall use a little 
spherical trigonometry. Let the figure represent the spherical triangles fonned by 
the arcs on a sphere subtending the various angles at the centre P. Also jy is a 
tangent to PO' the aro of rolling, and Pz' is normal to the surface at P. The 
projection of PCX on PH is <r cos y'Pir = a cos y'Pi^T cos J^PH=<rsm y'PP cos JTPr'. 
The projection of O'G' is the same as the projection of PF and this is 

= PF cos HPF= - PPsin WPF= -OO.emn WPP, 
The differential equation is therefore (since cs^Bsdm y'PP) 

K^^=z -eg{s, 8in« y'PP . sin WPP . cos KPz" - OG . sin» WPP}, 
We now replace sin WPP . cos KPz' by its equivalent cos WPz\ In the small 
terms containing the factor B we may remove the accents, and replace P and IT' by 
O and G. We immediately obtain one of the results. 

To obtain the other, we write the equations of moments in the form 
K^^ - 0g sin« WPP \ s sin" y'PP °^? ^^^ - 0g[ . 
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But, if D be the diameter of the cylinder of stability drawn with its axis parallel to 
Pr, and if PW cut the cylinder in V, we have PV. cob KPW^D cob KPz'. 
Sabstituting in the equation, the expression in brackets takes the form PV-OQ, 
which is ultimately equal to GF. We thus obtain the second result. 

We might also find the periods by the method of vis viva. 

Oscillations of Cones in three dimensions, 

483. Oscillations of Cones to the first order. A heavy 
cone of any form oscillates on a fixed rough conical surface, the 
vertices being coincident It is required to find the tims of a small 
oscillation. 

The motion of a cone about its vertex regarded as a fixed point 
is conveniently discussed by the help of spherical trigonometry. 

Let be the common vertex, the centre of gravity of the 

moving cone, 00 = A. With centre 0, 

and radius ^qual to 00, describe a 

\ /^ sphere; it is on this sphere that we 

. jev '-^ shall suppose our spherical triangles to 

\ Q\ / he constructed. The figure represents 

. V l^/ . only these triangles and is not marked. 

^^\^ Let 01 be the instantaneous axis of the 

yAV^^ ^ moving cone, i.e. the common generator 

/ A along which the two cones touch, and let 

j^ \ i^ cut the sphere in /. Let OTF be a 

vertical drawn upwards to cut the same 

sphere in W. Let the arcs WI = z, 

GI =s r. In the position of equilibrium the three straight lines 

OWy 00, 01 are in the same vertical plane, and they are so 

represented in the figure. 

Let n be the inclination of the vertical plane GOI to the 
normal plane to the two cones along 01. Let p, p be the semi- 
angles of the two right circular osculating cones of contact along 
Oi, taken positively when the curvatures are in opposite directions. 
In the figure their axes cut the sphere in C and D. 

If iT be the radius of gyration of the moving cone about 07, 
the length L of the simple equivalent pendulum is given by 

K^ . , . sin p sin p' 

i ^ = sm iz — r) cos n -^ — f tv - sm r sin z. 

hL ^ sm (p + p ) 

The dynamical principle used in obtaining this result is that 
of taking moments about the instantaneous axis, Art. 448. If 0' 
be the position of the centre of gravity at the time t, and 6 the 
angle between the planes 007, Q 01, we have 

K^'e^M (1), 

where M is the moment of g acting at 0' about the instantaneous 
axis at the time t 
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If OP be a neighbouring generator of the fixed cone and the 
angle POI be <r, tne moment M' about OP of g acting at (?' is a 
function of and <r. We therefore have to the first order of small 

quantities M'^Aa + BB (2), 

where A and B depend on the form of the cone. 

Finally, if OP be the instantaneous axis at the time t, we 
have Jf =if and o- sin (p -h p') = 5 sin p sin p' (3). 

Eliminating either a or 6 firom these equations the time of 
oscillation can be deduced. 

The relations (2) and (3) are established in an elementary 
manner in Arts. 484 and 485. The steps in the investigation 
correspond to those used in the oscillation of cylinders (Art. 441), 
the chief difference beino^ that the straight lines used in the 
figure for cylinders are here replaced by spherical arcs. The 
proof of the relation (3) presents no difficulty, but in the general 
case when both the rolling and the fixed cone are of any forms the 
figure required to obtain the relation (2) is rather complicated. 
In particular cases, such as when the fixed surface is plane or the 
roUmg cone is one of revolution, there is considerable simplifica- 
tion, the extent of which is pointed out in some of the examples 
in Art. 486. In these the proof, as adapted to the special case 
under consideration, is again briefly sketched. 

Another method. By' considering the parts of M due to 

and a separately^ we may arrive at their values without re- 
quiring any figure more complicated than that already drawn in 
this Article, The proof is as follows. 

Suppose (1) that 0' = O, then M' is the moment round 01 of g acting at G' 
parallel to the vertical WO, Since the body is turned round 01 through an angle 
0, the arc QQ'=h0smGL Resolving g parallel and perpendicular to 01^ the 
latter component is ^sin WI and its moment round 01 is ^sin WI, GG\ Sub- 
stituting for the spherical arcs WI and GI their values z and r, the moment 
becomes - gM sin r . sin z. 

Suppose (2) that ^=0, then M' is the moment round the neighbouring generator 
OP of g acting at 6 paraUel to WO. Resolving g along and perpendicular to GO, 
the latter component is g sin WG, and acts at G along a tangent to the spherical 
arc GI. To find its moment round OP we resolve it perpendicular to the plane 
OGP and multiply the component by h sin GP. The required moment is therefore 
the product of g sin WO, elnlGP and A sin GP. Since 0'cosn and IGP. sin GP 
both express the perpendicular distance of P from the arc GI, the required moment 
becomes gha sin {z - r) cos n, where z - r has been written for WG. 

The complete value of M is therefore 

M=gh {0'CO8nsin(;e-r)~^sinr sinz}. 

4S4. As the heavy cone rolls on the surface, the point on the sphere which is at 

1 in equilibrium takes the position I', and P is the new point of contact Let the 
arc IG assume the position I'G', and let the centre C of the osculating cone mo?8 
to C. Let <rs IP be the arc rolled over, and let 6 be the angle turned round by 
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the oone. Since this angle is ultimately the same as CPC, we have CC'= 6 sin p. 

Also CC'eo8ec(p+/>') and ^ooseop' are each equal to the angle IDP, We thus 

^ , ^ sinpsinp' 

find(r=^ -7—7 ^. 

sm (p + p') 




485. The vertical OITcuts the sphere in W, To find the moment of the weight 
ahoot OP we must resolve gravity parallel and perpendicnlar to OP, The former 
component has no moment, and the latter is g sin WP. Let this latter act parallel 
to some straight line KG, The moment required is the product of resolved gravity 
into the projection of OG' on a straight line Off, which is perpendicular to both OK 
and OP, Thus the spherical triangle HKP has all its sides right angles. Li 
equilibrium G lies in the vertical plane WOI^ and as the cone rolls G moves to G', 
so that the arc GG* is perpendicular to WI, and equal to sin r. Let this arc cut 
WP in M. The projection required is A cos HG*= - h . MG' since HM is a right 
angle. Since PI nubkes with PH an angle which is ultimately equal to n, we have 

GM sinfTG sin (z-r) u- * i rrv. * -^ • *u 

= -.- -fifi = J ultimately. The moment reqmred, urgmg the cone 

ffconn sm YFi sin 2 "^ i » o o 

back to its position of equilibrium, is gh am {GM - GG^)^ which on substitution 

becomes M=gh {<r cos n sin {z-r)-0 8inr sin z}. 

Equating this moment with the sign changed to K^B, the result to be proved 
follows immediately. 

We may obtain this equation by the analytical method given in Art. 509. We 
there replace the geometry here used by a process of differentiation, which may be 
extended to any higher degree of approximation. 

486. Bzamptes. Ex. 1. If the upper body be a right cone of semi-angle p, 
and if it be on the top of any conical surface, we have n = and r=p. The preceding 

«pre«rion then takes the form ^ = - ?^^+/Wp. 

*^ hL sm (p+p') 

Ex. 2. A heavy right cone of angle 2p and altitude a, suspended by its vertex 
from a fixed point in a rough vertical wall, is oscillating, prove that the length of 
the equivalent pendulum is ^ sec p (1 +5 cos' p). 

Let the cone when in equilibrium touch the plane along the vertical Oz. At the 
time t, let the generator ON be the line of contact, where zONssff, Let OA be the 
axis. Resolving gravity along and perpendicular to the line ON, and taking 
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moments about the incrtantaneoos axis ON, we have K^^ -^ sin 0*. |a sin p. 
Now, if the oone turn round ON through an angle ^dt, the centre ^ 0/ the base 
advances a space a sin p . &dt, henoe» if AH be a perpendicular on ON, H advances 
an equal space. But it does advance a space OH . d<r, i,e. a cos pde. We therefore 
have ^tBJip=:&, Substituting this value of ^ in the above equation and quoting 
the value of f from Art. 17, Ex. 7, the length of the equivalent pendulum is 
found without difficulty. 

Ex. 3. A right cone of angle 2p and altitude a oscillates on a perfectly rough 
plane inclined to the vertical at an angle «', the length of the equivalent pendulum 
is ia sec p seci;' (1 + 5 cos'p). [Besolve gravity into g cos «' acting down the plane 
and a perpendicular component which can be neglected. Then proceed as in the 
last question.] 

Ex. 4. A right cone of angle 2p and altitude a is divided by a plane through the 
axis. One of the halves rests in equilibrium with its axis along a generator of a 
fixed right cone of angle 2p\ the vertices being coincident, prove that the length L 
of the equivalent pendulum is given by 

{9w«+16t«n'/,}»?^''=8x8m,tanp'-4tonp??<?.'-ti). 
^ "^^ 6L '^ ^ cosp' 

where z is the inclination of the line of contact to the vertical measured upwards. 

487. Condition of Stability of Cones to the first order. 

To determine the condition of stability when a heavy cone rests in 
equilibrium on a perfectly rough cone fixed in space. 

It is evident that we must have the length L of the equivalent 

t)endulum, found in Art. 483, equal to a positive quantity. This 
^ads to the following construction, which is representea in the 
figure of Art. 483. Measure along the common normal CI to the 
cones a length IS = s, such that cot s = cot p + cot p\ From S 
draw an arc SR perpendicular to 10 W, then 

cos n =■ cot s . tan IR, 

Then L is positive and the equilibrium is stable if the centre of 
gravity of the moving cone be either below the common generator 
of the two cones, or above the generator at an angle r such that 

cot r > cot ^ + cot IR, 

provided IR is less than a right angle. 

When the vertex is very distant the cones become cylinders. 
In this case, if the arc z become a quadrant, the condition of 
stability is reduced to r < IR, This agrees with the condition 
given in Art. 442. 

Large Tautochronous Motions. 

488. When the oscillations of a system are not small, the 
equation of motion cannot always be reduced to a linear form, 
and no general rule can be given for the solution. But the oscil- 
lation may still be tautochronous, and it is sometimes important 
to ascertain whether this is the case. Various rules to determine 
this question are given in the following Articles. 



ART. 489.] LARGE TAUTOCHRONOUS MOTIONS. 409 

When a particle oscillates on a given smooth curve either 
in a vacuum or in a medium whose resistance varies as the 
velocity we know that the oscillation is tautochronous about 
the position of equilibrium if the tangential force P = m^8 where 8 
is the length of the arc measured from the position of equilibrium 
and m is a constant, Art. 434. If therefore any rectifiable curve 
is given, the proper force to produce a tautochronous motion 
can at once be assigned. Thus a catenary is a tautochronous 
curve for a force actmg along the ordinate equal to mh/, because 
the resolved part along the tangent is obviously m'«. The equi- 
angular spiral is tautochronous for a central force fir tending to 
the pole, because the resolved part along the tangent being m% 
where m' = /a coe^ a, the time of arrival at the pole is the same 
for all arcs. In the same way the epicycloid and hypocycloid 
are also tautochronous curves for a central force tending from 
or to the centre of the fixed circle and varying as the dis- 
tance, because since r^^As^ + B, the resolved part along the 
tangent, viz. firdr/dSy varies as 8, In all these cases the time 
of arrival at the position of equilibrium is the least positive root 
of the equation tan w^ = — ti/k (Art. 434) where 2/cv is the re- 
sistance and n* + ^' = m'. The whole time from one position of 
momentary rest to the next is 7r/n. 

489. If the eqiLation of motion be ;7/s * -^ (^ ' ^ ) » 

where F is a homogeneous function of the first degree, then, in what- 
ever position the system is placed at rest, the time of arriving at the 
position determined by x=^0 is the same. 

f\ dx\ 
Let the homogeneous function be written ^f\~~Tf]' ^^ ^ 

and f be the coordinates of two systems starting from rest in two 
diflferent positions, and let a? = a, f=«a initially. It is easy to 
see that the differential equation of one system is changed into 
that of the other by writing f = kx. If therefore the motion of 
one system is given by a? = ^(^. -4, B\ that of the other is given 
by ^^K<f>(t, A\ By To determine the arbitrary constants A, B 
and A\ R, we have exactly the same conditions, viz. that, when ^ = 0, 
<^ = a and d^jdt^O, Since only one motion can follow from a 
single set of initial conditions, we have A'^A, and B=^B. 
Hence throughout the motion f = kx, and therefore x and f 
vanish together. It follows that the motions of the two systems 
are perfectly similar, and the times equal. 

This result may be obtained also by integrating the differential 
equation. If we put px = dx/dt, we find, after eliminating a?, that 
the variables p and t can be separated, showing that j} is a 
function of t-hB. Hence by an easy integration a? = J.^(f + -B). 
When t = 0, dx/dt = 0, and therefore ^' (B) = 0. Thus B is known 
and X vanishes when ^ (^ + 5) = 0, whatever be the value of A. 
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It must be noticed that if the force be a homogeneous funotion of the velocity 
and x, the motion is tautocbronons only in a certain sense. It may happen that 
the System arrives at the position determined by a;=0 only after an infinite time, 
or the time of arrival may be imaginary. Thus, suppose the homogeneous function 
to be m'x, where m^ is positive, then the system starting from rest moves continually 
away from the position x=0. The value of x is evidently represented by an 
exponential function of x which never ceases to increase with the time. It is 
therefore necessary in applying the rule to ascertain whether the time given by the 
equation (t+B)=0 is real or not. 

We may in general determine this from the known circumstances of each par- 
ticular case. The two following general conditions will guide us in our deeisioB. 
If the time before arrival at the position x=0 is to be real and finite, and the same 
from all initial positions, it is dear that the position x=Oma$t he one of equilibrium. 
For, if not, place the system at rest indefinitely close to that position, then the 
time of anival will be zero, unless the acceleration be also zero. Further, the 
position of arrival must be a position of itahle equilibrium for all displacements ; 
or at least for all displacements on that side of the position of equilibrium on which 
the motion is to take place. 

490. Lagrange's rule. If the equation of motion he 

where F is a hamogeneous function of the first degreSy and f{x) is 
any function of x, show that, in whatever position the system is 
placedy the time of arriving at the position determined by f{x) = 
is the same. 

This is Lagrange's general expression for a force which causes a tautochronous 
motion. The formula was given by him in the Berlin Memoirs for 1765 and 
1770, and in other places. Another very complicated demonstration was given by 
D'Alembert, requiring variations as well as differentiations. Lagrange seema to 
have believed that bis expression for a tautochronous force was both necessary and 
sufficient. But it has been pointed out by M. Fontaine and M. Bertrand that 
though sufficient it is not necessary. At the same time the latter reduced the 
demonstration to a few simple principles. A more general expression than 
Lagrange's has been lately given by Brioschi, but it does not appear to contain 
any cases of tautochronous motion not already given by Lagrange's formula. 

Lagrange's result may be arrived at by the following reasoning. 
The motion from rest is tautochronous with regard to the point 

a? = 0, if the equation of motion be ^- =a?F f - ->- J . Put x = <f> (y), 

where (f> stands for ^ (y) and accents as usual denote differential 
coefficients. Let <l>/(f>' =f{y\ substituting we have 

df f \dt) f \dt) ■*■•' \f dt) ' 

where / has been written for /(y). The last two terms of this 
expression form a homogeneous function of /and dy/dt of the first 



ART. 492.] LARGE TAUTOCHRONOUS MOTIONS. 411 

degree, and therefore Lagrange's formula has been proved. This 
demonstration is due to Bertrand. Liouville'a Jouni, Vol. XII. 1847. 

The motion begins from rest with any initial value of x and 
ends when ^sO. Hence, writing x^^{y\ we see that in the 
second equation the motion begins with dy/dt^O and with any 
initial value of y, and terminates when <f^{y)szO. Now dx/dt does 
not in general vanish when ^ = 0, since the system arrives with 
some velocity at the position of equilibrium. But since 

<f/ (y) does not vanish when a? = 0. It follows therefore, since 
^ = ^'./(y), that the motion terminates when/(y)=aO. 

491. Effect of a resiiting medium. If the motion is 
tautochronous according to Lagrange's formula in a vacuum, the 
motion is cUso tautochronous in a medium whose resistance varies 
as the velocity. The only effect of such a resistance is to introduce 
an additional term, viz. 2kv, of the first degree into the arbitrary 
function F. This theorem is due to Lagrange. 

If the resistance is 2/ct; + /eV, we write Lagrange's equation in 
the form 

Putting the coefficient of tr^ equal to k\ we find by integration 
that /(x)=' Ce^'^ + A/k\ If x is measured from the position of 
equilibrium, at which by Lagrange's theorem f{x) = 0, we must 
have -4 = — kC. The result is that for this law of resistance, the 
motion is tatUochronous if the impressed force is P = (7(e*'*-- 1). 
This result agrees with those given by Euler and Laplace. 

492. We can give an easy independent proof of this theorem. For the sake of 
simplicity let the system be a particle moving from rest towards a point A of eqai- 
librium on a smooth given carve under the action of a tangential force P, The 

equation of motion is, if 3- = t>, 3- - k'v^ + 2kv= - P. 

at at 

This equation can be written in the form — (e'^v) + 2«r (e^v) = - Pe^, 

provided 37 = - f't'i «•«. " = - «'«• Pot e^dt =dw, . •. -p- + 2ir ^ + P«~«'* = 0. 

The time of arrival at the point to=0 will be independent of the arc if we put 
Pe-^^-mNo, Art. 434. Now ic = - — e"*'* + C, and if e is measured from the 



m* 



position at which U7=0, we have k'C= 1. We therefore have P= —r («*'* - 1) which 

is the same result as before. Also the time of arriving at the position w=0 ia 
given by the least positive root of the equation tan nt= - nix where n*=m^ - k'. If 
K^> m* the particle arrives at the position 10 =0 after an infinite time, Art. 434. 

Laplace remarks that the expression for the force P is independent of the 
coefficient jc of that part of the resistance which varies as the velocity, while the 
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time of arrival at the position of eqailibrium is independent of the ooeffieient jt' of 
that part of the resistanoe which varies as the sqaare of the velocity, Blicamque 
CiUste^ Vol. I., page 38. 

Ex. 1. Find the smooth carve such that the motion of a heavy particle in a 
medium whose resistance is 2«rv + KV may be taatochronons. Since gravity is the 

only force we put P=— (««'* " ^) ~^ ^ » •"• Py = -^ (**'* " ''*)• 

Ex. 2. Find also the curve when the impressed force tends to the origin and is 
equal to ijo^, 

493. Motion on a rough cycloid. A heavy particle slides 
froTa rest on a rough cycloid placed with its axis vertical^ in a 
medium whose resistance varies as the velocity, show that the motion 
is tautochronous. 

Let be the lowest point of the cycloid, P the particle, OP = Sy 
so that the arc is measured from in the direction opposite to 
that of the motion. Let the normal at P make an angle -^ with 
the vertical, let p be the radius of curvature at P, and a the diameter 
of the generating circle. Then, by known properties of the cycloid, 
s = 2a sin yfr, p^2a cos ^. Let fi be the coefficient of friction, ff 
the accelerating force of gravity, and let the mass be unity. Then, 
if 12 be the pressure on the particle measured positively inwards 
and' V = ds/dt, we have 

dv v^ 

— = fiR-^gsin i^— 2/ev, -^R — gcosyjr (1). 

Eliminating R, the equation of motion becomes 

f t^+2KV + -£-sm(ir-e) = (2). 

at p cos 6 

where tan e = /a. This may be written 

;r, (e^'v) + 2k (e^'v) + -^ ^ sin (V^ - e) = 0, 
an cos c 

du V 

provided 777 = ~ M ~ » ^•^' "^ = ~ /^V^* ^^^ ^^^^ — ^^ J 

d^w ^ dw a , . / . V .V 

Now w =/«"*** 2a cos •^d'^ = 2a cose e"*** sin (^ — c). 
The equation therefore reduces to 

d^ , a dw g ^ 

The motion is therefore tautochronous. Art. 434. At what- 
ever point of the cycloid the particle is placed at rest, it arrives 
at the point A determined by ti; = 0, i,e. -^ = 6, in the same time. 
The point A, at which the tautochronous motion terminates, is 
clearly an extreme position of equilibrium in which the limiting 
friction just balances gravity. 
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The time of arrival at A is given by the least positive root of 
the equation tan n^ = — n/K, where n^-h tc^^ gj^a cos* e ; the whole 
time from one position of momentary rest to the next being irjn. 

So long as the particle is moving in the same direction the 
constant /i retains the same sign, Art. 159. The motion is there- 
fore given by 

(T^"^ sin (i|r - e) = Ae"''^ sin {nt + B), 

where, as before, w' + /c" = gr/2a cos* e and -4, B are constants. 
When the particle arrives at the next position of rest, it will 
begin to return or will remain there at rest ewcording as the value 
of '^ at that point is greater or less than the angle of friction. 

We may also dedaoe the tautoohroniBm of the motion from Lagrange's theorem. 
Proceeding as in Art. 491 and equating the coefficient of v^ to fi/p, we find a value 
of /(«) which makes the Lagrangian equation become the same as that of the 
particle on the cycloid. 

494. BIstoKleal SnBunarj. That a smooth cydoid is tautochronous in vacuo for 

a heavy particle was first proved by Huygens in his Horologium OsciUatorium^ 1678. 

Newton extended this to the case in which the resistance is 2icv, and also proved 

that a smooth epicycloid is tautochronous for a central force varying as the distance. 

That the oscillations on a cycloid are tautochronous when the curve is rough has 

been deduced by Bertrand from Lagrange's formula, LiouvilUy Vol. zm., 1848. He 

ascribes the proposition to Necker, who published it in the M^moiret des tavanU 

€tr angers y Vol. iv., 1768. Euler practically determined the force which would make 

a smooth curve tautochronous when the resistance is k'v*^ Meehanica, 1786. This 

result was afterwards extended by Laplace to the case in which the resistance is 

2lcv + Jc'v^ Micatiique CiUste^ Tome i., page 86. Puiseux has a memoir on smooth 

tautochronous curves in vacuo, and also for heavy bodies when the resistance is 

jc'v', Liouville, Vol. ix., 1844. He remarks that he has avoided the use of series, 

such as that employed by Poisson in his MScanique (see Art. 197). He discusses 

the tautochrone in vacuo when the force is central and varies as the distance and 

shows that the curve is an epicycloid, a hypocydoid or a certain spiral. Haton de 

la Goupillito proves that tiie epicycloid when rough is also tautochronous and 

points out briefly that this fact is not affected by a resistance 2x1?, LiouvilUf Vol. xin. 

Darboux in a note to the Micanique de Despeyroue, 1884, shows that when friction 

is taken account of the only tautochronous curves are those discussed by Puiseux. 

495. notion on any xangh. cuarw. A particle, starting from rest, moves on a 
rough curve of given form in a medium whose resistance is k^v^, under the action of 
forces which depend only on the position of the 
particle. Prove that the necessary condition that 
the time of arriving at the position of equilibrium ^ ^' 

should be independent of the arc described is 

where P=G-fiH is the excess of the tangential 
force G over the part fiH of the friction, and m is a "q 
constant Find also the time of transit. 

Let A be the point at which the tautochronous motion terminates. If the position 
of the particle at any time t, AM=s, so that « is measured from A in the direction 
opposite to that of motion. Let the tangent at M make an angle ^ with the axis 
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of X, and let ^ and t inerease together. Let the tangential and normal oomponents 
of the force be O and H ; the tangential component O acting towards A, and the 
normal component H acting ontwards, ue, opposite to the direction in wfaieh p is 
measured. We shall suppose pto be positive throughout the arc. The eqoations of 
motion are therefore 

- = «-H, r — =m12-G + kV (1). 

p as 

Since the particle starts from rest, we see that R and H are initially equal and thas 
have the same sign. We shall suppose that H is positive throughout the motion. 
so that the impressed force urges the particle outwards. It follows that R also is 
positive throughout the motion. The friction continues therefore to be reprement^d 
by fiR, without any discontinuous changes in the sign of /i, such as would happen if 
R were to change sign without a corresponding change in the direction of the friction. 
(See Art. 169.) Eliminating R we find 

v~=/xj + K'v^-{G-,dI) (2). 

Let P=G-/AHt so that P is the whole impressed force urging the particle 
along the tangent towards the point A, We may prove that P must be positive 
throughout the motion until the partide reaches A. If P be zero at any point B, 
then, placing the particle at rest at B, it will remain there in equilibrium, and 
therefore the times of reaching A from all points will not be the same. We see also 
by the same reasoning that the point A must be one at which P is zero. (See 
Art. 489.) Writing di/df for p, the equation of motion becomes 



.-. v»g-2,*t^-2«'« = c«- I *2pP«-2**^-2«'»d^, 



where a is the angle the tangent at A makes with the axis of x. As ^ is greater 
than a throughout the motion the constant of integration, viz. c*, must be positive. 

We notice that the integral on the right-hand side is independent of the position 
of the starting point of the particle and depends only on the intrinsic equation of 
the curve and the point A. Let us represent this integral by z\ and take z as the 
coordinate of the particle. We have 2=c when the particle is starting from rest, 
and £=0 when it arrives at the point A determined by ^=a. 

The intrinsic equation of the curve being given, we can imagine ^ and s to be 
expressed as functions of z. Putting then e-H^^-»'s ds=s<t> M ^'* ^® ^un® ^ of 
transit from z=e to £=0 is easily seen to be 

V <f> (z) dz 



■=/; 



To find the form of the function <f> which makes this result independent of the 
arc we equate to zero its differential coefficient with regard to c. Putting <=c{ we 
have 

This integral cannot be zero for all values of c unless <p' (c^)=0. If it were not 
zero we could by taking c small enough make 0'^c{) keep one sign fh>m (=0 to 
{=1 ; thus eveiy term of the integral would have the same sign and the sum could 
not be zero. Writing then (z) = 1/m, we see that the time of transit is r=i wftm. 

Putting us -/x\I/-k's, for the sake of brevity, we have to find P from the two 
equations ni«**=T-, 2/ pPe^d\l/=zK 
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Integrating the first from ^=a to ^, i,e. z=0 to g and substituting in the second 
ve have {mje*ds}^^2jPe^d8. Differentiating and reducing, this leads to 



'=TO««-- j 



e^pdrff, .'. '"V = ^ - (m + «'p) ^• 



Since P vanishes when ^8 a, we verify the theorem that the point at which the 
tautoohronooB motion terminates is a position of equilibrium ; Art. 489. 

Ex. Show that this law of force is included in the Lagrangian expression for a 
taatodhronons force. 

Comparing the Lagrangian equation as written in Art. 491 with (2) of this 
article, term for term, we find an expression for /(»), i,e, -P, which agrees with 
that given above. 

By deducing the condition of tautochronism from Lagrange's expression we 
prove that it is tujfficient, the mode of proof adopted above shows that the condition 
is also necesiary. 

496. Ex. 1. Etiler'a theorem. A particle moves on a tmooth curve under the 
action of a tangential force P which is some function of the distance « of the particle 
from the position A of equilibrium, and the time of arrival at A from rest in any 
position is independent of the arc. Prove that if the motion take place in vacuo, 

P=Ca; and if in a medium whose resistance is k'v', P= C (^ ' - 1). This should be 
proved by the method of Art. 495, not deduced as a particular case from the general 
result. 

Ex. 2. A heavy uniform string is placed within a thin smooth cydoidal tube 
with its base horizontal. Prove that the time of oscillation is the same for all arcs 
and is independent of the length of the string. 

497. Determine how the time of arrival at the position A of equilibrium in 
Art. 495 would be modified if the resistance were changed to 2«cr + k'v^. 

dv v' 
The equation of motion (2) of Art. 496 now becomes -^- =/* — + k'v^ - 2kv - P. 

At p 

d 
As in Art. 493 this may be written in the form -- (^^r) +2#f (e"r) + <r'*P=0, 

provided tt= -At^-«'». Put «"d«=<itr, .'. ■^ + 2<r-j^ + ««P=0. 

The time of arrival at the point A, determined by ir = 0, becomes independent of the 
arc if the last term is equated to mho. We then have P=ni^e"^je^d9, which is the 
same value as P as before. The time of arrival at the position of equilibrium is now 
given by the least positive root of tannr= -n/zc where n^=m^-k*, the time from 
one position of rest to the next being v/n, Art. 484. 

498. Epicycloids dtc. Supposing the curve to be rough, the resistance to be 
2ici7, the force central and equal to Xr, and the tautochronic period to be given, 
prove that the differential equation of the curve is p=ip, where t(l + m7X) = l+M', 
and X is positive when the force is repulsive. The constant m is a function of the 
period whose value is given in Art. 497; when the resistance is zero the tauto- 
chronic period is ir/2m. Trace also the curves included in this equation. 

In this case 0= -Xdp/ctf, H=\p\ see the figure at the beginning of Art. 495. 
Since k' = 0, the condition of tautochronism takes the simpler form m^p = dPIdyff - fiP. 
Substituting for P its value O - fiH, we arrive at the given result. 

P flS 

To trace the curves p—ip^ we notice that -=1-^ — — in the epicycloid in 

p (a + 26)* '^ '' 

which a and h are the radii of the fixed and rolling circles respectively and that in 

the hypocydoid h is negative. 
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If we sketch the cnire whose ordinate is i and abscissa 6 we see at onoe 
that there are two asjrmptotes defined by t = l and b= -^a. As ft increases ttom 
-as to -a, i varies from 1 to ; as 6 increases from - a to 0, t is negative being 
00 when &= -^a; as b increases from to oo, i varies from to 1. Thus t may 
have any negative value and any positive value less than unity. 

(1) If t has any negative value, b is negative and lies between -a and 0. 
Since i (1 + m'/X) = 1 + m^ it follows that m'/X should lie between - oo and - 1. The 
<;urve is therefore a hypocycloid and the central force is attractive. 

(2) If t is positive and less than unity, h may have any positive value or any 
negative value between - cx> and - a. This requires that m'/X should lie between 
p* and 00 . The curve is therefore either an epicycloid or a hypocycloid and the 
central force is repulsive. 

(3) If i is positive and greater than unity, the curve takes other forms. 

cPp 
Putting i - l = a', its differential equation becomes ^-^ =a^. By rotating the axis 

of X round the origin through an appropriate angle, the integral may be reduced to 
one of the forms 

Since in any curve the projection of the radius vector on the tangent is equal to 
dpld\f/, we have 

f^=p^ + (dpldyp)^ cot (^ - ^) = dplpdyf/. 

We can therefore express the polar coordinates r, in terms of ^ as an auxiliary 
angle. Tracing the curves we find two kinds of spirals according as we take the 
upper or lower signs, together with an equiangular spiral whose angle § is given by 
8inai8=l/i. 

Since the two kinds of spirals do not pass through the origin (for this would 
require both |>=0 and dp/d^=0), the point of equilibrium at which the tautochro- 
nous motion is to terminate is found by making tan <p=ll/i where is the acute 
angle which the radius vector makes with the tangent. In the equiangular spiral 
the point of equilibrium is the origin for the central force vanishes at that point. 

In the first kind of spiral the angle 0, Le, ^~^, varies from ^ir when ^=0 to 
tan~^ 1/a when \f/ is infinite, and in the second kind <p varies from zero to tan~i 1/a 
for the same values of \ff. In the equiangular spiral <p is constant and equal to 
tan~^ 1/a. Hence the first kind of spiral or the second will have a point of 
equilibrium, and be the tautochrone, according as /i<or>a; the arc to be described 
being on that side of the position of equilibrium in which tan0<l//i. The 
■equiangular spiral will also be a tautochrone, the arc terminating at the centre 
of force, provided /A<a. 

We deduce from the given value of t that fi^ - a'=im*/X ; hence m'/X is positive 
or negative, i,e. the central force is repulsive or attractive, according as /at*- a or 
/i<a. Since t>l we must have in the former case ^*>in'/X. 

We have therefore the following cases, (1) force attractive; if mVX< -1 the 
curve is a hypocycloid, if m*fK>' -1 but <0 the curve is the first spiral or the 
equiangular spiral according to the position of the point at which the motion is to 
terminate; (2) force repulsive, i.e, m^/X>0, the curve is an epi- or hypocycloid if 
m^/X lies between fi^ and oo , and is the second spiral if m^/X lies between and /i\ 

499. Ex. 1. A system having one degree of freedom is defined by 2r= Jf^, 
U =/($). Prove that the motion is tautochronous if U=z C {fMdS}*, [Put Md$=:dt, 
and use Art. 496.] [AppelL 
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Ex. 2. A system having two degrees of freedom is defined by 

where A, B, C are given functions of 0, 4>. Investigate the constraint which must 
be introduced into the system that the motion may be tantoohronons. [Assume 
4p=F{e) and use Ex. 1.] [Appell, Comptes Rendus, 1892. 



Oscillations of Cylinders and Cones to the second order. 

500. Conditioii of BtaMlitF of Cylinders to tho lilsber ord«n. When 
a heavy cylinder rests in equilibrium on one side of a fixed rough cylinder as 
in Art. 442, the condition of stability is that the centre of gravity should lie within 
a certain circle called the circle of stability. If the centre of gravity lie on the 
boundary of this circle the equilibrium is called neutral ^ but it is generally either 
stable or unstable, a higher degree of approximation, however, being required 
to distinguish the two. We may reach any degree of approximation by the 
following easy process^ which amounts to the continued differentiation of a certain 
quantity until we arrive at a result which is not zero. The sign of this result 
distinguishes between the stability and instability of the equilibrium. The magnitude 
of the result^ joined to some other elements^ enables tts to form the equation of motion. 

501. In equilibrium the centre of gravity is in the vertical through the point 
of contact. Let the body be turned round through 

any angle $, so that G in the figure is the position 
of the centre of gravity, and I the point of contact. 
Ijet IF be vertical. Let CID be the common normal 
to the two cylinders, C and D being the centres of 
curvature of their transverse sections. Let p—CI, 

/>' = DI, and let - = - + -7 , so that z is tlie radius of 

z p 

relative curvature. 

Let IG=r, the angles QIC=n, GIV=ip, and let 
IP=ds. Then we have the four following sub- 
sidiary equations 




dr . 

(20 1 cos n 
ds^z r * 


dn cosn 


1 


ds^ r 
ds 

de 


' p 



Since GI is the radius vector of the upper curve referred to an origin G fixed 
relatively to it, and ^ir - n is the angle made by this radius vector with the tangent 
at I, the first of these subsidiary equations is evident. To obtain the second we 
notice that C is the centre of curvature, so that the distance GC is constant, as well 
as the radius of curvature, when I moves a short distance ds along the arc. Now 

GC=r'+p^-2prco8fi, 

therefore = (r - ^ cos n) dr+pr sin ndn. 

Substituting for dr its value from the first subsidiary equation, this immediately 
gives the second. To obtain the third equation we notice that + 71 is the angle 
made by the normal DI to the lower curve, which is fixed in space, with a straight 

line also fixed in space. Hence ;^ + j = ~7 * whence the third equation follows 

from the second. The fourth equation has been proved in Art. 441; the proof 

B. D. 27 
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may be summed ap as follows. If CP, DP' be the two normals which are in a 
straight line when the body has turned through an angle dd, then de=PCI-\-P'DI, 



which gives dO=d» (-+-,)=—. 

\P P J ^ 



502. In equilibrium the centre of gravity of the body must be vertically over 
the point of support. Hence ^=0. In any other position of the body the valoe 

of is given by the series -r « + -3? As + Ac. 

as dr\.2 

If in this series the first coefficient which does not vanish be positive and of 
an odd order, it is clear that the line 10 moves to the same side of the vertical as 
that to which the body is moved. The equilibrium is therefore unstable for 
displacements on either side of the position of equilibrium. If the coefficient be 
negative the equilibrium is stable. On the other hand, if the term be of an even 
order it does not change sign with «, the equilibrium is therefore stable for a 
displacement on one side and unstable for one on the other side. 

The first differential coefficient is given by the third subsidiary equation. The 
second differential coefficient is found by differentiating this subsidiary equation 
and substituting for dnjds and drjds from the others. The third differential 
coefficient may be found by repeating the process. In this way we may find any 
differential coefficient which may be required. 

503. If the first differential coefficient d^jds is not zero, the equilibrium is 
stable or unstable according as its sign is negative or positive. This leads to the 
condition that r must be respectively less or greater than z cos n, which agrees with 
the rule given in Art. 442. 

If -^ = 0, we have r=z cos n, so that the centre of gravity lies on the circumference 
of the circle of stability (Art. 442). Differentiating we have 






^ , - . 2 sin n cos n sinn ,^^ 

X ( -. ) + — ^ ^ (1)- 



Substituting for r and z, we have 

(P0 



<fc3 



=^.C-+^>*-"G%^)(^?)- 



If this be not zero, the equilibrium is stable for displacements on one side of the 
position of equilibrium and unstable for displacements on the other. 

If j'^=0 also, we differentiate (1) again. After some reduction we find 

^-?/'i^ l.(^ 2\ tannd/l\ 3tan»n /l 2\ 
di^-'dti^\z)'' zp\~p'^ p') \z d,[p) 2« U"*'p7' 

The equilibrium is stable or unstable according as this expression is negative or 
positive. 

If the transverse section be a circle or a straight line these expressions admit of 
great simplification. 

504. Ex. 1. A heavy body rests in neutral equilibrium on a rough plane 
inclined to the horizon at an angle n. Show that, unless dp/(2s=tanfi, the 
equilibrium is stable for displacements on the one side and unstable for displace- 
ments on the other. But, if this equality hold, the equilibrium is stable or 
unstable according as d^p/dt^ is positive or negative. Here ds is measured along 
the arc in the direction down the plane. 
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Show also that these conditions imply that the eqailibrinm is stable or unstable 
according as the centre of the conic of closest contact to the upper body is without 
or within the circle of stability. 

Ex. 2. If a convex spherical surface rest on the summit of a fixed convex 
spherical surface in neutral equilibrium, the equilibrium is really unstable. But, 
if the lower surface have its concavity upwards, the equilibrium is stable or unstable 
according as its radius is greater or less than twice that of the upper surface, and is 
really neutral if its radius is equal to twice that of the upper surface. 

The moveable spherical surface in this example must of course be weighted 
BO that its centre of gravity is at such an altitude above the point of support that 
the equilibrium is neutral to a first approximation. Thus, when the radius of the 
lower surface is twice its radius, its centre of gravity lies on its surface, i.e. at a 
distance twice its radius from the point of contact. In this case the path of the 
centre of gravity as the inner sphere rolls is a horizontal straight line, so that the 
equilibrium is strictly neutral. The centre of gravity is outside or within the upper 
surface according as the radius of the lower surface is less or greater than twice its 
radius, and when the lower surface is plane the centre of gravity lies at the centre. 
In this last case also the equilibrium is really neutral. 

505. Oscillations of OyUndors to tbs higlisr ordsxa. To form to any degree 
of approximation the general equation of motion of a cylinder oacUlating iibout a 
position of equilibrium. 

Following the same notation as before and taking the figure of Art. 501, the 
equation of vis viva is (fc*+r")^=C+2t7, 

where U is the force function and k the radius of gjrration of the body about its 
centre of gravity. Differentiating this with regard to $, as in Art. 448, we have 

The right-hand side of this equation is by Art. 340 the moment of the forces about 

the instantaneous axis, and is therefore in our case equal to gr sin 0. Substituting 

dr 
for -jr from the subsidiary equations of Art. 501, the equation of motion is therefore 
du 

{k^ + r") ^ + r2 sin n&*=gr sin 0. 

The method of proceeding is the same as that in Art. 502. We expand each 
coefficient by Taylor's theorem in powers of 0, which is to be so chosen as to vanish 
in the position of equilibrium. To do this we require the successive differentials of 
these coefficients to any order expressed in terms of the initial values only of 0, n, 
and r. The first differentials are given in the subsidiary equations of Art. 501. To 
find the others we continually differentiate these subsidiary equations, until we 
have obtained as many differential coefficients as we require. 

506. To form the equation to the first order. Let the initial or equilibrium 
values of n and r be a and h. The equation is therefore 

(h^ + k^d=grBm<p. 

We have to find r sin to the first power of $. Now 

d , . ^. dr . ^ dd> . . . ^ . ^ /I cosnX 
^(rsm0) = — sm0 + r-r^oos0=£!Sinnsm0+racos0f j , 

by substituting from the subsidiary equations. This by reduction becomes 

^ (r sin 0) =r cos - z cos (0 - n). 

27—2 
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In equilibrinm G lies in the vertical through the point of contact, hence the initial 
valae of ^ is zero. The equation of motion is therefore 

(h^ + k^ e = (h-z cos a) g$, 

which is the same as that given in Art. 441. 

507. To form the equation to the second order. 

We have already found the first differential coefficient of rsin^, we must 
differentiate this again and retain only the terms which do not vanish when 0=0. 

_- , <P / ..V f dl sin2a sin a) 

We have 37s (r sm A) —t^ \z cos a -3- - + — r V . 

a^ ' ( dsz h p } 

The equation of motion to the second order is therefore 

{k^ + h^+2hz Bin a . e) S + hz Binad^ 

^v ^ o( d 1 8in2a sina)^ 
= - (z cos a - a) gO+gz* <z cos a — - H j- > -5- . 

By dividing by the coefficient of this may be reduced to the form 

rt oro , «' ( d I sin 2a sin a) 

Supposing a not to be zero, we find as the solution 

e=ABm(at + B)+^—^A^ + ^^^A^coB2(at+B), 

where A and B are two undetermined constants, and the first term represents the 
first approximation. Thus it appears that the first approximation is substantially 
correct unless a be small, that is, unless the equilibrium is nearly neutral. The 
efifect of the small terms is to make the extent of the oscillation on the lower side 
of the position of equilibrium slightly greater than that on the upper side. 

508. OacUlations of Oonea to tbo highm ordmrm. To form the general 
equation of motion of a heavy cone roUing on a perfectly rough fixed eone» 

Let us follow the same line of argument with the same notation as in Art. 483. 
We have however one point of difference. Since the moving cone is not in 
equilibrinm its centre of gravity is not in the vertical plane WO I, As before 
let the arcs 7G=r, IW=z, and the angles GIC=n, WIG=}p. 

Let O be the angular velocity of the moving cone about its instantaneous axis O/. 
Then, by Art. 448, K*f^+la^=L (1). 

where L is the moment of gravity about 01, 

As the cone rolls, the point I moves along the intersection of the fixed cone with 
the sphere. Let IP=d8he the arc described in a time dt. It will be convenient to 
take 8 as the coordinate by which the position of the cone is determined. 

By the same reasoning as in Art. 484 we find = — -. — ^^ . ^ (2). 

dt sm p . sm p ^ 

We have now to find the moment of gravity about 01. We again use the same 
argument as in Art. 485. Resolving gravity along the perpendicular to OI, 
the former component has no moment, and the latter is g sin z. Let this latter 
component act parallel to some straight line KO^ then KWI is an arc in a vertical 
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JT-n:: 




plane. The moment reqoired is then the product of resolved gravity into the pro- 
jection of OG on OH, where H is the pole of the arc KWI. Thus the moment 
is gh sin z cos HG. To find cos HG 
produce HG to cut KWI in M. Then, 
in the right-angled triangle GIM, we have 
sin Gif = sin GI sin G/lf. The moment 
L is therefore 

£.= -p^sinrBln2sin(n-^) (3). 

When the forms of the cones are known, 
we can express K, r, z, n and ^ in terms 
of » or any other coordinate we may 
ohoose. The equation of motion will then 
be known. The determination may be 
effected by the help of the four following 
subsidiary equations 

dr , dz . ,^ 

3-=smn, 3-=sm^ 
da dt ^ 

dn 

— =cotroosn-oot^ 

dxp 

-^ = cot 2 cos \f/ + cot/ 

The proof of these is left to the reader. They may be obtained by the same 
reasoning as in the case of the cylinder, with only such modifications as are made 
necessary by using spherical instead of plane triangles. 

509. To find to any degree of approximation the equation of motion of a right 
cone oscillating about a position of equilibrium. 

Since the cone is a right cone, we have K^ constant. The equation of motion is 

fJCk 

therefore K*-r-=L, where and L have the values given in equations (2) and (3) 
of Art 508. 

We notice that L=0 (and therefore n=^) in the position of equilibrium. Let 
the coordinate < be so chosen that it also vanishes in this position. We have 
therefore now to expand and L in powers of s. To effect this we use Taylor's 



.(4). 



theorem, thus 






where the bracket implies that « is to be made equal to zero after the differentiations 
have been performed. Now these differentiations may all be performed without 
any difficulty, by using the expression for L given in (3) and continually substituting 

for — , -T- , &o. their values given in the subsidiary equations (4). We may treat 

in the same way. 

The formation of the equation of motion is thus reduced to the differentiation 
of a known expression and the substitution of known functions. 



We may use this method to obtain the equation of motion to the first power. 
Thus we have 



K^ -T- = -p/i;r-{sinrsin«8in(n-^)}«. 



dt 



di 
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SnbBtitating for and retaining on the right-hand side only those terms which 
do not yaniah when ^=n we obtain 

K* d^8 f . / V sin p sin p' . . ) 

gh dt^ I Bm(p+p') I 

which gives the same result as in Art. 488. 

If the cone is not a right cone, we may express K^ in terms of r and n and 
proceed in the same way. 

510. Ex. A heavy right cone rests in neatral eqnilibriam on the sommit of 
another right cone which is fixed in space, the vertices being coincident. Show 
that the equation of motion is 

K* cP8 sinpsinp' sin (r-z) sin (p-r) , ^ « . ^ 1 «* 

-V :j:i= --T- 7 . .V -- . . — - {cotz+2ootr-cotp}^. 
gh dt^ sm (p + p) sinrsmp ' '6 



NOTES. 

Art. 39. Moment fSn Xn«rtta of a totrali«drbii. Mr Arthur Berry has given 
the following interesting proof of the generalization of the moment of inertia of 
a tetrahedron to the corresponding figure in space of n dimensions. See Rendiconti 
del Circolo Matematico di Palermo^ tome xix. 1905. 

^^ (i> ^2-"in+i ^^ Bucb. homogeneous coordinates in a spaoe E^ of n dimen- 
sions that (] + ... +ln+i = ^> ^^^ ^^^ ^^^ interior of a simplex S^+i be defined by the 
inequalities (i>0 &o, ^^41^0. Let also ^^ ... 2^^^.^ be the distances of the comers 
of the simplex from a space E^^y 

The distance of a point from ^^_i is therefore yifi + .-.+yn+ilii+i ^"^^ *^® 
moment of inertia is ilf=J(yifi + ...+y»4.ifH+i)'^^» where dv is an element of 
-volume. In consequence of the symmetry of this expression it is equal to 

« (yi*+ •.. +y'n+i) + 26(yiys+ ... +y^y,+ ... +y»y^i), 

where a = j^i^dv^ b = J^j^, dv. But with rectangular coordinates Xj . . . x„ , 

dv=dxi...dx^f 

and because each a; is a linear function of n of the variables (i...(nri-it 8^7 ^i---^ii> 
we have 

where C depends solely on the relations between the two systems of coordinates' 
X and ^ and the integrals are to be taken for all positive values of the variables 
li...^^ such that 6i+... + i,t<l. In the same way the volume Vs:Cjj...d^i...d^^ 
with the same limits. If we write 

tl^oT, «_ 0(2.0) fc_0(l. 1) 

K-0(O.6)' K-0(O,O)- 



By Dirichlet's theorem 4> (r, «) =± n^+l)r(i»-f 1) 

g_ r(3)r(n + l) _ 2 ft _ r(n+l) 



K~ r(n + 3) (n + l)(n + 2)* V T (fi + 3) " (n + 1) (n + 2) * 

2F 

•'• ^= (n+i)(n+2) {^1*+- •+2''iH-i+yiy2+-..+yry.+.'+yny*+iP. 

It is evident that the same method can be applied to the more general integral 
jX^Y'Z*...dv where X^ F, Z are the distances of any point of the simplex jS,^i from 
several spaces E^^u -^'n-if <&c. 

Art. 44. Tho fOnr eqnlmoinMital Points of a Body. It is shown in Art. 44 
that four particles of equal mass can be found which are equimomental to any 
body, and a construction, by using a tetrahedron, is given for their positions. 
We may however deduce from Art. 42, Ex. 3, another construction, by using an 
ellipsoid. 

The argument in Art. 42 is briefly as follows. Let the Legendre's ellipsoid 
at the centre of gravity of the body be constructed,- then (as explained in Art. 29) 
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this ellipsoid is equimomental to the body. Bat this ellipsoid is also eqni- 

momental to four equal particles each of mass ^^ -^ properly placed and a fifth 

particle (required to make up the whole mass of the body) placed at the oeutre of 
gravity 0. If we now put the arbitrary quantity n'=3/5, the mass of the fifth 
particle is zero. 

To find the four equimomental points of a body, we construct an ellipsoid 
similar to the equimomental ellipsoid at the centre of gravity O, but having its 

dimensions reduced in the ratio 1 : 's/3/5. The required points are any four on 
this ellipsoid such that their eccentric lines make equal angles with each other, 
or, which is the same thing, they are at the four comers of the tetrahedron of 
maximnm volume inscribed in the ellipsoid. 

When the body is known, the equimomental ellipsoid can be deduced from its 
definition in Art. 29 and the four particles can then be properly placed. Converuhf, 
when the positions of the four particles are known, say ABCD^ the equimomental 
ellipsoid at their centre of gravity is similar to the ellipsoid circumscribing 
the tetrahedron ABCD with its centre at the centre of gravity but has the linear 

dimensions increased in the ratio \/3/5 : 1. As in Art. 43, the equimomental 
ellipsoid is also similar to the inscribed ellipsoid touching each face in its centre of 
gravity but has the linear dimensions increased in the ratio 1 : ^^15. It is also 
similar to the ellipsoid touching each edge at its middle point, but has the linear 
dimensions increased in the ratio 1 : tJ5. 

The semi-axes of the inscribed ellipsoid are determined in Art. 46 by a cubic 
whose coefficients are functions of the faces and edges of the tetrahedron. The 
positions of the axes are also geometrically determined. Thence the principal 
moments of inertia follow easily enough. 

We cannot reduce the number of equimomental points to fewer than four unless 
there is some plane such that the moment of inertia of the body with regard to it is 
zero. This plane is of course the plane containing the equimomental points. 
When the body is a lamina lying in the plane xy, the equimomental ellipsoid 
becomes a thin lens or disc bounded by the ellipse 
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When the linear dimensions of this ellipsoid are reduced in the ratio 1 : >/d/5, we 
replace the 5 on the right side by 3. One particle may be conveniently placed at 
the extremity C of the axis of Z of the reduced lens and therefore ultimately lies at 
the centre of gravity O. The other three will then lie on an elliptic section parallel 
to the plane of xy, cutting CO produced in a point N such that the centre of gravity 
of all the four points is at 0. Clearly ON = IOC, and the elliptic section is similar 
to the principal section of xy but has its linear dimensions reduced in the ratio 
3 : 2^2. 

The lamina is now equimomental to four particles. If we wish to eliminate 
the one at the centre of gravity, we must increase the masses of each of the 
remaining three from ^M to ^M and therefore decrease their distances from the 
centre of gravity in the ratio 2 : ^3. The three particles will then lie on an ellipse 
which is obtained by reducing the linear dimensions of the ellipse bounding the 
reduced lens in the ratio compounded of the two above ratios, i.e. in the ratio 
,^3 : ^2. The ellipse on which the three particles lie is therefore 

X^ ya 2 
Unut^'^Zmy^^M' 
which is the result otherwise obtained in Art. 44. 
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Art. 45. MoniMits with lilsbOT powers. To find an integral such as jjy^dxdy, 

taken throoghont the area of a closed curve, we integrate - I - — =- dx round the 

perimeter in the anti- clock direction. Let the curve be any rectilinear polygon, let 
the coordinates of its corners Ai, A2, <&c. be (xi^^)* (^32^2) ^^> ^^^ ^^^ ^^^ successive 
sides A^A^j ^^z <&o. make angles ^j, ^21 ^* ^^^ ^^ ^^^^ ^^ ^* ^^ ^^^ ^^^^ 
for the side A^A^ 

/•y*+i^^cot^j r cotjAi ya^'-yi^-^ 

yn+1 n + 1 y^ ^ n+1 ' n+2 

Treating all the sides in the same way, we find that for any plane polygonal area 

iTdxdy = ^^ ^ j^ ^^^ ^ ^^ . {cot ^, (yg^-^* - y^"+«) + cot i^^ (ys^-^a - y,i>+») + &c. } . . .(1). 

Collect the terms according to the suffixes of y and write for cot ^j d;c. their 
values in terms of the coordinates of the comers, we then have 

;y^ ^ (n + l)(n + 2)ly,-yi ya-y^f 

If we write Ag, A3, &c. for the areas of the triangles A^A^A^^ A^A^^, &o. this 
is obviously the same as 



// 



// 



'■**-5rnn^,^E^K^ «• 



For a triangle^ whose area is A, this becomes 

JJ^ ^ (n+l)(n + 2)l(y,-yj{y,-y,)^(y3-y2)(y3-y,)^{yi-y,)(yi-y,)f ^ ' 

If n be a positive integer this reduces (by an easy division) to 

jjy^dxdy=zA.H^ (4), 

where H^ is the arithmetic mean of the different homogeneous products of the ordi- 
nates yi , y^ , y^ of the three corners. 

If the triangle is in spacei we want jz^da where z is the ordinate of any element 
da- of the area. Let the plane of the triangle cut the plane of xy in some straight 
line C^ and let if be the distance of do- from C{. If i be the inclination of the plane 
^ to the plane of xy, we have 2; = 17 sin i.- Hence 



/«j / • \^ f «j 2A(sint)* _, 
z^dff - (sin t)» / i7«d<r = / . ^\ , — ^, 2 , 
^ ^ J ' (w+l)(n + 2) (i?2- 



„2»+« 



Vi){Vii-V8) 



2A z *+5J 

^^ '' (6). 



(7l+l)(» + 2) («s - «l) («8 - ^S) 

where Zi, z^t z^ are the ordinates of the comers and the summation contains three 
terms. 

We may apply this method to a tetrahedron also. We have 



I j i ^dxdydz=^ ± / 1 —^ — dxdy. 



where any ordinate cuts the boundary at altitudes 2, z\ Since dxdy^dccoBi 
where i is the angle the outward normal makes with the positive direction of the 
axis of 2, this gives (if dV=dxdydz) 



\ z*dV= , / «**"•"* dff cos I 

J n + lj 



(6), 



where the integration on the right-hand side extends over the whole boundary as in 
Green's theorem. The integral (6) is given for each face by (5); taking all the 
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faces we find that jz^dV is equal to the sam of twelve temiB (three for each faee) of 
the form 



/ 



(n+l)(n+2){n + 3)"(zi-£j(z,-ZsJ ^''' 



where 2Pj3 = A cos i = 



represents 



the projection on the plane of xy of the area of the face A^A^A^, and the prodact is 
to be taken positiyely or negatively according to the sign of cos i. In this summa- 
tion there are as many terms containing z^^+^ as there are faces which meet at the 
comer A^. Oollect these three terms and reduce them to a common denominator » 
the numerator is then 

L Vi-yi^ys-y^ Vi-y^^yi-y^ y^-y^y yA-y%\s 

This expression is the determinaut which is equal to six times the volume V 
of the tetrahedron with the sign changed. We therefore have 



/ 



y^jTT 1 . 2 . o . V z^ . . 

"^ ""(n + l)(n+2)(n+3) (^a - ;?i) (^2, - «s) («2 - ^4) ^ ^' 



where the summation contains 4 terms. 

When n is a positive integer, this reduces by a simple division to 

jz^dV=V,H^ (9), 

where H^ is the arithmetic mean of the different homogeneous products of the 
ordinates i-^z^g!^^ of the four corners! 

To find the integral for a quadrilateral area A^A^A^A^ we add together the 
results for the two triangles AiA^A^y A^A^A^. After noticing that the ratios of the 
areas of these triangles to that of the whole quadrilateral are z^-z' to z^-z^ and 
z' - z^ to £4 - Z2 we find that for a quadrilateral of area A 

J (n + 1) (n + 2) \{zj^ - £a)(zi - z^(Zi - z^) {z^ - Zj) (z^ - z^ («j - zj ' f ' 

where there are four terms within the bracket, and z* is the ordinate of the inter- 
section of the diagonals. When n is an integer this reduces to the simple form 
given in the text. 

For two tetrahedra joined together whose united volume is V, we find in the 
same way 

1.2.3. F ^ «8"+«(^-«') 



/ 



z^dV= 



(n + l)(w + 2){n + 3) {z^ - z^) (z^ - z^) (*, - z^ («, - «J ' 
which again reduces to the simple form given in the text when n is integral. 

We may deduce from these results the value of j{ax + hyy^da where a, b are any 
two constants. Thus if for a triangle we have 

we find by turning the coordinate axes through an angle a, the origin being 
unaltered, 

/(ax + &y)'»d<r=/(axj + 6yi, ax^ + by^, a^+by^h 

where (^1^1)1 {x^2li (^3^3) &^® ^^^ coordinates of the angular points, anda/&=tana. 
By expanding the two sides of this equation in powers of b and equating like powers, 
we may find jahf*^d<T when n is au integer. 

Art. 286. Four attraetlzis partiotos. Four particles, whose masses are 
m, m', m", m"\ mutually attracting each other, are so projected in one plane, that 
the quadrilateral formed by joining their positions at any instant remains wmilifcr 
to its original form. 
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Let the diBtanoes between mm\ m'm'\ m"m"\ m"'m be a, b, c, d, and let the 
diagonals mm'\ m'm'" be /, g. Let the mutual attraction of m, m' be mm'ja'^y and 
for the sake of brevity let i=l/a*"^^, B=l/6*"'"*, Ac. In the standard figure we 
shall suppose that each particle is outside the triangle formed by the other three. 

Let the distances of the seyeral particles from the centre of gravity be 
r, 1^, r'', /''. By proceeding as in Art. 286, we find that the acceleration of each 
particle tends towards 0. These accelerations are -cPrldt'^+nh; Ac, and since 
these are proportional to r, /, &c. we shall represent them hj pr^ pr^ ^ &c. Thus 
-when the particles describe circles^|7=n*, when they start from rest and describe 
straight lines, p= -d^jrdfi. For the sake of brevity we shall presently put 

Since is the centre of gravity, the acceleration of m may (by Leibnitz's 
theorem) be resolved into the three components Pm'ay Vm"f^ Pm'"d acting along 
the straight lines a, /, d. The accelerating attractions of the three particles 
jw', m", to'", act along the same straight lines and are equal to m'Aa^ m"Ff, m'"Bd. 
By D'Alembert's principle the particle m is in equilibrium under the action of the 
forces m' (A - P) a, m" {F - P)/, m'" (D - P) d. Hence, again using Leibnitz's theorem, 
th^ centre of gravity of three particles t whose masses are proportional to m'(A -P), 
m"(F-P), m"'(D-P) placed at the comers occupied by m\ m", m'" is at the comer 
occupied by the fourth particle to. 

Let U8 now take moments for these three particles about the side Joining to, m"\ 
Suice the i)erpendicular distances of to', to" from this side are proportional to the 
areas of the triangle toto'to'", mm"m"% we have 

to' (4 - P) A (to") + to" (P - P) a (to') = 0, 
where A (to') stands for the area of the triangle formed by joining the particles when 
wf is excluded. The other equation for the motion of to may be formed by taking 
moments about either of the sides joining to to to', or to to r/i". In this way we 
form the following eight equations for the four particles : 

to' (A-P) _ to" jF-P) _ to"' {D - P) ,.. 

A(to') "" -A(to") ~ A(to"') ^ ^* 

mj A-P) _ _ to" {B - P) _ to"' ((? - P) ,^. 

A(to) ~ "■ A(to") " -A(to"') ^ ^' 

m {F-P) _ to' {B - P) _ _ to'"(C-P) . 

-A(to) ~ A(to') ~ " A(to"') ^ '* 

to(I>-P)_ to'(G-P) _ to"(C- P) ... 

A(to) ~ -A(to') ~ A(to") ^ '• 

As the two resolutions for the four particles taken as one system and the 
equation of moments give identities, these eight equations are equivalent to five 
independent conditions. From these we may deduce the ratios of the four masses 
when the form of the quadrilateral is given. They also determine P and give 
a relation between the sides of the quadrilateral, which must exist if the motion is 
possible. Eliminating the ratios of the masses we find 

BD-FO _ AC-F G BD-AC .^ 

^^~B + D-F-G^A + C-'F-Q''B + D-A-C ^ ^' 

Any two of these values of P give 

FG{A + C-B-D) + {F+G)(BD-AC) + AC{B + D)-BD{A-\-q = (6). 

This condition may also be written 

(B-F){A-G)(C-D) = [C-F)(D-G){B-'A), 
or in another form obtained by interchanging B and D. 
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Besides (6) we have the known geometrical relation which mast exist between 
the lengths of the sides and diagonals of any quadrilateral. 

By adding or subtracting the equations (1) to (4) taken two together we 
eliminate P and deduce the ratios of the masses. We find, for the ratios of 
adjacent masses, 

m(D-F) m'jB' G) m'{A-G) _m" jC-F) m"' jC-G) _ m{A-F) 

'Aim)'" A(m') * A (m') " " A (to") ' * A(m"') " A(m) ^'^' 

and for the ratios of opposite masses 



.(8). 



mjA^D) _ m" (B - C) m^ jA-B) _ mf'' [D-C ) 
A(w) ■■ AK') ' A(m') " A(»r') 

If the quadrilateral is such that each of the four particles is outside the triangle 
formed by the other three, the areas A(m), A(m') <&o. in the equations (1) to (4) 
are ail positive. We then see by glancing at these equations that, if the masses are 
positive, the numerical value of P {i.e, 7i'/2m) must separate those of P, G from 
A,B,C, D. Since both diagonals cannot be less than every side, it follows that, 
if the law of attraction is an inverse power, each of the quantities A, B,C, D most 
be greater than both F and G. It also follows immediately from (8) that the 
greatest and least sides of the quadrilateral are opposite to each other and that 
each diagonal is longer than any side. 

For example, it is evident that the particles could not lie at the comers of 
a parallelogram unless the four sides are equal and each angle greater than 60^. 
Also by equations (1) to (4) the masses at opposite corners are equal. 

The results (6) and (7) were given as an example in the text of the third 
edition (1877) of this treatise (Art. 282, Ex. 2), but were omitted in the sixth 
edition to make room for examples then considered to be more interesting. They 
were obtained by reducing one of the four particles to rest. 

There are two memoirs dated 1895, 1897 by A. G. Wythoff on the dynamical 
stability of a system of four mutually attracting particles. For the results we 
refer the reader to the Nieuw Archief Voor Wiskunde. A reference is made to 
a paper by G. Krediet in the same Journal, where several interesting propositions 
on the equilibrium of the four attracting particles are arrived at. This paper the 
author of this book has not seen. 

In volume xxxv. of the Quarterly Journal of Matliematics (Oct. 1903) there is 
a memoir by Prof. E. O. Lovett on the positions and small oscillations of an 
infinitesimal satellite acted on by three masses which move in steady motion with 
special reference to the case in which the three masses are equal. 

The Phil. Mag. for March 1904 contains an investigation by Prof. J. J. Thomson 
of the stability and periods of oscillation of a number of corpuscles arranged at 
equal intervals around the circumference of a circle, with an application to the 
structure of the Atom. 

If the mutually attracting particles start from rest^ as described in Art. 285, the 
sum of the resolved parts of the momenta m^Vi, m^Vg, &c. in any direction, and the 
sum of the moments of the momenta about any straight line are zero. Since these 
are the necessary and sufficient conditions of equilibrium of a system of forces, 
we may apply to the system of moving particles any of the theorems proved in 
" Statics " for systems of four, five, &c. forces in equilibrium. Thus if four 
particles start from rest the invariant of the momenta of any two is equal to that 
of the other two, and therefore by a known theorem the ratios of the four momenta 
can be written down when the lines of motion are given. If two iii|, m, of the 
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particles meet, the invariant of the other two vanishes and therefore the lines of 
motion of m,, m^ mast intersect or be parallel. 

If Jive particles start from rest their five lines of motion can at every instant be 
cut by two straight lines. If there are six particles their lines of motion are in 
involution. In this way we may obtain numerous curious and interesting, though 
not very useful, theorems. 

Art. 399. Tli« Froof of ^agransa'a Bquatioiui. The proof of Lagrange's 
equations in Arts. 397 to 399 a may be arranged somewhat differently by using as a 
lemma an extension of the theorem given in the first example of the last article 
named. 

Lemma, Let L be any function of the variables x, y, &o., z\ y\ <!^c. and t. If 
we express x^ y, &o*, as functions of any independent variables ^, 0, <!^c. and t, 
then will 

d^dL dL^fddL dL\ dx ( d^dL dL\ dy . 

dt dd' dd ~ \dt dx' "" dx) de "*" \dt dy' " dy) dO^ ^ ^' 

To prove this, we let ^=/(^ ^i ^i *o.) (1)» 

with similar expressions for y , z , Ac. .*. x' =f^ -*rf^ + &c (2), 

where the <frc. refers to the other variables 0, ^, &c. and sufiSxes denote partial 
differential coefficients. 

Since B enters into the expression L through both x, y, <&c., and x', y', <fto., 
while B' enters only through x', y', &c. , we have the partial differential coefficients 

dL dLdx dhds^ ^ dL dL dx' ^ . ... 

dB^d^dB-^dPlB-^^''-^ dB'^d^'dB'-^^'' <^)- 

dx' ^ dx __ 
By differentiating (2) we see that :j^ =/« = -t^ . Hence 

dv aB 



d 
dt 



dL dL_fddL dL\dx dL / d dx'X 

WdB- \did^'' dx)dB'^^'^''^di'\dt ■^»" d^;+*°' 



Since ;r-/^=/^^ +/^^'+ Ac. = --r^ by (2) the terms with -r— , Ac. vanish. The 
aZt au ax 

lemma has therefore been proved without assuming that the relations between the 
variables x, y, <ftc., and ^, 0, Ac, are independent of t. 

To apply the lemma to prove Lagrange's equations we put L=T+Uf where 

2T=2^m{x'^ + y'* + z'^), 

and Xf y, z are the coordinates of the particle m. 

We therefore have 3- 37i> - -F7r = 2OT ( ar"--- ) — +&c (4). 

dtdB d& \ dxJdB ^ ' 

The right-hand side of this equation (after multiplication by SB) is the virtual 
moment of all the forces m f x"= -^ j for a displacement SB, the corresponding dis- 
placements of Xj yt &c.t being found by differentiating the equation (1) with regard 
to By t not varying. But, by D'AIembert's principle, these forces are in equilibrium, 
and the sum of their virtual moments is zero for any displacement consistent with 
the geometrical equations which hold at the time t. The right-hand side of the 
equation (4) is therefore zero. The Lagrangian B equation has thus been estab- 
lished. 

By writing T for L in (4) we have 3- 377/ - 3:r = 2mx" -7;: + Ac (5). 

dtdB dB dB ^ ' 
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Since the right-hand side (after multiplication by d$) is the virtual moment of 
the effective forces mx'\ <fto., it follows that the Lagrangian expression on the U/t- 
hand side {after multiplication by 6$) also represents the virtual moment of the 
effective forces of the system for a displacement dd. 

In the same way writing T for X. in (S) we have jrr. = Zmx' ■j^+^. 

da ad 

The left-hand side (after muitiplication fry M) therefore represents the svm of 
the virtual moments of the momenta of the several particles of the system for a 
displacernent 6$, 

The fundamental equation (A) has been deduced from the principles of the 
differential calculus without reference to any mechanical theorem. If we pat 
L = T+U^ it asserts that the sum of the virtual moments of the effective and 
impressed forces for a displacement iO has the same value in whatever coordinates 
these forces may be expressed. 

Art. 410. Bistosleal Hetes. De Morgan's memoir on the method of solving 
partial differential equations by reciprocation is in voL viii. of the Cambridge Phil 
Trans, 1848. He adds in a postscript that, on turning over all the notes of 
M. Ghasles' Aper^ Historique.,.des M€thodes de G€om£trie, he finds his method 
fully described at note zzx, p. 376, under the head sur les courbes et surfaces 
reciproque. 

Art. 462. The author is informed by Prof. Klein that the first theorem men- 
tioned in this article (viz. that terms of the form {At + B) sin pt are absent from the 
Lagrangian solution) was given by Weierstrass in the Transactions of the Berlin 
Academy 1858, Theorem on the homogeneous function of the second degree with an 
application to the theory of small oscillations. An additional paper appeared in 
1868. Prof. Klein has also sent three references to the works of Beye on moments 
of inertia. These are in the Journals of Schldmileh 1869, CreUe or Borchardt 1870, 
and the Journal of German Engineers xiz. These dates are more recent than those 
of English writers on the same subject. 
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Absekt coordinates, 422. 

AiBT. On D*Alembert*s principle, 69. On magnetism, 97. On the standard of 

length, 108. On anemometers, 127. On the seconds pendulum, 461. The 

Cavendish experiment, 470. 
AnsuoVieteb. Belation between the velocity of the wind and the anemometer, 

126. Bobinson's, Airj's and Stokes' experiments, 128 ; various theorems, 

129. Whewell's anemometer, 129. Anemometers in mines, 129. 
Anoxtlab momentum. Defined, 77. A fundamental theorem in dynamics, 78. 

Analytical formula in two dimensions, 134; standard example, 147. 

FormulfB in three dimensions, 262 ; working rule, 265. Method of 

using equimomental points, 266. Expressed in the six components of 

motion, 267. 

The whole momentum generated is equal to the whole force, 283. 

Examples, a central force, 284 ; three particles, 286, Ac. 

Application to sudden changes of motion, 288, &c. ; to gradual changes, 

299; to impulses in three dimensions, 306, &o. Examples, page 269. 
Generalized definition and measure, 402. 
Appbll. Interprets imaginary time, 374. On Carnot's theorem, 381. General 

equations of motion, 430. On tautochronous curves, 499. 
Abeal coobdinates. Equations of motion of a particle deduced from Lagrange's 

equations, page 343, Ex. 6. Moment of inertia of an elliptic disc in areal 

coordinates, 17, Ex. 11. 
Baily. The length of the seconds pendulum, 104, 106. The Cavendish experi- 
ment, 470. 
Ball, Sib B. The cylindroid, 246, Ex. 4. Belative vis viva of the solar system, 

424. 
Ballistic pendulum. Various constructions, 121. Improved in France, 124. 

Superseded by the chronograph of Bashforth, 121. Haughton's experiments 

on rifle bullets, 122. 
Bashfobth. The chronograph, 121. 

Beohin and Bousseau. Lagrange's equations for impulses, 401. 
Bernoulli. Conservation of rotation, 80. Principle of vis viva, 352. 
Bebby. Moment of inertia of a tetrahedron in space of n dimensions, page 423. 
Bebtband. Vis viva generated by impulses, 310, Ex. 7 ; 388. Improves the 

proof of Newton's principle of similitude, 367. On models, 369. Improves 

the proof of Lagrange's expression for a tautochronous force, 490. A 

rough cycloid is tautochronous with a resistance 2kv, 494. 
Bessel. Length of the seconds pendulum, 105, 107, Ex. 2. 
Billiabd balls. Some examples, 326. The theory is continued in Vol. n. 
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BiNET. Defines moment of inertia with regard to a plane, 8. On spherical 

points, 66, Ex. 3. Arrangement of principal axes, 66, note. 
Bonnet, 0. Theorem on vis viva, 139a, Ex. 2. 
Boys. The Cavendish experiment, 476. 
Bridge. Work of bending a bridge or rod, 849. Example of the principle of 

similitude, 370. 
Gabnot. General theorems on impacts and explosions, 878, Ao. 
Cabbiaoe. Motion on a rough plane, 166. 
Gauchy. Discovers the momental ellipsoid, 19. Theorem on vis viva, 139 a, 

Ex. 1. Explains Savart's theorem, 872. 
^ Gavendish experiment. Used to find the density of the earth, 470. List of 

other methods, 476, 476. 
Gayley. On the special problems of dynamics, 19, 117. Beport to the B. Assoc. 

of 1857, 78. Theorem on displacement, 246, Ex. 7. 
Central axis of a displacement (1) infinitesimal, 240; (2) finite, geometrical 

method, 226 ; analytical, 281. Moments about the central axis, 44& 
Central force. Angular momentum constant, 284. An attracted sphere moves 

round on a horizontal plane, 269, Ex. 3, 4, 5. A particle passes through 

a centre of force, 286 &, Ex. 2. 
Centre of oscillation. Used to find centre of pressure, 47. Also to find the 

time of oscillation, 92. Centres of oscillation and suspension are convertible, 

92. Centre of percussion, 120. 
Centre of pressure. (1) of an area whose equimomental points are known, 47. 

Case of a triangle for homogeneous and heterogeneous fluid, 47. (2) of 

an area when the principal point of the intersection and the centre of 

oscillation are known, 47. (3) when the moments of inertia are known, 

47; locus of centre of pressure in space and in the area, Ex. 3; pressnies 

due to rotating fluid, Ex. 5. 
Centrifugal forces. A body moves in a plane, the equivalent force and couple, 

460, note. A body turns about an axis, 114. A body moves about a fixed 

point, the centrifugal couple and the position of its axis, 260. 
Characteristic. Of a body with a fixed axis, 90. Two bodies having the same 

characteristics move alike, 149. A body replaced by equivalent points, 

149, 76. Various examples, 149. 

Of a displacement, definition and Chasles' theorems, 247. 
Chasles. Theorem on the finite displacement of a body, 219. Characteristic 

and focus, 247. 
Chree. On the theory of the Robinson anemometer, 129. 
Circle. Moment of inertia of arc, 7, 9, Ex. 1 ; of area, 8. Circle of stability, 

also called circle of inflexions in pure geometry, 442. Used to find (1) 

radius of curvature of a roulette, (2) stability of a rocking stone, (3) time 

of oscillation, 442. Generalizations, 448, 444. 
Clausius. Theory of stationary motion, 876. 
Clocks. Regulation of, 93, Ex. 8. Various books, 94, note. 
Components of motion. Defined, 288. Transformed to a screw, 240; to con- 
jugate rotations, 246, Ex. 5. 
Cone. Moment of inertia, 17, Ex. 7 ; oblique cone equimomental to ^ye points, 

42, Ex. 4. Equimomental cone, 32. 

Oscillations of a heavy conical surface on a rough cone, 488; of a 

right cone on a right cone, against a wall, on an inclined plane, 4B6. 

Oscillations of cones when in neutral equilibrium to higher degrees of 

approximation, 609. Cone on a smooth cone, page 401, Ex. 12. 
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GoNSERYATiyx 8Y8TJSM. Defined, the work is independent of ttie path, 887. 
CoNSTBAiHT. Principle of least : Gauss* measure, 890. A system moves as nearly 

as possible in acoordanoe with free motion, 898. Analytical example, 894. 

See also geometrical constraints. 
CooBDiMATEs. Of a body in a plane and in space defined, 78. Degrees of 

freedom, 896. Generalized coordinates, 396. Absent or speed coordinates, 

422. Enler's angular coordinates, 256. Principal moments of inertia used 

as coordinates, 64, Ex. 2. 
CoRioLis. Impact of billiard balls, &c. The direction of friction is unaltered, 

186, 826, Ex. 8. See also Vol. ii. 
Coulomb. Laws of friction, 166. Rigidity of cords, 167. 
Couple. The friction couple, 164. Its indirect action, 162. The work of a 

couple, 848. The angular yelooity couple, 284. 
Cbicket Ball, 197, Ex. 2. 812, Ex. 2. 

Cycloid. The cycloid is tautochronous when rough and with a resistance 2/rt7, 498. 
Cylindeb. Principal moments of inertia, 17, Ex. 8. 

Oscillation of a cylinder on a fixed cylinder, 441. Two circular 

cylinders on a plane, 462, Ex. 2. 

The cylinder of stability, 480; used to determine the stability of a 

rocking body in three dimensions, 481. 
Cylindboid. Definition and theorems, 246, Ex. 4. 
D'Aleubbrt. General principle in dynamics, 66. This principle replaces Huygens* 

postulate, 92 note. Closes the controversy on the force of a body in motion, 

822, note. 
D'Alembert's principle. Explained, 67 and 68. Alry's view, 69. Example, 71. 

Two systems of fundamental equations, 72; both typically expressed, 78. 

Method of using the principle, 88. 
Darboux. On rough tautochronous curves, 494. 
Darwin. Secular effects of tidal friction, page 816, Ex. 19, 20. 
De Morgan. Method of solving differential equations by reciprocation, 410, note. 
Determinant. Bule to write down the determinant of small oscillations, 466. 

Equal roots finite and zero, 462. Several difficulties alluded to and post- 
poned to Vol. II., 467. 
Differentiation. Applied to find moments of inertia when the surface of the 

body is homogeneous, 10. 
Differential equations. Solution when the geometrical equations are linear, 

186. Peculiarities of the reactions, 186. Applications to initial motions, 

199, 468. 

Solution by vis viva, 188, 860. The reactions disappear, 188, 141, 862. 
Integrals found when the forces have (1) no component, (2) no moment 

for a fixed straight line, 182, 188, (8) when some coordinates are absent 

from the Lagrangian function, 422. Liouville's integrals, 407, Ex. 4. 
Solution of the differential equations for small oscillations, (1) with one 

degree, 484, 486; (2) with n degrees of freedom, 466. 
Application of reciprocation, 410, note. 
Dimensions. Method of using the theory to predict a formula, 878. 
Disc. Motion on a rough ground, 480 i, j. 
Discontinuity (1) due to friction, 168, 169; examples, 162, 166 <Jfcc., 496; (2) due 

to the separation of bodies, 186; examples, 146 ^. ; (8) due to impulses, 

168 &o., 888 <tc. 
Dissipation function. Bepresents half the rate of the loss of energy, 427. 
Dot notation. Explained, 70. 

B.D. 28 
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Dn BuAT. On the air dragged by a pendnlnm, 105. 

Earmshaw. Theorem on the instability of a free particle, 469, Ex. 1. 

Earthquake. Lyell's obseryations on an obelisk rotated by the shock, widi 
Mallet's theory, page 68. Seismometers and fooi of earthquakes, 176. 

Ellipse. Moment of inertia aboat the axes, 8, 9; confocal strata, U, Ex. 2; 
about a diameter, 17, Ex. 1 ; a tangent, 17, Ex. 2, 6. Moment of inertift, 
(1) when referred to any Cartesian axes, 17, Ex. 10. (2) To areal co- 
ordinates, 17, Ex. 11. (3) When geometrically defined, 18, Ex. 1, 2. 
Momental ellipsoid of an ellipse, 21, Ex. 1 ; ellipsoid of gyration, 88, Ex. 1. 
Four equimomental particles, 38, Ex. 8. Three, M. 

Ellipsoid. Moment of inertia, 9; similar strata, 11, Ex. 1; about a diametral 
plane, 17, Ex. 8. Moments of the nth order, 9, Ex. 7. Equimomental 
points, 38, Ex. 9. 

Momental ellipsoid of any body, 19. Not every ellipsoid can be a 
momental ellipsoid, 22. Of a rod, 21, Ex. 3; of a material ellipsoid, SI, 
Ex. 3; of a triangle, 37, 38, Ex. 1, 2, 42, Ex. 2. Q«neral equation at any 
point pqr, 26, Ex. 1. 

Ellipsoid of gyration. General equation, 26 and 28, Ex. 3. 

Elliptic coordinates. Applied to moments of inertia, 9, Ex. 4, 64, Ex. 2. 
Expression for the vis viva of a particle, 365, Ex. 4. Motion of a particle 
on an ellipsoid found, 407, Ex. 6. Equations of motion of a particle in a 
plane under two central forces, page 358, Ex. 8. 

Energy. Explained, 359, 360. The sum of the potential and kinetic energies is 
constant, 359. Energy of the accelerations, 480. 

Epicycloids are tautochronous with a central force Xr and a resistance 2irr, 498. 

Equal boots. These in Lagrange's determinant do not give terms {At + B)8uiptf 
except when they are zero, 462. 

Equimomental bodies. Fundamental theorem, 84. Used to shorten integrations, 
36; to find centres of pressure, 47; to calculate effective forces, 76; to find 
angular momentum, 266. 

Four equal particles equimomental to a body and three to an area can be 
found, 44, also see note at the end of the volume. These are not always 
conveniently situated, 36. They can be replaced by five particles the mass 
of one being arbitrary, 42, Ex. 3. 

Equimomental points of a triangle, 35; parallelogram, 38, Ex. 6; quad- 
rilateral, 38, Ex. 7; elliptic area, 38, Ex. 8; ellipsoid, 38, Ex. 9, and 42, 
Ex. 3; sphere, 38, Ex. 10; tetrahedron, 39; oblique cone, 42, Ex. 4; uniaxal 
body, 266. 

Equimomental ellipsoid of any body, 29; of a triangle, 27; of a tetra- 
hedron, 43. 

Equimomental surface, 65. Equimomental cone, 32. 
Equimomental points with higher powers than the second, 45. 

Euleb. Defines moments of inertia, 3. Conservation of translation and rotation, 
80. On the ballistic pendulum, 121. Geometrical construction for a finite 
displacement of a body, 215. Solves dynamical problems before D'Alembert, 
68. General equations of motion, 252, 406, 416. Geometrical equations, 
256. Law for a tautochronous force with a resistance 2kv + k'v\ 491, 496. 

Euler's equations. Dynamical, 252; geometrical, 256. Elementary proof, 202; 
deduced from Lagrange's equations, 407; from Hamilton's equations, 416, 
Ex. 2. Euler's coordinates, 256. 

Ewino. On the transition from statical to dynamical friction, 155. 

Experiment. Moments of inertia &e. found by observing the time of oscillation. 
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97. Weber on that of a magnet, 97, Ex. Haugbton on that of a rifle, 122. 

How the time is observed, 108. Newton on elastic bodies, 179. Morin on 

firiotional impulses, 182. On friction, 166, &c. Fronde on resistance, 371. 

Savart on musical notes, 372. On the seconds pendulum, Eater, 100; Bessel, 

107; Airy and Poisson, 461. On the velocity of wind, Airy, Stokes, Ac^ 128. 

The Cavendish experiment, 470. 
FiSBOussoN. On anemometer comparisons, 129. 
Febbebb on Lagrange's equations, 480 note. 
FixBD AXIS. The fundamental theorem, 88, 89. Ex. of a man walking round a 

horizontal circle, 91. 

Pressure on the axis, (1) symmetrical body, 110 ; (2) unsymmetrioal, 112. 

Short method of finding the pressure when the axis has a principal point, 

114. Pressure on an inclined axis, 114, Ex. 6. 
FixTUBES. A straight line is suddenly fixed in a moving body, 288, 290, 291. A 

point is fixed, 296. Diametral planes of the instantaneous axis before and 

after are parallel, 297; this gives another method of solution, page 270, 

Ex. 8. 

Sudden obligatory motions, 292-7. Fixture of a tube containing fluid, 

page 271, Ex. 17. Lagrange's equations applied to fixtures, 403. 
Flammabion. Depth of the foci of earthquakes, 176. 

FusEMiNO Jenkin. Ou the transition from statical to dynamical friction, 166. 
Focus of inertia defined, 62; how used to find principal moments and axes, 63. 

Position in an ellipse, 66. 

Of a displacement defined and Chasles' theorems, 247. 
FoBCEB. Effective forces defined, 67. Forces of restitution and resistance, 433. 

Centrifugal forces of a body with a fixed axis, 460 note ; a fixed point, 260. 

Force function, see Work. 
Four attbacting pabticles. Steady motion, page 427. 
Fbeedom. Degrees of freedom defined, 396. 
Fbequency of an oscillation defined, 434. 
FuicTioN. Laws of friction forces, 164; friction couples, 164. Discontinuity, 168, 

169. Indeterminate motion, 160. How the friction couple indirectly affects 

the motion of translation, 168. 

Examples, 161, 166. Friction of a disc on a plane, page 181, Ex. 23. 
Impulsive friction, 181; general problem of friction at the impact of two 

bodies, 187—198, 316—331, 389. 
Fboude. Theorem on ship models, 371. 
Galtom. Friction with great velocities, 166. 
Qauss. Principle of least constraint, 392, 430 e. 
Geometbical constbaints. Equation to express the contact of two bodies, 137. 

Number of equations is equal to that of the reactions, 136. Hestriction on 

the geometrical equations when vis viva is used, 361. Vis viva is lost when 

new constraints are introduced, 379, 388. 
Gradual changes. Their effects on the motion are deduced from the principles of 

linear and angular momentum, 283. Examples, contraction of the earth, 

<&c., 299; others on page 269. Effect on vis viva, 366, Ex. 2. Effects of the 

coiling and uncoiling of a chain on its motion, 300. 
Gbahah. The compensated pendulum, 94. 
GuYON. Explains how a falling cat turns round, 287, Ex. 3. 
Hamilton's equations. Transformation of Lagrange's equations, 414. Examples, 

416. Another name for generalized coordinates, 78. Equation of motion 

of a particle under a central force, page 368, Ex. 9. 
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Habmonic OBcillAtion defined, 437. 

Hauohton. The velocity of rifle ballets, 122. The column BeiBmometer, ITS. 

Heaviside. The sarvey of India and pendulum observations, 100. 

Hemisphere. Moment of inertia, 6 ; small oscillations, MO. 

HoLDiTCH. Formula for the time of oscillation of a body, 447. 

HoLONOMous SYSTEM defined, 396. See also 430 note, three methods. 

HoBBE powEB. Defined, 842. Examples of a steamer, tricycle, <frc., 342. 

HuYGENS. His dynamical postulate, 68. On the pendulum, 92. A smooth cycloid 

is tautochronous in vacuo, 494. 
Imaoinaby time. The principle of similitude leads to an interpretation, S74. 
Impulse. How measured, 84. Finite forces neglected, 80; except the impulse 
is infinitesimal, 300. General equations for impulses of a system, 86. 

Impulses in two dimensions, 169 ; examples of a falling reel, 170, 180 ; 
a jumping sphere, 170, <Jfcc. 

Obligatory motions, 171 ; seized discs, 171 a. Earthquake impulses, 
174—0. 

Standard example, a falling rhombus, 176, 176 a, 408; others, 17T. 
A body impinges on an obstacle, 174, Ex. 1, 178, page 181, Ex. 22. Elastic 
bodies, Newton's theory, 179, 183. Elastic impulse deduced from inelastic, 404. 
Impulsive friction, Morin's experiment, 182. Impact of two bodies, 
history, 186; the general problem in two dimensions, 187 — 198. Graphic 
solution by using the representative point, 198. Problems on a fives ball, 
a cricket ball, &c., 197. 

Infinitesimal impacts, 800. Work of an impulse, 172, 192, 308 a, 346. 
Impulses in three dimensions, 306. The equations are independent, 307. 
Geometrical representations, 310. Vis viva generated is a maximum, 310, 
Ex. 7. Motion of any point, 313. 

The general problem of the impact of two bodies in three dimensions, 
elastic, inelastic, smooth, or rough, 310 — 331. Graphic solution by the ust* 
of a representative point, 324. Examples of billiard balls and other bodies, 
326. Vis viva is lost by the impact, 378, 388, 389. 

Example of problems solved by (1) Garnot's Principle, 381; (2) Bertrand'.'^. 
388 a, Ex. 1, 4; (3) Kelvin's, 388 a, Ex. 2, 3. 

Solution by Lagrange's equations, 401. If the coordinates are properly 
chosen T only is wanted, the calculation of U being unnecessary, 408, 403. 
Independence of translation and rotation. Two dynamical theorems, 79; ex- 
plained, 81, 82. 
Indetebminate forces, 112; motion, 160. Indeterminate multipliers applied to 

Lagrange's equations, 400, 429, 430 note. See also Vol. n. 
Indicatbix. The relative indicatrix defined, 478. Used to find the instantaneous 
axis of a rocking body, 479. The time of oscillation is unaltered if the 
indicatrix remains the same, 481. 
Inebtia. Problem on a body without inertia, page 179, Ex. 9. 
Initial motion. A body acted on by an impulsive couple, 118. Various problems-, 
119. System of rods, 201, Ex. 2. 

Does a body begin to roll or slide ? 108, 166, page 182, Ex. 29. 
Bule to find initial reactions when a support is broken, 199, also page 182. 
Ex. 26, 30. Application of Lagrange's equations, 463. 

Initial radius of curvature in Cartesians and polars, 200, 212, Ex. 8, 4 ; 
in generalized coordinates, 464, 460. 

Rule to find the higher initial differential coefficients, 200, 468. Various 
examples, 201—2, page 182, Ex. 27, 28, 32, 466. 
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An initial motion from rest is such that the work done is positive, 858. 
Moments about the instantaneous axis, two dimensions, 200 ; three, 448. 
Intbobateonb shortened by using moments of inertia, 18; and eqnimomental 

points, 86. 
Inyabiablb plane. Dynamioal plane defined, 801. Distinguished from the 

astronomical plane, 808. 
IinrARiAMTB of moments of inertia, (1) in a plane, A-^B, AB -F^, D^-^E*,5 and 18, 

Ex. 3 ; (2) in space, 80. 

Of geometrical motion, 841; invariant of any number of angular 

velocities, Ex. 2 ; of two screws, Ex. 8. 
Inysbsion applied to moments of inertia, 46. 
Jacobi. Theorem on a free system of attracting particles, 8865. 
Jacobianb. Applied to moments of inertia, 9, Ex. 4, 5. 
JoiiiiT. On the density of the earth, 476. 
JouBDAiN on the equations of mechanics, 480 note. 
JniiUKN. On the prindpal point of an edge of a tetrahedron, 61, Ex. 6. 

Coordinates of a point at which the principal moments are given, 64, 

Ex. 2. 
Kateb. Length of the seconds pendulum, 100, Ssc. 
Kklvin. a theorem of his on attractions applied to moments of inertia, 46. On 

principal axes, 66. Defines a conservative system, 887. See Work of an 

impulse. On obligatory motions, 887. Equilibrium of repelling particles 

contained in a vessel, 469, Ex. 2. 
KiKETio POTENTIAL defined, 899. 
KiNETio THBOBY OF OASES. The prcssurc is one-third of the vis viva of a unit 

of volume, 876. 
Laobanob. Steady motion of three particles, 386. Vis viva generated by an 

impulse, 810, Ex. 7, 888. General equations, 896, Ao, Law of a tauto- 

chronous force, 490. 
Lagbanoe's equations. Investigated, 896; another proof, page 489 note. Take 

the same form for all coordinates, 899 a, Ex. 1. Are independent, 899, Ex. 3. 

The limitation that the geometrical equations do not contain differential 

coefficients, 896 and 489. Three methods, 480 note. 
Extension to impulsive forces, 401. 
Applied to small oscillations, 453. Bule to write the determinant, 466. 

Difficulties, 467. Equal roots, 468. 
Applied to initial motions, 463. 
Lamb, H. Keciprocal theorems, 417 note. 
Laplace. The knife edges of a peuduium, 107, Ex. 1. Two special cases of the 

motion of three particles, 286. The invariable plane of the solar system, 804, 

805. Law for a tautochrouons force with resistance 2kv + k'v^, 491 ; the force 

is independent of k and the time of k', 492. 
Leoendbe. His ellipsoid, 29. It is equimomental to the body, 29. The reciprocal 

ellipsoid, 80. Used to find equimomental points, 42, Ex. 3. Note page 428. 
Leibnitz. On the force of a body in motion, 382 note. 
LiouviLLE. Integrals of Lagrange's equations, 407. Change of the independent 

variable t, 431a. 
Living things. Examples on the motion of a man standing on a smooth or 

rough plane, page 62. A man walks round a horizontal wheel, 91. An 

insect climbs the inside of a cylinder, page 182, Ex. 34. How a man can 

turn round without external forces, 287. A falling cat, Ex. 3. Jumping 

beans, Ex. 4. The frog in a bucket, Ex. 5. How a person can swing 

28—3 
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himself, Ex. 6. Fly walks on a sheet of paper, 899, Ex. 4. Insect on a 

constrained rod, page 2T0, Ex. 18 ; on a circular wire, Ex. 11, 12 ; on a 

revoWing disc, Ex. 14. 
Mallet. On earthqaakes, 174, Ex. 3, 4, 176, page 68, Ex. 12. 
Mabet. Photographs of a falling oat, 287, Ex. 3. 

Membbane. Work of stretching, with examples, 347; also a soap-babble. 
Metbobic dust. How it affects the angular velocity of the Earth, 899, Ex. 6. 
Milne. Treatise on earthquakes, 176 and page 68. 
Models. Bertrand's remarks, 869. Example of a bridge, 870, Ex. 3. Fzoude*8 

rule to discover the resistance to a ship by using a model, 871. 
MoDiFiGATioN. Scc Bcdprocation, 418. 
Moment of fobobs. Equation of motion about a moving pointy 181. Moment 

about the instantaneous axis in small oscillations, 206, 418; about the 

central axis, 4i8. 
Moments of inebtia. Of nth order. Triangular plate, 6; sphere, 9, Ex. 6; 

ellipsoid, 9, Ex. 7 ; ellipsoidal shell, 9, Ex. 8. Value of jil^da for a triangle, 

quadrilateral, tetrahedron, double tetrahedron, generally placed, 46. Note 

page 426. Equimomental points for cubic moments, 46. 

In space of n dimensions, moment of inertia &c. of a sphere, 9, Ex. 9, 

tetrahedron, note page 428. 
Mobin. On the laws of friction, 166. Motion of a carriage, 166. Fundamental 

experiment on impulsive friction, 181. 
Moving axes. See also Relative motion. Cartesian equations in two dimensions, 

211 ; oblique, 212, £x. 1, 2. Radius of curvature of a path in space, 818, 

Ex. 3, 4. Cartesian equations in three dimensions, 861 ; leading to Enter's 

equations, 262. The theory is continued in Vol. n. 
Newton. Third law of motion, 80. Experiments on elastic bodies, 179. Tauio- 

chronism of a smooth cycloid with a resistance 2irt7, 494. 
Niven. Applies Lagrange's equations to impulses, 402. 
Non-oonsebvative fobces. How Lagrange's equations can be used, 486, 4Sn, 
Obligatobt motions, see Fixtures. 
Oscillation. See Table of Contents. Free and forced, 488 ; of the second order, 

460, 467, 600 ; see also Vol. ii. 

Principle of the co-existence of small oscillations, 460. 
Principal oscillations, their physical peculiarities, 461. 
Oscillation of a body suspended (1) by a string, 468, Ex. 1, 2 ; (2) by 

another body, Ex. 3, 9 ; of n heavy particles suspended by a string, 461, 

Ex. 1 ; disappearance of an oscillation, 461 ; of a body with one point on a 

revolving line whose motion is (1) given, 460; (2) not given, 462; of a guided 

body, 446. 

Oscillation of a rocking cylinder on a rough cylinder, 441 ; of a oone on a 

cone, 488 ; any body on any body in three dimensions, 481 ; oases of neutral 

equilibrium, 600, <&c. Oscillations including the higher powers of amall 

quantities, 606, 608, dsc. 
Painlev^. Remarks on imaginary time, 874. 
Pababola. Moment of inertia, 9, Ex. 2. Motion after a normal blow, 809. 

Oscillations of a heavy rod whose ends move in a vertical parabola, 446, Ex. 8. 
Paballel axes, Theorem. For moments of inertia, 18; important extension to 

other cases, 14. 
Paballeloobam. Equimomental points, 88, Ex. 6. Momental ellipse, 48, Ex. 1. 

Parallelogram of angular velocities, 282. See also Rhombus. 
Pendulum. See Centre of oscillation. Seconds and Ballistic pendulum. Equivalent 
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pendolom of a body, 92. Minimam time of oaoillation, 92. Problems, 98. 
Graham's compeDsation, 94. Effect of baoyanoy of the air, 96 ; Robinson's 
compensation, 96, Ex. 8. Resistance of the air, 106. Beferenoes, 106. 
Effect of a cavity filled with flaid, 148 ; of a loose suspension or a detached 
portion, 468, Ex. 9. Example of an equivalent pendulum in three dimen- 
sions, 406. 

Pebcussion. Centre of : coincides with the centre of oscillation, 120. 

Pbbmanbmt azxs. Their relation to principal axes, 117. 

Phzujib. Impact of rough bodies, 186, 826, Ex. 4, 6. 

PoiNSOT. Amdogy between geometrical motion and statics, 286. On the percussion 
of bodies, 178. On Laplace's invariable plane, 804. 

PoissoN. On spherical points, 66, Ex. 8. Time of oscillation, fixed axis, 122. 
Laws of impulsive friction, 181. Method of solving impulses, 186. Remark 
on the restriction on the geometrical equations in vis viva, 861. On the 
seconds pendulum, 461. 

PoiiAB icB. How when melting it affects the Earth's rotation, 299, Ex. 4, 5. 

PoTBMTiAL BMBBOT. Explained, 868. Potential energy of the solar system, 844, 
Ex. 3. Examples, 861. 

PoTNTiNo. The density of the Earth, 476. 

P&BSSUBB. On a fixed axis, symmetrical, 110 ; unsymmetrical, 112. Simplification 
when the axis has a principal point, 114. On a fixed point, 266. 

Pbincipal axes and MoicENTS. Defined, 16. Elementary theorems, 28. Max-min 
property, 28. There are three principal axes at every point, 24. Cubic 
equation to find the principal moments at any point pgr, first form, 26, 
Ex. 2 ; second, 66 ; cubic for a tetrahedron, 43, Ex. 1. 

Principal point of a straight line (1) when taken as an axis of refer- 
ence, 48 ; (2) when the body is referred to its principal axes at the centre 
of gravity, 60; when the body is a lamina, 61, Ex. 2. Principal point 
of the side of a triangle, 61, Ex. 5; of the edge of a tetrahedron, 61, 
Ex. 6. Principal point of a plane, 61, Ex. 8. 

Geometrical relations of principal axes (1) to three confocals, (2) to 
any one, 66, 69. Locus of a point (1) when a principal axis is given in 
direction, 61, Ex. 4; (2) when two principal moments are equal, 62; 
(8) when one principal moment is given, 68; (4) other loci, 66. 

Pbincipai/ ooobdinates. Defined, 469; also called harmonic, normal or simple 
coordinates. The Lagrangian function contains no products, 469. When 
can the motion be such that one coordinate can alone vaiy? 460, 461. 
Example of finding principal coordinates, 461. See also Vol. ii. 

Pbish. a regular polygonal prism roUs down an inclined plane, 298, Ex. 3, 
866, Ex. 10. 

Pbojbctioms. Applied to find the moment of inertia of a homceoid, 9, Ex. 8. 
Projections of equimomental bodies are equimomental, 41. Projection of 
the momental ellipse of a plane area, 41. 

PutsEUx. Smooth tautoohronic curves in vacuo ; also for a resistance k'v^ 
when the force is gravity; the curve p=ipt 494. 

QuADBiLATERAL. Equimomeutal to six particles, 88, Ex. 7. 

Radius of cubvatube. Initial motions, Cartesian and polar, 200. Generalized 
coordinates, 464. 

Of a path in space referred to moving axes, 212, Ex. 3, 4. 

RAiiiWAT tbains. Effect on the Earth's angular velocity, 299, Ex. 8, page 68, 
Ex. 11. 

Raimdbop. Falls in the air and increases in volume, 800, Ex. 8. 
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Batleioh. Dissipation function, 427. Freqaenoy of an OBoiilation, 434. 

Rbgipbocal theorem. Bayleighy 417. 

Becipbocation. Defined, 410. Applied to solve differential equations, 410, note. 
Beoiprocal function of the vis viva (1) of a body, (2) of a system, 41S. 
Analogy to reciprocation in pure geometry, 416 a. 

Modified function, defined, 418; with one function we can form the 
dynamical equations by the Lagrangian rule for some coordinates and by 
the Hamiltonian rule for the others, 420. General expression for the modi- 
tied function, 421. Simplification when some coordinates are absent, 

Befbbencb table of moments of inertia, 8. 

Bblative motion. See Moving axes. Fundamental theorem, 204 ; examples, 

page 182, Ex. 81, Ac. Impulsive forces, 207. A sphere rolls on a rough 
moving curve, 209; will it go round? 210. Bule to find the relative 
motion of a particle on a moving curve in three dimensions, 213. Yis 
viva, 385. 

Bepbesentative point. Used in solving problems on impact by a graphic 
method, 193, 321. See also Equimomental points. Other uses in Vol. n. 

Bbynolds, Osbobns. On rolling friction, 166. 

Bhombus. Falls in a vertical plane, elementary solution with similar examples, 
176, page 180, Ex. 18, 19, Ao. Solution with Lagrange's equations, 408. 
Moves on a smooth table, 388a, Ex. 2. page 314, Ex. 12. 

Biomm OF cobds. Measured by (a+&r)/r, 167. 

Bobins. The ballistic pendulum, 121. 

BoBiNsoN. Compensation of the pendulum by the use of a barometer, 96. The 
anemometer, 126. 

Bod. Momental ellipsoid, 21, Ex. 2. Ellipsoid of gyration, 28, Ex. 2. 

Examples of motion, 146, 147 ; with friction, 166, Ex. 6. One end 
constrained, 161, Ex. 2. Systems of rods, impulses, 177, 388; initial 
motion, 201, Ex. 2, 417. Various examples, pages 178, 316, <&o. Oscilla- 
tions of a rod in a containing vessel of revolution, 446; in a paraboloid, 
446. On a three-cusped hypocycloid and other oases, 447. Application of 
Lagrange's equations, 408, Ex. 2, 3, page 342, Ex. 2, 3, 5, 7. 
Work of bending, Vith examples, 349. 

BoDBiouBS. Theorem to compound finite rotations, 271. Expression for the 
velocity of a point due to a finite rotation, 2806. Two theorems, 228, 
Ex. 1, 2. 

Botation. a finite displacement resolved into a translation and a rotation, 214 — 
219. Base defined, 219. Effects of a change of base on the components 
of translation and rotation, 220. Central axis and screw, 226. Theorems, 
228. Bodrigues' and Sylvester's theorems on compounding rotations, 871, 
274. Conjugate rotations, 277. Composition of screws, geometrical, 278; 
analytical, 280a. Effect of a finite rotation on the coordinates of a point, 
280 ; of two screws, 281. 

Infinitesimal rotations, parallelogram law, 232. Botations correspond 
to forces, translations to couples, 236. Velocity of any point, 238. In- 
variant, 241. Transformation of the components of motion into screws, 
240; conjugate rotations, 237, 246, Ex. 6; and conversely. 

Savabt. Theorem on the notes sounded by similar vessels, 372. 

ScBEw. Defined, 226. Every displacement is represented by a screw in one 
way, 227. Determination of the screw equivalent to a given motion, MO. 
Composition &o. of screws, 246a. 

Seconds pendulum. Used to find g, 98. Eater's construction, 100; various 
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correctionB, 104; especially for reflistanoe of the air, 106. Bepsold'a 
pendnluiD, 106. Bessers method of finding g^ 107, Ex. 2. Laplace 
on knife edges, Ex. 1. Two small corrections noticed by Aiiy and 
Poisson, 461, Ex. 2. 

S££. Present position of the invariable plane, S04. 

Segnkr. On principal axes of inertia, 117. 

Separation. Conditions, 186. Rule when the first method of solution applies, 186. 
Separation after impact, 179, 198. Examples of separation, 146, 174, 
page 181, Ex. 22, &c. 

Shear. See Stress, 160. 

Similar bodies. Geometrical and dynamical similarity distinguished, 116. 

SiuiLiTCTDE. Principle of, explained and proved, 867. Examples of a pendulum 
and Kepler's law, 870. Froude, 871. Savart's theorem on musical notes, 
872. Analytical and imaginary similitude, 874. 

Six CONSTANTS. Thcorcm. Used to find moments of inertia, 16. Defines a 
body, 73, 149. 

Slesser. On moving axes, 361. 

Snell. On anemometers in mines, 129. 

Soap-bubble. Work found, 847. 

SoiiAR SYSTEM. Special cases, 286. Angular momentum, 286a, Ex. 8. Present 
position of the invariable plane, 804. Work of collecting from infinite 
distances, 844, Ex. 3. Vis viva relative to the centre of gravity, 424. 
Modified function, 426. 

Space of n dimensions. Moments of inertia, Ac. of an ellipsoid, 9, Ex. 9. 
Tetrahedron, page 428. 

Sphere. Moments of inertia, 8; nth order, 9, Ex. 6. Equimomental points, 
88, Ex. 10. 

Motion on an inclined plane, 144; with jumps, 170, Ex. 2; on another 
sphere, 146. On a cur\'e, in a tunnel from London to Paris, <&c., 146. 
Rectilinear motion on a rough plane, 162 ; why it comes to rest, 168 ; other 
examples, 166. Sphere jumps over an obstacle, 174. A fives ball and 
cricket ball, &q, , 197. Sphere rolls on a rough moving curve, 209 ; will 
it go round? 210. Motion of a billiard ball on a rough plane in three 
dimensions, 269; problems on balls, 269. How a suspended body would 
move if the Earth's rotation were stopped, 298. Sphere on a plane re- 
volving about a horizontal axis, page 814, Ex. 8. Motion on an inclined 
plane by Hamilton's method, 416, Ex. 3. 

Spherical points. Condition of their existence, 66, Ex. 3. Position in a hemi- 
spherical surface, Ex. 4. 

Stability. Of a heavy body in two dimensions determined by the circle of stability, 
442, 448. Extension to apparently neutral equilibrium, 601. 

Of a heavy body in three dimensions determined by the cylinder of 
stability, 480. Of a cone on a fixed rough cone, 487 ; with extensions to 
neutral equilibrium, 608. 

Of a single free particle, 469, Ex. 1 ; of a system of mutually attracting 
particles, Ex. 2. 

A system is stable when the principal oscillations are stable, 460. The 
energy test, 467 ; this test depends on U not T, 469. Bodies attracting as 
the distance are in stable equilibrium when ^ -t- /J + C is a minimum, page 401, 
Ex. 13. 

Standards of length. Eater's measure, 102. Parliamentary commission, 108. 
French methods, 108. 
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Stationary motion. Explained ; the mean vis viva is equal to the virial, 375. 
Stockwell. The position of the invariable plane of the solar system in 

1850, 306. 
Stokes, Sir G. On gravity at the surface of the Earth, 104. The resistance 

of the air to a pendulum, 105. Experiments and theorems on the anemo- 
meter, 128. 
Stress. How measured in a rod, 160. Stress in a rotating wire, 161, 168, Ex. 4 ; 

in a circular wire and others, 162. 
Strino. Motion on a fixed drde, on a cardioid, 146, Ex. 10, 11. Motion of 

coiling and uncoiling chains, 800, 146, Ex. 12. The theory is continued 

in Vol. II. 
Sylvester. Theorem to compound finite rotations, 274. 
Tautochronous motions. The force to make any rectifiable curve tautochronoos 

in vacuo or with a resistance 2jct;, 488. Lagrange's general rule for a 

tautochronous force, 490. Resisting medium, 491. 

Case of a rough cycloid, 498. The tautochronous force for a curve 

p=f(\j/) with resistance 2irv + «(V, 496. Effect of this law of resistance on 

the time, 497. 

If the force is central, viz. Xr, and the resistance is 2ict;, the curve is 

p=ip. Discussion of these curves and division into classes, 498. Appell's 

theorems, 499. 
Tendency to break. See Stress, 160. 
Terrestrial magnetism. Example of Gauss and Weber's method of finding the 

force in absolute measure, 97. 
Tetrahedron. Moment of inertia, 39. The equimomental points, 39 ; the same 

for cubic motions of inertia, 46, Ex. 2. Equimomental ellipsoid, 43 ; cubic 

equation giving the principal moments, 43, Ex. 1 ; geometrical construction 

for principal axes, 43, Ex. 2. 
Three particles. Sun, Earth and Moon moving round (1) in a straight line, 

(2) at the comers of an equilateral triangle, 286. Jacobi*s theorem on the 

law of the inverse cube, 286. If the particles start from rest, will they meet ? 

286, 286, Ex. 2, 5. Oscillations of three equal attracting particles constrained 

to move on straight lines or circles, 468, Ex. 7, 8. Four particles. Kote 

page 426. 
Time. Change of the independent variable t, 431. Imaginary time, 874. 
Top. Oscillations of a nearly vertical top, 268. The motion of a top is given 

in Vol. II. 
TowNSEND. On principal axes, 66, 61, Ex. 4 and 5. 
Transformation of axes. Used to shorten integrations, 18. Equivalent to a 

rotation, axis found, 217. 
Triangle. Moment of inertia, 6, 36. Equimomental points for ordinary and 

cubic moments of inertia, 36, 46, Ex. 1. Momental ellipsoid at centre 

of gravity, 87 ; momental ellipse at a corner and middle point of a side, 38, 

Ex. 1, 2. Quadratic for principal moments and construction for the axes, 

38, Ex. 3, 4, 5. Analytical construction, 61, Ex. 1. 

Bodrigues' and Sylvester's spherical triangle, 271, 274. 
Motion of a triangle deduced from its equivalent points, 149. 
See Areal coordinates, Three particles, Solar system, &c. 
Tricycle. Example on a tricycle, 842. 
Uniaxial body. Formulfe for angular momentum represented by equivalent points, 

266; applied to the oscillations of a top, and other bodies, 268. Its vis 

viva, 366, Ex. 1. 
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Vectob. Qeneral theorem, leading to moving axes, 260. 

ViEiLLE. A generalization of Lagrange's equation, 899. 

ViBiAL. Defined, 870. Virial of (1) two attracting particles, (2) internal, 
(8) external forces, 876. 

Virtual work. Applied to finite forces, 860, 367. Applied to impulses, 882 ; with 
a notation, 888. In generalized coordinates, of (1) the momenta of a system, 
897 ; (2) the effective forces, 398. How used when the geometrical equations 
in Lagrange's method contain differential coefficients, 429. 

Vis viva. Two proofs of the principle in two dimensions, 188. Analytical formula 
with converse theorems, 189. Standard example, 147. Remarks on the 
principle, 141 — 8. 

General proofs deduced from virtual work, 860 ; from Lagrange's equa- 
tions, 407 ; from Hamilton's equations, 416, Ex. 1. Bestriction on the 
geometrical equations, 361. List of forces which may be omitted, 862. 

General expressions for vis viva in terms of the components of motion, 
868 ; in Euler's coordinates, 366 ; in elliptic coordinates, 866, Ex. 4 ; of a 
changing body similar to itself, 866, Ex. 2. 

Examples on the principle, 866, page 318, Ac. Applied to find small 
oscillations, 447. 

Effect of an impulse, 172, 846. Vis viva is lost by the impact of two 
bodies, but not necessarily by a given blow, 178, 878, 888, Ex. 5. With a 
given blow the vis viva is a maximum, 888 ; with an obligatory motion the 
relative vis viva is a minimum, 886. 

Walton. Axes of reluctance, 119, Ex. 4. The frog problem, 287, Ex. 5. 

Watch balance. Time of oscillation, 109 ; various compensations, 1096. 

Whittaker. Report on Three Bodies referred to, 286 note. 

Work. Defined in two dimensions, 140 ; in three, 842. The work function, 389. 
Force and couple are dUJds and dUjddt 840. Units of work, 848; horse 
power, 848. Work of gravity, 140, 848 ; elastic string, 843 ; collecting a 
body, 344 ; mutual work, 344 ; a gas, 846 ; an impulse, 846 ; a membrane, 
847 ; a couple, 848 ; bending a rod or bridge, 849. 
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